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(virtual)

2021 ICERM Workshop: Geometric and Topological Methods in Data Science,
Brown University, December 16 - 17, 2021

2020 IMSD Module: Introduction to Statistical Analysis of Data 2020, Brown
University, November 5, 12 and 19, 2020 (virtual)

2020 IMSD Module: Scientific Presentations, Brown University, June 4, 5 and 11,
2020 (virtual)

2018 Budapest Semesters in Mathematics Program, completed with honors,
Budapest, Hungary, Summer 2018

Outreach and Service

2021 - 2023 APMA Diversity, Equity, and Inclusion Committee, Brown
University
Attended bi-weekly meetings and developed plans and projects to
improve climate and increase diversity and inclusion in the Division
of Applied Mathematics

2021 - 2023 Brown SIAM Student Chapter Executive Board, Brown Uni-
versity
Kept record for organizational plans and helped facilitate on-
campus events

2021 - 2023 Sheridan Center Departmental Graduate Student Liaison,
Brown University
Maintained communications and forwarded events information be-
tween the Sheridan Center for Teaching and Learning and the Di-
vision of Applied Mathematics

Fall 2021 Brown Division of Applied Mathematics - Directed Read-
ing Program, Brown University
Mentored an undergraduate student on mathematical optimal con-
trol theory and applications

ix



Summer
2020

5-week Undergraduate Program in Experimental Math,
Brown University
Supervised a team of 3 undergraduate students on studying the
dynamics and patterns of graphing fleas

2019 - 2020 Brown Applied Math Undergraduate/Graduate Mentoring
Program
Mentored an undergraduate student with regards to study plans
and academic/career goals

2016 - 2019 Math & CS Major’s Committee, Dickinson College
Gave feedback on personnel reviews and provided a student voice
in departmental issues

Graduate Coursework

Real Function Theory
Theory of Probability
Nonlinear Dynamical Systems: Theory and Applications
Numerical Solution of Partial Differential Equations
Deep Learning
Partial Differential Equations
Topology
Recent Applications of Probability and Statistics
Graphs and Networks
Advanced Probabilistic Methods in Computer Science
Language Processing in Humans and Machines

Skills

Programming and Lab: Python, Julia, MATLAB, R, SAS (Certified Specialist),
Maple, Mathematica, Igor Pro, Logger Pro and LabView
Tools: High performance computing, parallel computing, Git, Google Colab,
Jupyter, LaTeX, numpy, pandas, scikit-learn, PyTorch, TensorFlow, BERT, NLTK,
word2vec
Languages: Mandarin(native), Japanese(fluent; Japanese Language Proficiency
Test N1 Certificate) and German (elementary)

x



Dedication

To my Mom, Fengqin Yu, and Dad, Ye Tian, for inspiring and supporting me from

childhood to develop interests and pursue my passions in life.

xi



Acknowledgments

I would like to extend my deepest gratitude to my thesis advisor, Dr. Björn Sand-

stede, for his guidance and support throughout my graduate studies. His academic

conduct, advising style, and teaching standards have served as my role model for

being a respectful researcher, mentor, and teacher. I am immensely thankful for the

invaluable advice and encouragement he has provided, which have been pivotal in

my research and professional development during my time in graduate school.

I would also like to express gratitude to Dr. Jason Bramburger for our fruitful

collaboration and his consistent support over the years. My sincere thanks go to

Dr. Matthew Harrison as well, for his insightful consultations and for his role on my

committee.

Furthermore, I wish to thank my collaborators and mentors, Dr. Pablo Moriano,

Dr. Heather Zinn Brooks, Dr. Phil Chodrow, Dr. Andrey Lokhov, and Dr. Abhijith

Jayakumar, for the enriching research experience and career advice. I am equally

grateful to my research project teammates and my peers in the AMS MRC cohort.

Last but not least, I am grateful to have shared my graduate school experience

with an exceptional cohort of students in the Division of Applied Mathematics and

the remarkable peers in the Sandstede research group. I am also thankful to my

family and friends for their unwavering support.

xii



Contents

Vita iv

Dedication xi

Acknowledgments xii

1 Introduction 1

1 Patterns in Network Dynamics . . . . . . . . . . . . . . . . . . . . . . 2

2 Bifurcation of Patterns on Networks . . . . . . . . . . . . . . . . . . . 3

2.1 Snaking Bifurcation of Localized Patterns on Rings . . . . . . 4

2.2 Bifurcation from Homogeneous States on Rings . . . . . . . . 5

3 Community Robustness . . . . . . . . . . . . . . . . . . . . . . . . . 6

4 Outline and Overview . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2 Snaking Bifurcations of Localized Patterns on Ring Lattices 9

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2 Main results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

2.1 Sparse coupling . . . . . . . . . . . . . . . . . . . . . . . . . . 16

2.2 Almost all-to-all coupling . . . . . . . . . . . . . . . . . . . . 19

2.3 All-to-all coupling . . . . . . . . . . . . . . . . . . . . . . . . . 23

3 Proofs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

3.1 Nearest-neighbour coupling . . . . . . . . . . . . . . . . . . . 28

3.2 Next-nearest-neighbour coupling . . . . . . . . . . . . . . . . . 33

3.3 Almost all-to-all coupling . . . . . . . . . . . . . . . . . . . . 37

3.4 All-to-all coupling . . . . . . . . . . . . . . . . . . . . . . . . . 41

4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

3 Bifurcation from Homogeneous Branches on Ring Lattices 54

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

2 Group and Operator Analysis . . . . . . . . . . . . . . . . . . . . . . 70

xiii



2.1 Group Representation . . . . . . . . . . . . . . . . . . . . . . 71

2.2 Repeated Eigenvalues and Irreducible Representations . . . . 79

3 Bifurcation Analysis for the Lower-Left Corner . . . . . . . . . . . . . 84

3.1 Bifurcation from Homogeneous Solutions . . . . . . . . . . . . 84

3.2 Verification of Genericity Hypotheses . . . . . . . . . . . . . . 89

3.3 Connecting Original System with the Rescaled System . . . . 109

4 Bifurcation Analysis for the Upper-Right Corner . . . . . . . . . . . . 112

4.1 Bifurcation from Homogeneous Solutions . . . . . . . . . . . . 113

4.2 Verification of Genericity Hypotheses . . . . . . . . . . . . . . 116

4.3 Connecting Original System with the Rescaled System . . . . 124

5 Code . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128

4 Robustness of Community Structure under Edge Addition 133

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 134

2 Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137

2.1 LFR benchmark . . . . . . . . . . . . . . . . . . . . . . . . . . 137

2.2 Community detection . . . . . . . . . . . . . . . . . . . . . . . 138

2.3 Community similarity . . . . . . . . . . . . . . . . . . . . . . 140

2.4 Experimental procedure . . . . . . . . . . . . . . . . . . . . . 141

3 Results and Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . 146

3.1 Synthetic networks . . . . . . . . . . . . . . . . . . . . . . . . 147

3.2 Empirical networks . . . . . . . . . . . . . . . . . . . . . . . . 154

4 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 161

5 Additional Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . 163

5.1 Synthetic Results Using Element-Centric Clustering Similarity
Metric . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 163

5.2 Synthetic Results Matching Ratio of Intercommunity Edges in
Empirical Experiments . . . . . . . . . . . . . . . . . . . . . . 168

5.3 Standard Deviation for Synthetic Results . . . . . . . . . . . . 170

5.4 Standard Deviation for Empirical Results . . . . . . . . . . . . 179

5 Conclusion 183

1 Summary of Contributions . . . . . . . . . . . . . . . . . . . . . . . . 184

1.1 Bifurcation of Localized Patterns on Rings . . . . . . . . . . . 184

1.2 Community Robustness under Edge Addition . . . . . . . . . 186

2 Future Directions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 186

2.1 Bifurcation of Localized Patterns on Rings . . . . . . . . . . . 187

xiv



2.2 Community Robustness under Edge Addition . . . . . . . . . 188

2.3 Patterns in Network Dynamics . . . . . . . . . . . . . . . . . 188

6 Bibliography 190

xv



List of Tables

4.1 Synthetic experiment parameters. . . . . . . . . . . . . . . . . . . . 138

4.2 Empirical experiment parameters. . . . . . . . . . . . . . . . . . . . 145

xvi



List of Figures

1.1 Examples of patterns in real-world systems . . . . . . . . . . . . . . . 3

2.1 Zero set of nonlinearity and graph examples . . . . . . . . . . . . . . 11

2.2 Bifurcation results . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

2.3 Action of flip . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2.4 Bifurcation on 8 nodes . . . . . . . . . . . . . . . . . . . . . . . . . . 21

2.5 Bifurcation for all-to-all coupling . . . . . . . . . . . . . . . . . . . . 24

2.6 Atypical bifurcations near µ = 0 . . . . . . . . . . . . . . . . . . . . . 37

2.7 Atypical bifurcations near µ = 1 . . . . . . . . . . . . . . . . . . . . . 39

2.8 Symmetry-breaking bifurcations for all-to-all coupling . . . . . . . . . 45

2.9 Numerical continuation . . . . . . . . . . . . . . . . . . . . . . . . . . 52

3.1 Bifurcation results recap . . . . . . . . . . . . . . . . . . . . . . . . . 56

3.2 Illustration of DN group actions . . . . . . . . . . . . . . . . . . . . . 56

3.3 Illustrations of bifurcation points and bases indexed by j . . . . . . . 60

3.4 Different symmetries of isotropy subgroups . . . . . . . . . . . . . . . 61

3.5 Example patterns in the neighborhood of bifurcation at j = 1 . . . . 63

3.6 Example patterns in isotropy subgroup that bifurcate from the homo-
geneous solutions for odd N . . . . . . . . . . . . . . . . . . . . . . . 65

3.7 Example patterns in isotropy subgroup that bifurcate from the homo-
geneous solutions for even N . . . . . . . . . . . . . . . . . . . . . . . 66

3.8 Numerical simulation for lower-left corner bifurcation - supercritical . 69

3.9 Numerical simulation for lower-left corner bifurcation - subcritical . . 70

3.10 Criticality of bifurcation from the homogeneous solution branch for
DN group when N is odd . . . . . . . . . . . . . . . . . . . . . . . . 88

3.11 Criticality of bifurcation from the homogeneous solution branch for
DN group when N is even . . . . . . . . . . . . . . . . . . . . . . . . 88

3.12 Criticality of bifurcation from the homogeneous solution branch for
lattice system when N is odd . . . . . . . . . . . . . . . . . . . . . . 106

3.13 Criticality of bifurcation from the homogeneous solution branch for
lattice system when N is even . . . . . . . . . . . . . . . . . . . . . . 106

xvii



3.14 Numerically connecting original full system with rescaled system at
lower-left corner - original full system . . . . . . . . . . . . . . . . . . 110

3.15 Numerically connecting original full system with rescaled system at
lower-left corner - rescaled system at lower-left corner . . . . . . . . . 111

3.16 Numerically connecting original full system with rescaled system at
upper-right corner - original full system . . . . . . . . . . . . . . . . . 126

3.17 Numerically connecting original full system with rescaled system at
upper-right corner - rescaled system at upper-right corner . . . . . . . 127

4.1 Results for LFR with 1000 nodes in NMI under random addition . . . 148

4.2 Results for LFR with 10 000 nodes in NMI under random addition . . 149

4.3 Results for LFR with 1000 nodes in NMI under targeted addition . . 152

4.4 Results for LFR with 10 000 nodes in NMI under targeted addition . 153

4.5 Results for the ia-radoslaw-email subnetwork in NMI . . . . . . . . . 155

4.6 Results for the Enron subnetwork in NMI . . . . . . . . . . . . . . . 156

4.7 Results for the email-Eu-core-temporal subnetwork in NMI . . . . . . 157

4.8 Results for the ia-radoslaw-email subnetwork in element-centric clus-
tering similarity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 158

4.9 Results for the Enron subnetwork in element-centric clustering similarity159

4.10 Results for the email-Eu-core-temporal subnetwork in element-centric
clustering similarity . . . . . . . . . . . . . . . . . . . . . . . . . . . . 160

4.11 Results for LFR with 1000 nodes in element-centric clustering simi-
larity under random addition . . . . . . . . . . . . . . . . . . . . . . 164

4.12 Results for LFR with 10 000 nodes in element-centric clustering simi-
larity under random addition . . . . . . . . . . . . . . . . . . . . . . 165

4.13 Results for LFR with 1000 nodes in element-centric clustering simi-
larity under targeted addition . . . . . . . . . . . . . . . . . . . . . . 166

4.14 Results for LFR with 10 000 nodes in element-centric clustering simi-
larity under targeted addition . . . . . . . . . . . . . . . . . . . . . . 167

4.15 Results on LFR in NMI with intercommunity ratio matching the em-
pirical . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 168

4.16 Results on LFR in element-centric clustering similarity with intercom-
munity ratio matching the empirical . . . . . . . . . . . . . . . . . . . 169

4.17 Standard deviation of NMI for 1000-node LFR under random addition 171

4.18 Standard deviation of NMI for 10 000-node LFR under random addition172

4.19 Standard deviation of NMI for 1000-node LFR under targeted addition173

4.20 Standard deviation of NMI for 10 000-node LFR under targeted addition174

4.21 Standard deviation of element-centric clustering similarity for 1000-
node LFR under random addition . . . . . . . . . . . . . . . . . . . . 175

4.22 Standard deviation of element-centric clustering similarity for 10 000-
node LFR under random addition . . . . . . . . . . . . . . . . . . . . 176

xviii



4.23 Standard deviation of element-centric clustering similarity for 1000-
node LFR under targeted addition . . . . . . . . . . . . . . . . . . . 177

4.24 Standard deviation of element-centric clustering similarity for 10 000-
node LFR under targeted addition . . . . . . . . . . . . . . . . . . . 178

4.25 Standard deviation of NMI for the ia-radoslaw-email subnetwork . . . 179

4.26 Standard deviation of NMI for the Enron subnetwork . . . . . . . . . 180

4.27 Standard deviation of NMI for the email-Eu-core-temporal subnetwork 180

4.28 Standard deviation of element-centric clustering similarity for the ia-
radoslaw-email subnetwork . . . . . . . . . . . . . . . . . . . . . . . . 181

4.29 Standard deviation of element-centric clustering similarity for the En-
ron subnetwork . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 181

4.30 Standard deviation of element-centric clustering similarity for the
email-Eu-core-temporal subnetwork . . . . . . . . . . . . . . . . . . . 182

xix



Chapter One

Introduction



2

1 Patterns in Network Dynamics

Real-world systems, such as those in social, physical, and biological domains, often

manifest as networks characterized by dynamic processes. These involve interac-

tions among entities and the evolution of the networks over time. For instance,

in a social context, diseases, opinions, or beliefs propagate through human contact

networks Keeling and Eames (2005), Noorazar et al. (2020); in magnetism, the in-

terplay among spins follows an underlying graph structure, and such models, along

with the corresponding physical laws, elucidate the dynamics of spin configurations

over time Glauber (1963); in cellular biology, gene expression levels are governed by

molecular interactions within regulatory networks, leading to models that capture

system behaviors and aid experiments Bressloff (2021). In the study of these complex

systems, mathematical analysis of network dynamics has played an important role

in uncovering the fundamental mechanisms and correlations due to the structures

and functions, enhancing our ability to more accurately model, predict, and control

systems in these applications.

One important aspect in the field of network dynamics is the study of patterns,

which appear in natural, physical, and social network systems in diverse ways. In

different problem settings, these patterns can refer to distinct mathematical objects,

depending on the objectives of interest. This thesis explores the impact of graph

structures on emergent patterns in network dynamics from two distinct perspec-

tives: the dynamical systems analysis of stationary patterned states and the com-

putational analysis of the robustness of communities discovered from data. These

two viewpoints on the pattern analysis problem highlight the differences between

model-driven and data-driven approaches, respectively. Here, we provide a brief in-

troduction to each of these two projects and discuss them in full detail in Chapters 2



3

through 4.

2 Bifurcation of Patterns on Networks

Localized patterns have been observed in various applications, including ferrofluid

experiments Richer and Barashenkov (2005), vegetation models Meron (2018), and

urban crime spots SHORT et al. (2008). Figure 1.1 showcases some of these instances.

These patterns are characterized by two distinct coexisting states and are present in

systems governed by reaction-diffusion equations with bistable nonlinearity.

FEATURES MAGNETIC LIQUID MOUNTAINS

description [5] the fully developed spike patterns
remain a challenge - both for experiments and non-
linear models. Below we will summarize recent
measurements of hexagonal, solitary and square
spike configurations.

Hexagons
For supercritical magnetic induction a surface pertur-
bation will grow until the gain in magnetic field energy
is compensated by the losses due to hydrostatic and sur-
face energy. !e three terms make up a free-energy
functional. Its minimization predicts a hexagonal array
of spikes to be the first stable pattern, which appears due
to a transcritical bifurcation [6]. We have checked the
predicted scaling [6,7] by means of radioscopy. !e
green and blue data points in Fig.4 mark the hysteretic
evolution of the pattern amplitude for increasing and
decreasing induction, respectively [8]. !e solid lines
give a fit to the solution of the amplitude equations [6].
Solving the Young-Laplace and Maxwell equations the
full topography for the actual nonlinear magnetization
has been calculated [9]. Figure 5 compares numerical
and experimental results.

Localized states
In addition to the hexagonal pattern we can generate,
in the bistable regime (cf. Fig.4), a localized state, as
shown in Fig.6. This ”ferrosoliton” is initiated by a

short, local perturbation of the
liquid surface or the magnetic
induction [8]. Here the question
arises: what hinders such a per-
turbation from propagating into
the whole layer? Why does not a

full Rosensweig pattern appear? As suggested by
Yves Pomeau [10], the propagation of the wave front is
locked by the periodicity of the pattern itself. This
effect is camouflaged in the microscopic regime, e.g., at

the solidification of crystals out of a melt, by thermal
activation. However, in our macroscopic system kBT
is not sufficient to initiate a new row of spikes. Thus
the wave front locks. The amplitude scaling of a
ferrosoliton, as shown in Fig.4, was recovered also
numerically [11].
Moreover we recently found an alternative path to fer-
rosolitons. A"er preparing a full yet unstable pattern in
the bistable regime, the pattern decays and o"en ferro-
solitons appear alone or in patches [12]. !is occurs in
the neighbourhood of the unstable branch of the bifur-
cation diagram, as marked in Fig.4 by the red line. In
models this range has attracted much attention because
here a complex intertwined structure (homoclinic sna-
king) gives rise to localized states [13].

Squares
For higher inductions a transition from hexagonal to
square symmetry is predicted [6,7] and found experi-
mentally [14]. Figure 7 shows the final state. To illustrate
the transition, Fig.8 shows structures (or ‘tessellations’)
arising at four inductions. !e black dots mark the cen-
ter of the cusps. !e ‘Voronoi tessellation’ is defined by
the nearest neighbours around each center. !e color
of each polygonal cell is coded from the maximum
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! FIG. 6: A localized state in the bistable regime of the Rosensweig instability.

" FIG. 5: Experimental (blue circles) and numerical (red line) results for
the spike profile of the hexagonal Rosensweig pattern [9].

" FIG. 4:
Amplitude of

the Rosensweig
pattern for
increasing

(green) and
decreasing (blue)

induction. The
black symbols

mark the height
of a localized

state [8].

Why does the wave front
not propagate?“ ”

Ferrosoliton in ferrofluids. Source: Richter,
Reinhard (2011)

9/25/23, 1:23 AM 1-s2.0-S1476945X07000669-gr1.jpg (519×529)

https://ars.els-cdn.com/content/image/1-s2.0-S1476945X07000669-gr1.jpg 1/1

Ring patterned grass. Source: Sheffer
et al. (2007)

Figure 1.1: Example of patterns in experiments and in nature.

Observations of snaking bifurcations of patterns, from both experiments and

models Groves et al. (2017), Chong et al. (2009), have inspired decades of research

into snaking. Previous research in the field spans from spatially extended systems

modeled by partial differential equations (PDEs) to those on regular, spatially dis-

crete spaces Lloyd et al. (2008), Bramburger (2020), Bramburger and Sandstede

(2020a). However, the behavior of localized patterns within less regular graph struc-
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tures remains less explored. Motivated by the findings of McCullen and Wagenknecht

(2016), where snaking was observed in computational models on random networks,

we aim to analytically investigate how graph structures influence the bifurcation of

localized patterns.

2.1 Snaking Bifurcation of Localized Patterns on Rings

In this initial investigation into how graph structures influence the existence curves of

localized patterns with varying system parameters using dynamical systems analysis,

we concentrate on a simple graph with a controllable interaction length. We study

a reaction-diffusion system with bistable nonlinearity, imposed on symmetrically

coupled rings. Here, the number of nearest neighbors connected to each node is

controlled by a specific parameter. By altering this interaction length parameter, we

explore various coupling regimes and analyze the connections of patterned states in

these different scenarios.

We present analytical findings for sparse coupling scenarios, specifically nearest-

neighbor and next-nearest-neighbor couplings, as well as for all-to-all coupling. We

prove that in the case of sparse coupling, the bifurcation diagram of stationary so-

lutions forms a snaking curve where the number of folds increases with the number

of elements on the graph, while for all-to-all coupling, the bifurcation is always a

closed curve with six nodes, which begins and ends at two symmetry-breaking bifur-

cations from the homogeneous solution branch, near the two opposite extremities of

the system’s bifurcation parameter domain.
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2.2 Bifurcation from Homogeneous States on Rings

One remaining question from our work on the snaking bifurcation of localized pat-

terns in symmetrically coupled ring systems concerns the ending points of the snaking

curve: it is unclear whether these ends simply terminate or if they are connected to

other solution branches and bifurcate from them. The study of symmetry-breaking

bifurcation from homogeneous solutions has long been a classical theme in the field of

dynamical systems, with commonly used standardized techniques. Interested readers

may find references in Golubitsky et al. (1988), Pismen (2023), Hoyle (2006). This

motivates our investigation into the homogeneous solution branch and the bifurca-

tions from it. By doing so, we can then verify whether these branches of solutions,

which bifurcate from the homogeneous solutions, match with the snaking curve, thus

providing a way to address our question.

In particular, for our approaches, we utilize the fact that our ring system exhibits

dihedral symmetry and employ equivariant bifurcation theory to analyze bifurcations

from the homogeneous branch. We show that branches of patterned states emerge

from these homogeneous branches and that they connect with the snaking branch

of patterned states numerically. Interestingly, we also find that the criticality of

these branches transitions from supercritical to subcritical at a specific value of the

degree of coupling for any given number of elements in the ring, N . Additionally, we

consider the limiting case as N goes to infinity and provide analytical computations

that predict the changing point in bifurcation criticality in relation to the ratio of

coupling degree over N for this case.
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3 Community Robustness

In many cases, we possess data from empirical complex network systems – such

as measurements from critical infrastructures, recordings from biological networks,

and survey results from social groups. These datasets exhibit network structures, but

usually the underlying dynamics are unknown. In such scenarios, model-driven anal-

ysis becomes less feasible. Computational methods, on the other hand, can uncover

important characteristics of the system’s structure and functionality more adeptly,

specific to the observed system. One key network property that is identifiable from

data is known as communities, which represent patterns that carry essential func-

tional information, showing the groupings where nodes within the same group tend to

be more densely connected to each other than to nodes in different groups Fortunato

(2010).

Since real networks change dynamically, it is reasonable to anticipate that the

underlying community structures also evolve over time. Consequently, the concept

of community robustness captures the interest of researchers and gains importance

in the field Karrer et al. (2008). Specifically, community robustness pertains to the

resilience of a community structure to network perturbations. So far, research on

community robustness has predominantly concentrated on perturbations such as the

rewiring of edges or the removal of nodes or edges Wang and Liu (2019), Albert et al.

(2000). The impact of network densification on community robustness, however,

remains underexplored, despite being identified as a significant characteristic of many

social network systems Leskovec et al. (2005). Moreover, considering the addition of

edges is crucial for simulating and analyzing errors, especially for the case when false

edges erroneously appear in data, which is a common type of measurement error in

social datasets Wang et al. (2012).
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Our work focuses on understanding how the community robustness is affected

by edge-addition perturbation to the networks. We propose different edge-addition

strategies and analyze their effects in both synthetic and empirical temporal net-

works through computational experiments. These experiments utilize community

detection algorithms and community similarity metrics. We find that the robustness

of communities depends strongly on the choice of community detection method.

4 Outline and Overview

Chapters 2 and 4 are largely adapted, with minor edits and additions, from the

papers cited at the beginning of each chapter Tian et al. (2021), Tian and Moriano

(2023).

In Chapter 2, we analyze the existence curves of localized patterns in symmetri-

cally coupled ring systems across different coupling regimes. Specially, we prove that

for sparse coupling, the localized patterns are connected through a snaking curve,

whereas for all-to-all coupling, the bifurcation forms a closed curve. This work was

conducted in collaboration with Dr. Björn Sandstede and Dr. Jason Bramburger.

Chapter 3 then delves into the ending points of snaking bifurcation curves, further

exploring an open question introduced in Chapter 2. We show that the snaking

curves bifurcate from the homogeneous solution branch and analyze the criticality

of such bifurcations. This second part was a collaborative work with Dr. Björn

Sandstede.

Chapter 4 introduces a computational methodology to study the robustness of

community structures in networks under different edge-addition perturbations, using
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synthetic and empirical data. We highlight our primary finding that the choice of

community detection method significantly influences community robustness. This

research was in collaboration with Dr. Pablo Moriano.



Chapter Two

Snaking Bifurcations of Localized

Patterns on Ring Lattices
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This chapter is based on work presented in Tian et al. (2021).

1 Introduction

We study the structure of stationary patterns in bistable lattice systems. More

precisely, we take a ring of N ≥ 3 identical nodes and consider the lattice dynamical

system

u̇n = d(∆mU)n + f(un, µ), 1 ≤ n ≤ N, U = (u1, u2 . . . , uN) ∈ RN (2.1)

on this ring for small coupling strength 0 < d� 1, where f(u, µ) is a bistable non-

linearity, and the coupling operator ∆m denotes the symmetric m-nearest-neighbour

connections on the ring that we describe in more detail below. We refer to Fig-

ure 2.1 for an illustration of typical nonlinearities and the coupling structures

we consider in this chapter. Throughout this chapter, we will use the notation

U = (u1, u2 . . . , uN) ∈ RN and will always take all indices in the set {1, . . . , N} mod-

ulo N so that, for instance, uN+1 = u1 and u−1 = uN . With these conventions, the

coupling operator in the case m = 1 is the usual discrete diffusive (nearest-neighbour)

operator

(∆1U)n = un+1 + un−1 − 2un,

the case m = 2 results in the next-nearest-neighbour coupling

(∆2U)n = un+2 + un+1 + un−1 + un−2 − 4un,
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u

µ

stable

stable0 1

u+(µ)

u-(µ)
1

unstable

Figure 2.1: The left panel illustrates the zero set {(u, µ) : f(u, µ) = 0} of a typical
bistable nonlinearity f(u, µ) with two stable states at u = 0 and u = u+(µ) and an
unstable state at u = u−(µ). The three rightmost panels contain graphs that consist
of N = 6 identical nodes with (from left to right) nearest neighbour, next-nearest
neighbour, and all-to-all coupling, respectively.

and the general case is given by

(∆mU)n =

 −(2m+ 1)un +
∑m

j=−m un+j, 1 ≤ m < bN
2
c

−Nun +
∑N

j=1 uj, m = bN
2
c.

We refer to the case m = bN
2
c as all-to-all coupling as each element on the ring is

connected to all other elements.

Our goal is to understand how the arrangement of stationary patterns in the

(u, µ) configuration space depends on the interaction length m of the coupling on

the ring. Steady states of (2.1) correspond to solutions to the system

F(U, µ, d) = 0 (2.2)

where

F : RN×R×R −→ RN , (U, µ, d) 7−→ F(U, µ, d), F(U, µ, d)n = d(∆mU)n+f(un, µ).

We focus on the case 0 < d� 1, which allows us to exploit the anti-continuum limit

d = 0 when the system (2.2) is uncoupled. Setting d = 0 and choosing µ ∈ (0, 1), we

select the solution of (2.2) for which u1 lies on the upper stable branch u = u+(µ)
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(a) (b) (c)

Figure 2.2: Different bifurcation curves depending on the number of symmetric con-
nections over a six element ring. (a) Nearest-neighbour connections lead to a typical
snaking bifurcation diagram, as is proven in Theorem 1, (b) Next-nearest-neighbour
connections on a six element ring introduce a further symmetry for which the ele-
ments indexed by 2,3,5,6 bifurcate together near µ = 0, as proven in Theorem 2.
(c) In the case of all-to-all coupling, the system is invariant with respect to any per-
mutation of the nodes on the ring and so the bifurcation curves form a small closed
curve that bifurcates from the homogeneous state (dotted curve) near the origin, as
proven in Theorem 4. Squares marking the end of the curves in panels (a) and (b)
represent the set of exceptional bifurcations which are not proven in this chapter.

and the remaining nodes uj with j 6= 1 lie on the lower stable branch u = 0 of

the zero set of f(u, µ); see Figure 2.1 for an illustration of the zero set of f(u, µ).

We are then interested in describing the connected component of the solution set

{(U, µ, d) : F(U, µ, d) = 0} that this solution belongs to and understand how this

connected component changes as the interaction range m varies.

For m = 1 and each fixed value of 0 < d � 1, we will show that solutions are

arranged in a “snaking” pattern (see Figure 2.2(a)): starting with a configuration

where one node is set to u+(µ) and all other nodes are set to zero, we show that

the solution branch exhibits fold bifurcations at which the number of nodes that are

close to u+(µ) increases until all nodes are equal to u+(µ). Snaking has first been

conjectured in Pomeau (1986) for spatially extended systems modelled by partial

differential equations (PDEs) on the real line and was first investigated rigorously in
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the seminal work Woods and Champneys (1999); see also (Coullet et al., 2000) for

related work. Since then, snaking for PDEs in one and two space dimensions has been

analyzed extensively, and we refer, for instance, to (Avitabile et al., 2010, Beck et al.,

2009, Burke and Knobloch, 2006, 2007, Chapman and Kozyreff, 2009, Kozyreff and

Chapman, 2006, Lloyd et al., 2008) and the reviews (Dawes, 2010, Knobloch, 2015).

Many of these investigations were motivated by the observation of snaking patterns

in experiments and models, including in ferrofluids Groves et al. (2017), Lloyd et al.

(2015), Richer and Barashenkov (2005), optical systems Chong et al. (2009), Gomila

et al. (2007), Firth et al. (2007), and vegetation models Meron (2018), to name

but a few. Similarly complex bifurcation structures of localized solutions have also

been observed in spatially discrete systems posed on integer lattices in Chong et al.

(2009), Chong and Pelinovsky (2011), Kusdiantara and Susanto (2019), McCullen

and Wagenknecht (2016), Papangelo et al. (2017), Kusdiantara and Susanto (2017),

Taylor and Dawes (2010), Yulin and Champneys (2010, 2011) and were explained in

part by Bramburger (2020), Bramburger and Sandstede (2020a,b). While the latter

works have explained the bifurcation structure of localized solutions on “regular”

graphs, such as the integer lattices, little is known about how graph structure and

connection topology influence the connections of localized solutions in parameter

space.

Motivated by these previous investigations, we explore here the role of different

finite interaction lengths and the effect of boundaries on snaking patterns in lattice

systems. Focusing on ring lattices allows us to address these questions together.

We will provide analytical results for two distinct coupling regimes, namely sparse

coupling (with nearest-neighbour and next-nearest-neighbour coupling) and all-to-

all coupling. We will prove that the resulting bifurcation curves differ significantly

as illustrated in Figure 2.2: sparse coupling leads to snaking curves with many
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fold bifurcations (the number will increase as the number of nodes, N , increases),

while all-to-all coupling will always result in a curve with six saddle nodes and two

symmetry-breaking bifurcations near µ = 0 and µ = 1 from the branch of equilibria

at which all nodes are equal to the unstable state u−(µ). We also provide illustrative

examples in the case of almost all-to-all coupling where additional symmetries in

the system result in entirely unique bifurcation curves that would be difficult to

predict. We conjecture that sparse coupling will lead to snaking curves that exhibit

bN
2
c saddle nodes for each m with 1 ≤ m ≤ bN

2
c−2 (thus excluding almost all-to-all

coupling).

2 Main results

Recall that we are interested in the solution structure of the system

u̇n = d(∆mU)n + f(un, µ), 1 ≤ n ≤ N. (2.3)

First, note that system (2.3) is equivariant with respect to the dihedral symmetry

group DN , generated by the actions

ζ(u1, u2, . . . , uN) = (u2, . . . , uN , u1)

κ(u1, u2, u3, . . . , uN−1, uN) = (u1, uN , uN−1, . . . , u3, u2)

(2.4)

which define rotations and flips of the ring, respectively. Clearly ζN = 1 and κ2 = 1,

where we use 1 to denote the identity element that acts trivially on vectors in RN .

Our interest in what follows will lie in solutions of (2.3) that are invariant with respect

to the action of κ. Notice that the action of κ on rings with N even leaves exactly

two elements fixed, while when N is odd only the element at index 1 is fixed. We
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Figure 2.3: Action of the flip κ on odd and even element rings. On the left is a ring
of N = 5 elements, for which the flip leaves only the element at index 1 fixed, while
the right presents a ring of N = 6 elements, for which the flip leaves the elements at
index 1 and 4 fixed.

refer the reader to Figure 2.3 for a demonstration of these two cases with N = 5, 6.

Finally, in the case of all-to-all coupling, system (2.3) is equivariant with respect to

the symmetric group SN of permutations on N elements, which is a strictly larger

class of symmetries than those for all other classes of coupling functions considered

in this chapter.

Here the function f is assumed to be bistable, satisfying the same properties as in

Bramburger and Sandstede (2020b). We summarize these properties in the following

hypothesis; see also Figure 2.1.

Hypothesis 1. The function f : R× R→ R is smooth and satisfies the following:

(i) The function f is odd in u so that f(−u, µ) = −f(u, µ) for all (u, µ).

(ii) The set of roots of f(u, µ) is as shown in the left panel of Figure 2.1. In

particular, for each µ ∈ (0, 1), the function f(u, µ) has exactly three nonnegative

zeros, namely u = 0 and u = u±(µ) with 0 < u−(µ) < u+(µ), and these satisfy

fu(0, µ), fu(u+(µ), µ) < 0 < fu(u−(µ), µ).

(iii) At µ = 0, the zeros u = 0 and u = ±u−(µ) collide in a generic subcritical

pitchfork bifurcation.

(iv) At µ = 1, the zeros u = u±(µ) collide in a generic saddle-node bifurcation at

u = 1.
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Our assumption (iv) that the saddle-node bifurcation at µ = 1 occurs at u = 1 is

for convenience only as this can always be achieved through an appropriate change

of variables. We also note that all of our analysis can be applied to bistable functions

for which the bifurcation at µ = 0 or µ = 1 is instead a transcritical bifurcation, as

was shown to be true in Bramburger and Sandstede (2020b). To precisely state our

results we instead focus on functions satisfying Hypothesis 1 with the prototypical

example being the cubic-quintic nonlinearity

f(u, µ) = −µu+ 2u3 − u5. (2.5)

This type of nonlinearity appears naturally from the study of optical solitons in

cubic-quintic nonlinear Schrödinger lattices Chong et al. (2009), Chong and Peli-

novsky (2011) and it serves as a simple solid example for analysis that gives rise

to snaking localized patterns. Throughout this chapter, we detail our results on

localized pattern formation in the lattice system (2.3) with functions f satisfying

Hypothesis 1 based on the value of m. In the statement of our proofs we will adopt

the notation Bδ(X) to denote an open set of all points within distance δ > 0 from

the set X. All proofs will be left to Section 3.

2.1 Sparse coupling

We begin with the case of “sparse” coupling, i.e. m � bN/2c. In particular, we

will focus on the cases of m = 1, 2 to show that localized solutions grow around the

ring in the form of a snaking bifurcation curve with the region of activation growing

symmetrically around the ring as one ascends the diagram, as is illustrated in panel

(a) of Figure 2.2. Since we are interested in solutions which are invariant with respect
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to the action of κ, we can restrict our attention to the index set

I =

{
1 ≤ n ≤

⌊
N

2

⌋
+ 1

}
(2.6)

for any fixed N ≥ 2. Indeed, an element U ∈ RN satisfying κU = U is uniquely iden-

tified by elements with indices belonging to I. The reader is referred to Figure 2.3,

where we see that when N = 5 we have I = {1, 2, 3} and the elements at indices 4, 5

are identical to those at 3, 2, respectively. Similarly, from Figure 2.3, when N = 6

we have I = {1, 2, 3, 4} and the elements at indices 5, 6 are identical to those at 3, 2,

respectively.

Hypothesis 1 implies that any nonnegative solution of (2.2) with d = 0 must

have un ∈ {0, u±(µ)} when µ ∈ [0, 1]. We use k to specify nodes that are activated

at u+(µ). Then, for each 0 ≤ µ ≤ 1 and k ∈ I we define the elements Ū (k)(µ) =

{ū(k)
n (µ)}n∈I and V̄ (k)(µ) = {v̄(k)

n (µ)}n∈I by

ū(k)
n (µ) =


u+(µ) 1 ≤ n ≤ k

0 n > k

(2.7)

and

v̄(k)
n (µ) =


u+(µ) 1 ≤ n < k

u−(µ) n = k

0 n > k

(2.8)

for all n ∈ I and µ ∈ [0, 1]. Notice that when k = bN/2c+ 1 we have that Ū (k) is a

uniform state with all entries given by u+(µ). From the discussion above, we have

that these elements can be extended to κ-invariant solutions of (2.2) by having un

for n /∈ I be defined by the relation κU = U .
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The elements (2.7) and (2.8) are pairwise distinct when µ ∈ (0, 1), but Hypothe-

sis 1 gives that limµ→0+ u−(µ) = 0 and limµ→1− u−(µ) = u+(1), and so the patterns

(2.7) and (2.8) satisfy

Ū (k−1)(0) = V̄ (k)(0), k = 2, . . . ,

⌊
N

2

⌋
+ 1

Ū (k)(1) = V̄ (k)(1), k = 1, . . . ,

⌊
N

2

⌋ (2.9)

at the parameter boundaries µ = 0, 1. We can therefore define the connected set

Γsparse :=
⋃
k∈I

⋃
0≤µ≤1

{(Ū (k)(µ), µ), (V̄ (k)(µ), µ)} ⊂ RN × [0, 1], (2.10)

which represents the union of the curves traced out for µ ∈ [0, 1] by the patterns

(2.7) and (2.8) of (2.2) when d = 0. We will also define the exceptional set E , given

by

E := {V̄ (1)(0)} ∪ {V̄ (bN
2
c+1)(1)}, (2.11)

representing the endpoints of the curve Γsparse. We present the following theorem,

for which Figure 2.2(a) provides an illustration of the results for (N,m) = (6, 1).

The proofs for m = 1 are left to Section 3.1 and m = 2 are left to Section 3.2.

Theorem 1. Assume that f satisfies Hypothesis 1. If N ≥ 4 and m = 1 or N ≥ 7

and m = 2, then for each δ∗ > 0 there exists d∗ > 0 such that for each 0 < d < d∗

the set Bδ∗(Γsparse) \ B2δ∗(E) contains a unique, nonempty, continuous branch of κ-

symmetric solutions of the steady-state system (2.2). Furthermore, this branch is

smooth and C1-close to Γsparse for each d, depends smoothly on d, and its limit as

d→ 0+ is contained in Γsparse.
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2.2 Almost all-to-all coupling

Notice that in the statement of Theorem 1 we were required to take N ≥ 7 when

m = 2 to obtain the snaking bifurcation curves of localized solutions similar to those

with m = 1. This is because when N is even and m = bN
2
c − 1, new symmetries

are introduced into the model. This has the effect that the resulting bifurcation

diagram is markedly different than the usual snaking diagram for sparse coupling,

while also being distinct from the fully symmetric case of all-to-all coupling covered

in the following subsection. It appears that many of these bifurcations curves must

be understood on a case-by-case basis for varying N , and so instead of attempting

to exhaustively document all of these cases, we opt to illustrate with two specific

examples. The cases detailed here will take N = 6, 8, representing the smallest ring

sizes where these atypical bifurcation diagrams can be observed.

Let us begin with N = 6. Much of the bifurcation structure in the case when

(N,m) = (6, 2) is similar to that of the case when N ≥ 7 and m = 2, with the fol-

lowing exception: the connection from the continued solutions of Ū (1)(µ) to V̄ (2)(µ),

defined in (2.7) and (2.8), respectively, near (d, µ) = (0, 0) is not present. This con-

nection is replaced by a connection from the continued solutions of Ū (1)(µ) to the

branch continued from the solution W̄ (23)(µ), given by

w̄(23)
n =


u+(µ) n = 1

u−(µ) n = 2, 3

0 n = 4

(2.12)
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for each µ ∈ [0, 1]. Since the solution W̄ (23)(µ) satisfies

lim
µ→0+

W̄ (23)(µ) = Ū (1)(0) and lim
µ→1−

W̄ (23)(µ) = Ū (3)(1),

we may define the connected set

Γ6,2 :=
⋃

0≤µ≤1

{(V̄ (1), µ), (Ū (1), µ), (W̄ (23), µ), (Ū (3), µ), (V̄ (4), µ)} ⊂ R6 × [0, 1]. (2.13)

Using again E defined in (2.11), this leads to the following theorem whose results are

presented visually in Figure 2.2(b). The proof is left to Section 3.3.

Theorem 2. Assume that f satisfies Hypothesis 1 and that (N,m) = (6, 2). Then for

each δ∗ > 0 there exists d∗ > 0 such that for each 0 < d < d∗ the set Bδ∗(Γ6,2)\B2δ∗(E)

contains a nonempty, continuous branch of κ-symmetric solutions of the steady-state

system (2.2). Furthermore, this branch is smooth and C1-close to Γ6,2 for each d,

depends smoothly on d, and its limit as d→ 0+ is contained in Γ6,2.

Turning now to the case (N,m) = (8, 3), we are required to define two more

patterns which correspond to κ-invariant solutions of (2.2) with d = 0. Consider the

elements W̄
(24)
± (µ) and W

(3)
− (µ), given by

w̄
(24)
±,n (µ) =


u+(µ) n = 1

u±(µ) n = 2, 4

0 n = 3, 5

(2.14)
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= u+(m) = u-(m) = 0

Figure 2.4: The bifurcation diagram on a ring with (N,m) = (8, 3) for small d > 0.
The number of neighbour connections induces an added symmetry, thus leading to
the above bifurcation diagram which bears little resemblance to that of the case
(N,m) = (8, 1), (8, 2) featured in Theorem 1. Squares marking the end of the curve
represent the set of exceptional bifurcations, continued from E , which are not proven
in this chapter.
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and

w̄
(3)
−,n(µ) =


u+(µ) n = 1, 2, 4

u−(µ) n = 3

0 n = 5

(2.15)

respectively, for each µ ∈ [0, 1]. Here the values in the superscript detail which terms

are at u−(µ) when the subscript is −, while the element W̄
(24)
+ (µ) connects the two

elements with − subscripts. We refer the reader to panels (b) and (c) of Figure 2.6

below for visual depictions of these elements extended by κ symmetry to the entire

ring. Notice that we have the following connections:

lim
µ→0+

W̄
(24)
− (µ) = lim

µ→0+
Ū (1)(µ)

lim
µ→1−

W̄
(24)
+ (µ) = lim

µ→1−
W̄

(24)
− (µ)

lim
µ→0+

W̄
(3)
− (µ) = lim

µ→0+
W̄

(24)
+ (µ)

lim
µ→1−

W̄
(3)
− (µ) = lim

µ→1−
Ū (4)(µ).

(2.16)

These connections allow one to define the connected set

Γ8,3 :=
⋃

0≤µ≤1

{(V̄ (1), µ), (Ū (1), µ), (W̄
(24)
− , µ), (W̄

(24)
+ , µ), (W̄

(3)
− , µ), (Ū (4), µ), (V̄ (5), µ)} ⊂ R8× [0, 1].

(2.17)

This leads to the following theorem whose results are represented visually in Fig-

ure 2.4. The proof is again left to Section 3.3.

Theorem 3. Assume that f satisfies Hypothesis 1 and that (N,m) = (8, 3). Then for

each δ∗ > 0 there exists d∗ > 0 such that for each 0 < d < d∗ the set Bδ∗(Γ8,3)\B2δ∗(E)

contains a nonempty, continuous branch of κ-symmetric solutions of the steady-state

system (2.2). Furthermore, this branch is smooth and C1-close to Γ8,3 for each d,

depends smoothly on d, and its limit as d→ 0+ is contained in Γ8,3.
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2.3 All-to-all coupling

Let us now consider the case of all-to-all coupling, i.e. m = bN
2
c. In this case (2.2)

becomes

d
N∑
j=1

(uj − un) + f(un, µ) = 0, (2.18)

so that every element is coupled to every other element, thus representing a complete

graph with N vertices. The symmetry group associated with (2.18) is therefore given

by the group SN of all permutations of the vectors U = (u1, u2, . . . , uN) ∈ RN , which

is larger than the dihedral group DN . For each k = 1, . . . , bN/2c, we will construct

solutions whose first k elements are identical and whose last N − k elements are

identical: such solutions admit the isotropy group Sk×SN−k, defined by the set of all

permutations of the first k elements of a vector in RN together with all permutations

of the last N−k elements of the vector. Note that the fixed point space of Sk×SN−k

in RN is the two-dimensional space of all vectors whose first k elements are identical

and whose last N − k elements are identical.

Generic symmetry-breaking bifurcations from homogeneous equilibria with isotropy

group SN to equilibria with isotropy Sk×SN−k were investigated in Elmhirst (2004),

Dias and Rodrigues (2006) in the context of sympathic speciation (see, for instance,

Stewart et al. (2003), Golubitsky and Stewart (2015) for further background). Gener-

icity requires in particular that the linearization at a homogeneous equilibrium

at the bifurcation point has a zero eigenvalue in precisely one of the two com-

plementary SN -invariant subspaces given by {U ∈ RN : u1 = . . . = uN} and

{U ∈ RN : u1 + . . . + uN = 0} but not in both simultaneously; see (Elmhirst,

2004, §2). Unfortunately, the bifurcations occurring in (2.18) at (d, µ) = (0, 0) and

(d, µ) = (0, 1) are not generic as the zero eigenvalue has multiplicity N , and we

therefore need to analyse the resulting bifurcations occurring in (2.18) here.
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Figure 2.5: We illustrate the solution branch for symmetric all-to-all coupling and
the different patterns along the branch. The dotted curve corresponds to the branch
of SN -symmetric equilibria at which all nodes are equal to the unstable state u−(µ).

For each k = 1, . . . , bN/2c and each 0 ≤ µ ≤ 1, we define the Sk × SN−k-

invariant vectors Ā
(k)
± (µ) = {ā(k)

±,n(µ)}, B̄(k)(µ) = {b̄(k)
n (µ)}, C̄(k)

± (µ) = {c̄(k)
±,n(µ)}, and

D̄(k)(µ) = {d̄(k)
n (µ)} by

ā
(k)
±,n(µ) =


u±(µ) 1 ≤ n ≤ k

0 n > k

(2.19)

b̄(k)
n (µ) =


u+(µ) 1 ≤ n ≤ k

u−(µ) n > k

(2.20)

c̄
(k)
±,n(µ) =


0 1 ≤ n ≤ k

u±(µ) n > k

(2.21)
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and

d̄(k)
n (µ) =


u−(µ) 1 ≤ n ≤ k

u+(µ) n > k;

(2.22)

see Figure 2.5 for an illustration. From Hypothesis 1 we have that for any k the

vectors (2.19)–(2.22) are Sk × SN−k-invariant solutions of (2.2) when d = 0. Fur-

thermore, we have the following connections:

lim
µ→0+

Ā
(k)
− (µ) = lim

µ→0+
C̄

(k)
− (µ)

lim
µ→1−

Ā
(k)
− (µ) = lim

µ→1−
Ā

(k)
+ (µ)

lim
µ→0+

Ā
(k)
+ (µ) = lim

µ→0+
B̄(k)(µ)

lim
µ→1−

B̄(k)(µ) = lim
µ→1−

D̄(k)(µ)

lim
µ→0+

C̄
(k)
+ (µ) = lim

µ→0+
D̄(k)(µ)

lim
µ→1−

C̄
(k)
− (µ) = lim

µ→1−
C̄

(k)
+ (µ)

(2.23)

for each k. We therefore introduce the connected curve

Γkall :=
⋃

0≤µ≤1

{(Ā(k)
± (µ), µ), (B̄(k)(µ), µ), (C̄

(k)
± (µ), µ), (D̄(k)(µ), µ)} ⊂ RN × [0, 1],

(2.24)

for each k = 1, . . . , bN/2c. We present the following result, whose proof is left to

Section 3.4.

Theorem 4. Assume that f satisfies Hypothesis 1. For each k = 1, . . . , bN/2c and

δ∗ > 0, there exists d∗ > 0 such that for each 0 < d < d∗ the set Bδ∗(Γkall) contains

two unique, distinct, nonempty, and continuous branches of Sk × SN−k-symmetric

solutions of the steady-state system (2.18), which emerge from and terminate at the

homogeneous branch of solutions to (2.2) given by un = u−(µ) for n = 1, . . . , N at

µ = Nd
2

+O(d2) and µ = 1−(Nd
2

)2 +O(d3), respectively. Furthermore, these branches
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are smooth and C1-close to Γkall for each d, depends smoothly on d, and its limit as

d→ 0+ is contained in Γkall.

We note that the results of Theorem 4 do not include an exceptional set, meaning

that the theorem completely characterizes the entire bifurcation curve of localized

solutions in the presence of all-to-all coupling. We refer to Figure 2.5 for an illus-

tration of the result with a ring of N = 6 elements. Interestingly, we see that this

curve of solutions does not originate at the origin (U, µ) = (0, 0) in RN × [0, 1] when

0 < d � 1, but instead bifurcates from the homogeneous branch of solutions at

a positive value of µ. For more details on this bifurcation from the homogeneous

branch, we refer the reader to Lemma 14 below.

3 Proofs

In this section we will prove the various theorems from the previous section detail-

ing the existence and bifurcation structure of steady-state solutions to (2.3). As

discussed in the introduction, we can define the function

F : RN×R×R −→ RN , (U, µ, d) 7−→ F(U, µ, d), F(U, µ, d)n := d(∆mU)n+f(un, µ),

(2.25)

to see that the steady-state system

d(∆mU)n + f(un, µ) = 0 (2.26)

corresponding to (2.3) is given by F(U, µ, d) = 0. Note that F is smooth in its

arguments, and upon taking d = 0, solving F(U, µ, 0) = 0 with µ ∈ (0, 1) reduces to
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taking un ∈ {0,±u±(µ)} for each n = 1, . . . N per Hypothesis 1.

From the assumption on the non-degeneracy of the roots of f , it follows that

for µ belonging to any compact interval of (0, 1) these solutions may be continued

regularly into d > 0 using the implicit function theorem. The challenge is therefore

to understand the cases where µ is close to zero or one. In these cases, the Jacobian

of F at d = 0 will have a null space of dimension at least one, and Lyapunov–

Schmidt reduction allows us to reduce the equation F(U, µ, d) = 0 to a reduced

equation F c(U c, µ, d) = 0 defined on the null space. As we will see below, the

reduced equation F c(U c, µ, d) = 0 is, to leading order, quasihomogeneous, and we

now explain what this means and how it helps us in our analysis. Given exponents

a1, a2, a3 ≥ 1, and focusing for ease of notation on the case where µ is close to zero,

we introduce the coordinate transformation (U c, µ, d) = (νa1Ũ c, νa2µ̃, νa3 d̃), where

0 ≤ ν � 1 and (Ũ c, µ̃, d̃) now lies on the unit sphere. This change of coordinates is

invertible away from the origin (U c, µ, d) = 0 or, alternatively, for ν > 0. The key is

that for an appropriate choice of a1, a2, a3 there is a constant b ≥ 1 so that

F c(νa1Ũ c, νa2µ̃, νa3 d̃) = νb
(
F c(Ũ c, µ̃, d̃) +O(ν)

)
, |(Ũ c, µ̃, d̃)| = 1.

Hence, all zeros of F c(U c, µ, d) must lie near zeros of F c(Ũ c, µ̃, d̃), and we can there-

fore focus on the desingularized equation F c(Ũ c, µ̃, d̃) = 0 with arguments on the unit

sphere: if the set of zeros of the desingularized equation consists entirely of regular

zeros and generically unfolded bifurcations, then it persists robustly for 0 < ν � 1,

and no additional roots can appear for ν > 0. In practice, we will use a directional

blowup in our proofs below by setting d̃ = 1 or µ̃ = 1 and will not consider the

other directional blowups that together parametrize the entire sphere as they do not

contribute additional solutions. We refer to (Kuehn, 2015, §7) for references and

additional details on geometric blowup.
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Throughout the proofs we will make use of the following. Through two indepen-

dent µ-dependent coordinate transformations of the u variable near (u, µ) = (0, 0)

and (u+(0), 0), respectively, we can bring the Taylor expansion of f(u, µ) at (0, 0)

into the form

f(u, µ) = −µu+ u3 +O(µ2u+ µu3 + u5) (2.27)

and achieve that u+(0) = 1. Using a similar change of coordinates near (u, µ) =

(1, 1), we can bring the Taylor expansion of f(u, µ) at (1, 1) into the form

f(u, µ) = f(1 + ǔ, 1− µ̌) = µ̌− ǔ2 − bµ̌ǔ+O(µ̌2 + µ̌ǔ2 + ǔ3), (2.28)

for some constant b. These changes of coordinates will greatly simplify the analysis

in what follows.

3.1 Nearest-neighbour coupling

Throughout this subsection we will consider N ≥ 4 and take m = 1, representing

nearest-neighbour connections in the system (2.1). Here we prove Theorem 1 with

m = 1, while the case of m = 2 is left to the following subsection. Per the discussion

at the beginning of this section, we need only continue the connections in Γsparse \ E

near µ = 0, 1. We begin with the following lemma which continues the patterns near

µ = 0.

Lemma 1. Fix m = 1 and 2 ≤ k ≤ bN
2
c + 1, then the following is true for (2.26).

There are constants d1, µ1 > 0 and a smooth function µl : [0, d1] → [0, µ1] such

that for each d ∈ (0, d1], there is a pair of κ-symmetric solutions Ul(µ, d) and

Vl(µ, d) of (2.26) that bifurcate at a fold bifurcation at µ = µl(d) and exist for

all µ ∈ [µl(d), µ1]. These solutions are smooth in (µ, d), and for each fixed µ, we
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have Ul(µ, d) → Ū (k−1)(µ) and Vl(µ, d) → V̄ (k)(µ) as d → 0+. The function µl(d)

satisfies µl(d) = 3
3√2
d

2
3 +O(d).

Proof. We will fix k ∈ {2, . . . , bN
2
c+ 1} and construct symmetric solutions of (2.26)

near the pattern

Ū (k)(0) = V̄ (k)(0) =

 1 n < k

0 otherwise

for (µ, d) near zero. We reduce patterns to the index set I, defined in (2.6), using the

aforementioned κ symmetry. To solve F(U, µ, d) = 0, we note that F(Ū (k)(0), 0, 0) =

0 and that the linearization of F is given by

(FU(Ū (k)(0), 0, 0)v)n =

 fu(1, 0)vn n < k

0 n ≥ k.

Writing U+ := U |n<k and U c := U |n≥k, and using that fu(1, 0) 6= 0, we can apply

the implicit function theorem to conclude that F(U, µ, d) = 0 restricted to the index

set 1 ≤ n < k has a unique solution U+(uc, µ, d) ∈ Rk−1 for each U c ∈ RbN2 c−k+1 and

(µ, d) near zero. Furthermore, this solution depends smoothly on its arguments, and

so we have

U+(U c, µ, d) = 1 +O(|µ|+ |d|‖U c‖). (2.29)

To solve (2.26) for the indices n ≥ k, we introduce the scaling

µ = ν2, d = ν3d̃, un = νn−k+1ũn, (2.30)

for n ≥ k with |ν| � 1. Substituting these expressions into (2.26) for each n ≥ k,
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we see that (2.26) restricted to the index set I \ I+ becomes

n = k : 0 = ν3(d̃− ũk + ũ3
k) +O(ν4)

n > k : 0 = νn−k+3(d̃ũn−1 − ũn) +O(νn−k+4),

where we recall that we have introduced a change of variable to bring the system to

the normal form (2.27). Upon dividing by the leading factors in ν, we arrive at the

system

n = k : 0 = d̃− ũk + ũ3
k +O(ν)

n > k : 0 = d̃ũn−1 − ũn +O(ν)
(2.31)

for which we can see that at the index n = k a fold bifurcation takes place at

(ũk, d̃, ν) = ( 1√
3
, 2

3
√

3
, 0). Extending this fold bifurcation to the full system for the

indices n ≥ k into ν > 0 now follows as in the proof of (Bramburger and Sandstede,

2020b, Lemma 3.2). As this method underpins many of the proofs that follow, we

will include the details to complete this proof.

First, by setting ν = 0 we can parametrize the fold bifurcation at index n = k by

(ũk, d̃)(s) = (s, s(1− s2)), s ∈ [0, 1].

Notice that this parametrization connects (0, 0) to (1, 0) as s increases through the

interval [0, 1]. Furthermore, the fold bifurcation takes place when s = 1√
3
, giving

d̃sn = 2
3
√

3
. Continuing with ν = 0, the remaining n > k indices in (2.31) can be

written as the matrix equation

(−I + d̃(s)Z)Ũn>k = d̃(s)ũk(s)ê1

where I denotes the identity matrix, Z is a matrix with ones along the diagonal

above the main diagonal and zeros elsewhere, Ũn>k is the vector of ũn with n > k,
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and ê1 is the vector with 1 in its first entry and zeros elsewhere. Since ‖Z‖ ≤ 1 and

d̃(s) ∈ [0, 2
3
√

3
] for all s ∈ [0, 1], it follows that the matrix (−1 + d̃(s)Z) is invertible

for all s ∈ [0, 1]. Therefore, for each s ∈ [0, 1] we can uniquely solve for Ũn>k in

terms of (ũk, d̃)(s) which parametrize the fold bifurcation. This extends the fold

bifurcation into the indices n > k for ν = 0.

The persistence of the fold bifurcation at ν = 0 into 0 < ν � 1 can first be

obtained by writing the right-hand-side of (2.31) compactly as G(Ũ c, d̃, ν). Note that

the branch constructed above, denoted (Ũ c, d̃)(s) satisfies G(Ũ c(s), d̃(s), 0) = 0 and

the derivative G(Ũc,d̃)(Ũ
c(s), d̃(s), 0) has full rank for all s ∈ [0, 1]. We can therefore

apply the implicit function theorem and use persistence results for fold bifurcations

to conclude that the branch persists for sufficiently small ν > 0. Moreover, the

unique fold bifurcation takes place at d̃ = d̃sn(ν) with d̃sn(0) = 2
3
√

3
. This completes

the proof of the lemma.

We now turn to the continuation when µ = 1. Recall that from (2.28) we have

that upon changing coordinates we can bring the Taylor expansion of f(u, µ) about

(1, 1) into the form

f(u, µ) = f(1 + ǔ, 1− µ̌) = µ̌− ǔ2 − bµ̌ǔ+O(µ̌2 + µ̌ǔ2 + ǔ4).

This leads to the following result which continues the connections in Γ near µ = 1

and completes the proof of Theorem 1 when m = 1.

Lemma 2. Fix m = 1 and 1 ≤ k ≤ bN
2
c, then the following is true for (2.26).

There exist constants d2, µ2 > 0 and a smooth function µr : [0, d2] → [µ2, 1] such

that for each fixed d ∈ (0, d2], there is a pair of κ-symmetric solutions Ur(µ, d) and

Vr(µ, d) of (2.26) that bifurcate at a fold bifurcation at µ = µr(d) and exist for all
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µ ∈ [µ2, µr(d)]. These solutions are smooth in (µ, d), and for each fixed µ, we have

Ur(µ, d) → Ū (k)(µ) and Vr(µ, d) → V̄ (k)(µ) as d → 0+. The function µr(d) is given

by µr(d) = 1− d+O(d
3
2 ).

Proof. We again restrict to the index set I and extend the solutions by symmetry

to n ≥ bN/2c + 2. As the branch passes near µ = 1, the cell uk changes from

u−(µ) to u+(µ), while the remaining cells stay near 0 or u+(µ). We have that

F(Ū (k)(1), 1, 0) = 0 and that the linearization of F about this solution is given by

(FU(Ū (k)(1), 1, 0)v)n =

 fu(0, 1)vn n > k

0 n ≤ k.

Writing U0 := U |n>k and U c := U |n≤k, and using that fu(0, 1) 6= 0, we can apply

the implicit function theorem to find that F(U, µ, d) = 0 restricted to the index set

n > k has a unique solution U0(U c, µ, d) ∈ `∞(I|n>k) for each U c ∈ Rk and (µ, d)

near (1, 0). This solution depends smoothly on its arguments, and in particular, has

the expansion

U0(U c, µ, d) = O(|µ− 1|+ |d||U c|). (2.32)

To solve (2.26) on the index set n ≤ k, we introduce the scaling

µ = 1− ν2, d = ν2d̃, un = 1 + νũn,

where 1 ≤ n ≤ k and |ν| � 1. Expanding F(U, µ, d) = 0 restricted to the index set

n ∈ {1, . . . , k} in powers of ν and dividing by the leading factor in ν, we arrive at

the finite system

n = k : 0 = −d̃+ 1− ũ2
k +O(ν)

n < k : 0 = 1− ũ2
n +O(ν)

(2.33)

where we used (2.32) to simplify the equation with n = k using the connection to the
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element at index n = k + 1. We now see that at the index n = k, a fold bifurcation

takes place at (ũk, d̃, ν) = (0, 1, 0). Extending this fold bifurcation to the full system

on the indices n ≥ k and into ν > 0 follows as in the previous lemma and is omitted.

This completes the proof of the lemma.

3.2 Next-nearest-neighbour coupling

In this subsection we provide analogous results to the nearest-neighbour bifurcation

branches, but with m = 2, representing next-nearest-neighbour connections. The

results of this subsection therefore complete the proof of Theorem 1 with m = 2.

We will consider N ≥ 7, since N = 4, 5 and m = 2 represent all-to-all connections,

and N = 6 with m = 2 has an extra symmetry that can be exploited, as presented

in Theorem 2. We present the following result, analogous to Lemma 1 above.

Lemma 3. Fix m = 2 and 3 ≤ k ≤ bN
2
c + 1, then the following is true for (2.26).

There are constants d1, µ1 > 0 and a smooth function µl : [0, d1] → [0, µ1] such

that for each d ∈ (0, d1], there is a pair of κ-symmetric solutions Ul(µ, d) and

Vl(µ, d) of (2.26) that bifurcate at a fold bifurcation at µ = µl(d) and exist for

all µ ∈ [µl(d), µ1]. These solutions are smooth in (µ, d), and for each fixed µ, we

have Ul(µ, d) → Ū (k−1)(µ) and Vl(µ, d) → V̄ (k)(µ) as d → 0+. The function µl(d)

satisfies µl(d) = 3d
2
3 +O(d).

Proof. Fix m = 2 and 3 ≤ k ≤ bN
2
c+ 1. Then, following as in Lemma 1 to continue

the elements with n < k into d > 0 near µ = 0 using the implicit function theorem.

We again get the asymptotic expansion (2.29), and for the indices with n ≥ k we
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introduce the scaling

µ = ν2, d = ν3d̃, un = νb
n−k
2
c+1ũn. (2.34)

That is, uk = νũk, uk+1 = νũk+1, uk+2 = ν2ũk+2, uk+3 = ν2ũk+3, and so on. Putting

these rescaled variables into (2.26), expanding in powers of ν, and dividing off the

leading power in ν brings us to the equations, analogous to (2.31),

n = k : 0 = 2d̃− ũk + ũ3
k +O(ν)

n = k + 1 : 0 = d̃− ũk+1 + ũ3
k+1 +O(ν)

n ≥ k + 2 : 0 = d̃ũn−2 + d̃ũn−1 − ũn +O(ν)

(2.35)

where we have used the fact that at index n = k we are connected to the elements

at index k − 1, k − 2, both of which are equal to 1 at (µ, d) = (0, 0). Similarly,

since m = 2, the element at index n = k + 1 is only connected to one element (at

n = k− 1) that is equal to 1 at (µ, d) = (0, 0). The proof is now the same as that of

Lemma 1.

Let us now finish the case of bifurcations near µ = 0 by considering the case

k = 2. We present the following result.

Lemma 4. Fix m = k = 2, then the following is true for (2.26). There are constants

d1, µ1 > 0 and a smooth function µl : [0, d1] → [0, µ1] such that for each d ∈ (0, d1],

there is a pair of κ-symmetric solutions Ul(µ, d) and Vl(µ, d) of (2.26) that bifurcate

at a fold bifurcation at µ = µl(d) and exist for all µ ∈ [µl(d), µ1]. These solutions are

smooth in (µ, d), and for each fixed µ, we have Ul(µ, d) → Ū (1)(µ) and Vl(µ, d) →

V̄ (2)(µ) as d→ 0+. The function µl(d) satisfies µl(d) = 3
3√2
d

2
3 +O(d).

Proof. Following as in the proof of Lemma 3 up to (2.35), we now arrive at the
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equations

n = 2 : 0 = d̃− ũ2 + ũ3
2 + ν(ũ3 − 3ũ2) +O(ν2)

n = 3 : 0 = d̃− ũ3 + ũ3
3 + ν(ũ2 − 4ũ3) +O(ν2)

n ≥ 4 : 0 = d̃ũn−2 + d̃ũn−1 − ũn +O(ν)

(2.36)

where now, since m = 2, we have that the elements at indices n = 2, 3 are both

connected to the single element at n = 1 that equals 1 at (µ, d) = (0, 0). Note

that the equations at indices n = 2, 3 agree at the lowest order in ν, but differ at

O(ν). This comes from the symmetry imposed by our assumption that the solution

is invariant with respect to the action of κ, which enforces that uN = u2 and thus

eliminating one of the connections at n = 2. In contrast, we have exactly four self-

interactions at index n = 3 in (2.36) at order ν since the element at index n = 3

has no neighbours that have a symmetric restriction imposed on them. From here

the proof now follows as in (Bramburger and Sandstede, 2020b, Lemma 3.3), but we

include the details to keep this manuscript self-contained.

Let us introduce the new variables (d0, v2, v3), given by

d̃ =
2

3
√

3
+ νd0, ũ2 =

1√
3

+ ν
1
2v2, ũ3 =

1√
3

+ ν
1
2v3

so that (2.36) becomes

n = 2 : 0 = d0 +
√

3v2
2 − 4

27
+O(ν

1
2 )

n = 3 : 0 = d0 +
√

3v2
3 − 2

9
+O(ν

1
2 )

n = 4 : 0 = 4
9
− ũ4 +O(ν

1
2 )

n = 5 : 0 = 2
9

+ 2
3
√

3
ũ4 − ũ5 +O(ν

1
2 )

n ≥ 6 : 0 = 2
3
√

3
ũn−2 + 2

3
√

3
ũn−1 − ũn +O(ν)

after dividing off the leading factor of ν in the equations for n = 2, 3. The equations

for indices n ≥ 4 can be solved uniquely for all bounded (d0, v2, v3) and sufficiently
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small ν > 0, and therefore we focus exclusively on the equations for the indices

n = 2, 3. Setting ν = 0 we find that a fold bifurcation takes place in the equation at

index n = 2 at (d0, v2) = ( 4
27
, 0). Furthermore, we can solve the equation at n = 3

uniquely for v3 for (d0, v2, ν) in a neighbourhood of this fold bifurcation, leaving only

the equation at n = 2. Then, as in the proof of Lemma 1, the fold bifurcation at

n = 2 with ν = 0 can be shown to persist into 0 < ν � 1, thus concluding the proof

of the lemma.

We now turn to the continuation when µ = 1, which will similarly follow the

proof of Lemma 2.

Lemma 5. Fix m = 2 and 1 ≤ k ≤ bN
2
c, then the following is true for (2.26).

There exist constants d2, µ2 > 0 and a smooth function µr : [0, d2] → [µ2, 1] such

that each fixed d ∈ (0, d2], there is a pair of κ-symmetric solutions Ur(µ, d) and

Vr(µ, d) of (2.26) that bifurcate at a fold bifurcation at µ = µr(d) and exist for all

µ ∈ [µ2, µr(d)]. These solutions are smooth in (µ, d), and for each fixed µ, we have

Ur(µ, d) → Ū (k)(µ) and Vr(µ, d) → V̄ (k)(µ) as d → 0+. The function µr(d) is given

by µr(d) = 1− 2d+O(d
3
2 ).

Proof. This proof is almost the same as that of Lemma 2 with (2.33) replaced by

n = k : 0 = −2d̃+ 1− ũ2
k +O(ν)

n = k − 1 : 0 = −d̃+ 1− ũ2
k−1 +O(ν)

n ≤ k − 2 : 0 = 1− ũ2
n +O(ν).

(2.37)

The subsequent analysis proceeds in the same way as Lemma 2.
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3.3 Almost all-to-all coupling

Let us begin with the proof of Theorem 2, which features (N,m) = (6, 2). With the

exception of the connections involving curves continued from W̄ (23)(µ), the analysis

is the same as in the proof of Theorem 1. Hence, we will focus exclusively on

the connections involving W̄ (23)(µ). There is only one such connection near µ = 0,

which is illustrated for small d > 0 in Figure 2.6(a). We prove this with the following

lemma.

(a) (b) (c)

Figure 2.6: Atypical bifurcations near µ = 0 for N = 6, 8 and m = bN/2c− 1. Panel
(a) contains an illustration of the proof of Lemma 6. Panels (b) and (c) illustrate the
bifurcations near µ = 0 when N = 8, as presented in Lemmas 8 and 10. In all images
black circles represent elements continued from u+(µ) into d > 0, shaded grey circles
are continued from u−(µ), and white circles are continued from 0. Connections are
represented by lines connecting the circles.

Lemma 6. Fix (N,m) = (6, 2), then the following is true for (2.26). There are

constants d1, µ1 > 0 and a smooth function µl : [0, d1] → [0, µ1] such that for each

d ∈ (0, d1], there is a pair of κ-symmetric solutions Ul(µ, d) and Vl(µ, d) of (2.26)

that bifurcate at a fold bifurcation at µ = µl(d) and exist for all µ ∈ [µl(d), µ1]. These

solutions are smooth in (µ, d), and for each fixed µ, we have Ul(µ, d)→ Ū (1)(µ) and

Vl(µ, d)→ W̄ (23)(µ) as d→ 0+. The function µl(d) satisfies µl(d) = 3
3√2
d

2
3 +O(d).
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Proof. This proof is handled in exactly the same way as the other proofs for bifur-

cations near µ = 0, and so we will only seek to highlight why we have a different

connection when N = 6 and m = 2. Using the implicit function theorem, we can

solve (2.26) at the index n = 1 in a neighbourhood of (d, µ) = (0, 0) to get

u1 = u1(U c, µ, d) = 1 +O(|µ|+ |d||U c|),

where U c = (u2, u3, u4) since we have imposed u5 = u3 and u6 = u2 by symmetry.

It then remains to solve (2.26) for the indices associated with U c, i.e. n = 2, 3, 4.

Specifically, we are required to solve

d(u1 + u3 + u4 − 3u2) + f(u2, µ) = 0,

d(u1 + u2 + u4 − 3u3) + f(u3, µ) = 0,

2d(u2 + u3 − 2u4) + f(u4, µ) = 0,

(2.38)

where we have simplified the equations using the symmetric restrictions u5 = u3 and

u6 = u2. One can see that the resulting equations are invariant with respect to the

action (u2, u3) 7→ (u3, u2), and therefore we may restrict ourselves to the symmetric

subspace that has u2 = u3. Upon imposing this restriction we may then proceed as

in the previous proofs to obtain the desired result.

Near µ = 1 we find that the branch continued from W̄ (23)(µ) connects to Ū (3)(µ),

summarized in the following lemma and illustrated in Figure 2.7(a). The lemma is

stated without proof since it is identical to the previous lemmas.

Lemma 7. Fix (N,m) = (6, 2), then the following is true for (2.26). There exist

constants d2, µ2 > 0 and a smooth function µr : [0, d2] → [µ2, 1] such that for each

fixed d ∈ (0, d2], there is a pair of κ-symmetric solutions Ur(µ, d) and Vr(µ, d) of

(2.26) that bifurcate at a fold bifurcation at µ = µr(d) and exist for all µ ∈ [µ2, µr(d)].
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(a) (b) (c)

Figure 2.7: Atypical bifurcations near µ = 1 for N = 6, 8 and m = bN/2c− 1. Panel
(a) contains an illustration of the proof of Lemma 7. Panels (b) and (c) illustrate
the bifurcations near µ = 1 when N = 8, as presented in Lemmas 9 and 11. Shading
and connections are the same as in Figure 2.6.

These solutions are smooth in (µ, d), and for each fixed µ, we have Ur(µ, d)→ Ū (3)(µ)

and Vr(µ, d) → W̄ (23)(µ) as d → 0+. The function µr(d) is given by µr(d) = 1 −

2d+O(d
3
2 ).

Turning now to the case of (N,m) = (8, 3), we remark that much of the analysis is

similar. Recall that the set Γ8,3 is characterized by following along solution branches

at d = 0 given by the following sequence:

V̄ (1)(µ)→ Ū (1)(µ)→ W̄
(24)
− (µ)→ W̄

(24)
+ (µ)→ W̄

(3)
− (µ)→ Ū (4)(µ)→ V̄ (4)(µ).

The connections between Ū and V̄ elements are handled as in the proof of Theorem 1,

while the connections between any of the W̄ elements are summarized in the following

lemmas. We refer the reader to Figure 2.6 for illustrations of the connections near

µ = 0 and to Figure 2.7 for illustrations near µ = 1. The lemmas are listed according

to the order of the sequence above, while the proofs are omitted since they are similar

to much of the work performed in this section. Together these results complete the

proof of Theorem 3.
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Lemma 8. Fix (N,m) = (8, 3), then the following is true for (2.26). There are

constants d1, µ1 > 0 and a smooth function µl : [0, d1] → [0, µ1] such that for each

d ∈ (0, d1], there is a pair of κ-symmetric solutions Ul(µ, d) and Vl(µ, d) of (2.26)

that bifurcate at a fold bifurcation at µ = µl(d) and exist for all µ ∈ [µl(d), µ1]. These

solutions are smooth in (µ, d), and for each fixed µ, we have Ul(µ, d)→ Ū (1)(µ) and

Vl(µ, d)→ W̄
(24)
− (µ) as d→ 0+. The function µl(d) satisfies µl(d) = 3

3√2
d

2
3 +O(d).

Lemma 9. Fix (N,m) = (8, 3), then the following is true for (2.26). There exist

constants d2, µ2 > 0 and a smooth function µr : [0, d2] → [µ2, 1] such that for each

fixed d ∈ (0, d2], there is a pair of κ-symmetric solutions Ur(µ, d) and Vr(µ, d) of

(2.26) that bifurcate at a fold bifurcation at µ = µr(d) and exist for all µ ∈ [µ2, µr(d)].

These solutions are smooth in (µ, d), and for each fixed µ, we have Ur(µ, d) →

W̄
(24)
− (µ) and Vr(µ, d) → W̄

(24)
+ (µ) as d → 0+. The function µr(d) is given by

µr(d) = 1− 2d+O(d
3
2 ).

Lemma 10. Fix (N,m) = (8, 3), then the following is true for (2.26). There are

constants d1, µ1 > 0 and a smooth function µl : [0, d1] → [0, µ1] such that for each

d ∈ (0, d1], there is a pair of κ-symmetric solutions Ul(µ, d) and Vl(µ, d) of (2.26)

that bifurcate at a fold bifurcation at µ = µl(d) and exist for all µ ∈ [µl(d), µ1]. These

solutions are smooth in (µ, d), and for each fixed µ, we have Ul(µ, d)→ W̄
(23)
+ (µ) and

Vl(µ, d)→ W̄
(3)
− (µ) as d→ 0+. The function µl(d) satisfies µl(d) = 3

3√2
d

2
3 +O(d).

Lemma 11. Fix (N,m) = (8, 3), then the following is true for (2.26). There exist

constants d2, µ2 > 0 and a smooth function µr : [0, d2] → [µ2, 1] such that for each

fixed d ∈ (0, d2], there is a pair of κ-symmetric solutions Ur(µ, d) and Vr(µ, d) of

(2.26) that bifurcate at a fold bifurcation at µ = µr(d) and exist for all µ ∈ [µ2, µr(d)].

These solutions are smooth in (µ, d), and for each fixed µ, we have Ur(µ, d) →

W̄
(3)
− (µ) and Vr(µ, d)→ Ū (4)(µ) as d→ 0+. The function µr(d) is given by µr(d) =

1− 2d+O(d
3
2 ).
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3.4 All-to-all coupling

Let us now consider the case of all-to-all coupling. That is, m = bN
2
c, and so every

element is connected to all other elements. Then, our interest in Sk×SN−k-invariant

solutions means that the system (2.18) reduces to solving the two equations

d(N − k)(v2 − v1) + f(v1, µ) = 0,

dk(v1 − v2) + f(v2, µ) = 0

(2.39a)

(2.39b)

where v1 denotes the values of the vector in RN at the first k indices and v2 the values

of the last N −k. As stated at the beginning of this section, we clearly have that for

µ belonging to any compact interval of [0, 1] we can continue a solution of (2.25) at

d = 0 with un ∈ {0, u±(µ)} for all n = 2, . . . , N regularly into d > 0 with the implicit

function theorem. Moreover, from the form of (2.39), we may restrict F to a Sk ×

SN−k-invariant subspace to guarantee that solutions which are Sk × SN−k-invariant

at d = 0 persist into d > 0 with the same symmetry. Hence, to prove Theorem 4

we again need only check continuation into d > 0 of the connections between the

elements Ā
(k)
± (µ), B̄(k)(µ), C̄

(k)
± (µ), and D̄(k)(µ) near µ = 0, 1 (see Figure 2.5 for

visual demonstration).

We begin with the following lemma which details the continuation into d > 0 of

the connections between Ā
(k)
+ (µ) and B̄(k)(µ), and C̄

(k)
+ (µ) and D̄(k)(µ), near µ = 0.

Lemma 12. For any N ≥ 2 and k = 1, . . . , bN/2c, the following is true for (2.26).

1) There are constants dab, µab > 0 and a smooth function µl : [0, dab] → [0, µab]

such that for each d ∈ (0, dab], there is a pair of Sk×SN−k-symmetric solutions

Uab(µ, d) and Vab(µ, d) of (2.26) that bifurcate at a fold bifurcation at µ = µl(d)

and exist for all µ ∈ [µl(d), µab]. These solutions are smooth in (µ, d), and for
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each fixed µ, we have Uab(µ, d)→ Ā
(k)
+ (µ) and Vab(µ, d)→ B̄(k)(µ) as d→ 0+.

The function µl(d) satisfies µl(d) = 3 3

√
k2

4
d

2
3 +O(d).

2) There are constants dcd, µcd > 0 and a smooth function µl : [0, dcd] → [0, µcd]

such that for each d ∈ (0, dcd], there is a pair of Sk×SN−k-symmetric solutions

Ucd(µ, d) and Vcd(µ, d) of (2.26) that bifurcate at a fold bifurcation at µ = µl(d)

and exist for all µ ∈ [µl(d), µcd]. These solutions are smooth in (µ, d), and for

each fixed µ, we have Ucd(µ, d)→ C̄
(k)
+ (µ) and Vcd(µ, d)→ D̄(k)(µ) as d→ 0+.

The function µl(d) satisfies µl(d) = 3 3

√
(N−k)2

4
d

2
3 +O(d).

Proof. We will only prove the first case in the lemma since the second can simply

be obtained by exchanging v1 and v2 in (2.39) in what follows. In this notation,

the functions Ā
(k)
± (µ) and B̄(k)(µ) correspond to solutions of (2.39) with d = 0 as

well as (v1, v2) = (u±(µ), 0) and (u+(µ), u−(µ)), respectively, for all µ ∈ [0, 1]. For

convenience, we will denote

F1(v1, v2, µ, d) = d(N − k)(v2 − v1) + f(v1, µ)

F2(v1, v2, µ, d) = dk(v1 − v2) + f(v2, µ)

(2.40)

to emphasize the connection of the system (2.39) with the function F that we defined

in (2.25). Importantly, solutions of F1 = F2 = 0 represent Sk × SN−k-invariant

steady-state solutions of (2.25).

In the present scenario, we recall that u+(0) = 1 and restrict ourselves to a

neighbourhood of the solution (v1, v2, µ, d) = (1, 0, 0, 0) to (2.39). From the previ-

ous discussion, this represents a Sk × SN−k-invariant neighbourhood of the solution

(U, µ, d) = (Ā
(k)
+ (0), 0, 0) to F in (2.25). Then, since

∂F1

∂v1

(1, 0, 0, 0) = fu(1, 0) 6= 0, (2.41)
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the implicit function theorem guarantees the existence of a unique smooth func-

tion v∗1(v2, µ, d) satisfying v∗1(0, 0, 0) = 1 and F1(v∗1(v2, µ, d), v2, µ, d) = 0 for all

(v2, µ, d) in a neighbourhood of (0, 0, 0). Hence, the Taylor series of v∗1(v2, µ, d)

about (v2, µ, d) = (0, 0, 0) is given by

v∗1(v2, µ, d) = 1 +O(|µ|+ |d|+ |v2||d|). (2.42)

The analysis now reduces to solving F2(v1, v2, µ, d) = 0 with v1 = v∗1(v2, µ, d) in a

neighbourhood of (v2, µ, d) = (0, 0, 0).

As in the previous lemmas of this section, let us introduce the re-scaled variables

µ = ν2, d = ν3d̃, v2 = νṽ2, (2.43)

for |ν| � 1, so that (2.42) becomes

v∗1(v2, µ, d) = 1 +O(ν2). (2.44)

Then, putting v1 = v∗1(v2, µ, d) into F2 and expanding using (2.42) and (2.27) gives

F2(v∗1(v2, µ, d), v2, µ, d) = ν3(kd̃− ṽ2 + ṽ3
2) +O(ν4). (2.45)

Hence, solving F2(v∗1(v2, µ, d), v2, µ, d) = 0 is equivalent to solving

0 = kd̃− ṽ2 + ṽ3
2 +O(ν) (2.46)

after dividing off ν3. It is therefore clear that the above expression experiences a

fold bifurcation at

(ṽ2, d̃, ν) =

(
3

√
k

2
,

2

3
√

3k
, 0

)
, (2.47)
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for which we may follow as in the proofs of the previous lemmas to demonstrate the

persistence of this fold into sufficiently small ν > 0. This completes the proof.

Let us now turn to the bifurcation near µ = 1. The following lemma details the

persistence of the connections between Ā
(k)
− (µ) and Ā

(k)
+ (µ), and C̄

(k)
− (µ) and C̄

(k)
+ (µ)

into d > 0.

Lemma 13. For any N ≥ 2 and k = 1, . . . , bN/2c, the following is true for (2.26).

1) There exist constants daa, µaa > 0 and a smooth function µr : [0, daa]→ [µaa, 1]

such that for each fixed d ∈ (0, daa], there is a pair of Sk × SN−k-symmetric

solutions Uaa(µ, d) and Vaa(µ, d) of (2.26) that bifurcate at a fold bifurcation

at µ = µr(d) and exist for all µ ∈ [µaa, µr(d)]. These solutions are smooth

in (µ, d), and for each fixed µ, we have Uaa(µ, d) → Ā
(k)
− (µ) and Vaa(µ, d) →

Ā
(k)
+ (µ) as d→ 0+. The function µr(d) satisfies µr(d) = 1− (N −k)d+O(d

3
2 ).

2) There exist constants dcc, µcc > 0 and a smooth function µr : [0, dcc] → [µcc, 1]

such that for each fixed d ∈ (0, dcc], there is a pair of Sk × SN−k-symmetric

solutions Ucc(µ, d) and Vcc(µ, d) of (2.26) that bifurcate at a fold bifurcation

at µ = µr(d) and exist for all µ ∈ [µcc, µr(d)]. These solutions are smooth

in (µ, d), and for each fixed µ, we have Ucc(µ, d) → C̄
(k)
− (µ) and Vcc(µ, d) →

C̄
(k)
+ (µ) as d→ 0+. The function µr(d) satisfies µr(d) = 1− kd+O(d

3
2 ).

Proof. Since we are interested in Sk × SN−k-invariant solutions of (2.26), we may

again proceed as in the proof of Lemma 12 and reduce to solving the equations (2.39).

As in Lemma 12, we will only prove the first statement since the second follows

from simply interchanging v1 and v2 in what follows. The difference is that now

we focus a neighbourhood of the solution (v1, v2, µ, d) = (1, 0, 1, 0), corresponding

to a Sk × SN−k-invariant neighbourhood of the solution (U, µ, d) = (Ā
(k)
± (1), 1, 0) of
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µ
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Figure 2.8: We illustrate the bifurcation diagrams of Sk×SN−k-symmetric solutions
for all-to-all coupling for fixed 0 < d� 1 and 1 ≤ k ≤ bN/2c outlined in Lemma 14
for µ near zero (left panel) and in Lemma 15 for µ near one (right panel). The dotted
curve corresponds to the family of SN -symmetric equilibria (where v1 = v2), and the
solid curve reflects the branch of Sk × SN−k-symmetric solutions (with v1 6= v2),
which bifurcates from the branch of SN -symmetric solutions in a symmetry-breaking
bifurcation and also undergoes a fold bifurcation; arrows indicate the direction of
increasing φ (left) and s (right) that parametrize these branches.

(2.26). Since we have

∂F2

∂v2

(1, 0, 1, 0) = fu(0, 1) 6= 0, (2.48)

we may apply the implicit function theorem to obtain a smooth function v∗2(v1, µ, d)

defined in a neighbourhood of (v1, µ, d) = (1, 1, 0) satisfying v∗2(1, 1, 0) = 0 and

F2(v1, v
∗
2(v1, µ, d), µ, d) = 0. Solving

F1(v1, v
∗
2(v1, µ, d), µ, d) = 0 (2.49)

in a neighbourhood of (v1, µ, d) = (1, 1, 0) then proceeds as in the lemmas of the

previous subsections and is therefore omitted.

Next, we investigate the patterns Ā
(k)
− (µ) and C̄

(k)
− (µ) near µ = 0 for 0 < d� 1

and prove that they disappear through a collision with the branch of SN -symmetric

equilibria at which v1 = v2 = u−(µ). We state this lemma for the system (2.39) and

refer to the left panel in Figure 2.8 for an illustration of the bifurcation diagram.
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Lemma 14. For each N ≥ 2, k = 1, . . . , bN/2c, and ε > 0, there is a constant

δ > 0 with the following property. There is a unique branch of positive Sk × SN−k-

symmetric equilibria of (2.26) near (u, µ) = (0, 0), and this branch is smooth and

given by

(v1, v2, d, µ)(φ, s) =

(
s cosφ, s sinφ,

(cosφ+ sinφ) cosφ sinφ

k cosφ+ (N − k) sinφ
s2 +O(s4),

k cos3 φ+ (N − k) sin3 φ

k cosφ+ (N − k) sinφ
s2 +O(s4)

)

for ε < φ < π
2
− ε and 0 ≤ s < δ. Furthermore, the branch can also be parametrized

smoothly by (d, φ) via

s =
k cosφ+ (N − k) sinφ

(cosφ+ sinφ) cosφ sinφ
d+O(d2).

It bifurcates at µ = µsb(d) = Nd
2

+ O(d2) from the SN -symmetric branch v1 = v2 =

u−(µ) (this bifurcation point is the same for each k), and it undergoes a unique fold

bifurcation at µ = µfd(d) for some 0 < φ ≤ π
4

with 0 < µfd(d) ≤ µsb(d). As φ → 0

and φ → π
2
, the parameter d approaches zero, and the equilibria (v1, v2) approach

Ā
(k)
− (µ(0, s)) and C̄

(k)
− (µ(π

2
, s)), respectively.

Proof. Recall that we need to solve the system (2.39) given by

d(N − k)(v2 − v1) + f(v1, µ) = 0,

dk(v1 − v2) + f(v2, µ) = 0

(2.50a)

(2.50b)

where v1 denotes the values of the vector in RN at the first k indices and v2 the

values of the last N − k indices. Recall also that

f(u, µ) = −µu+ u3 +O(µ2u+ µu3 + u5)
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First, when u = v1 = v2, equation (2.50) reduces to f(u, µ) = 0 which admits the

solution branch (u, µ) = (u−(s), µh(s)) for 0 ≤ s � 1 with u−(0) = µh(0) = 0 and

µh(s) > 0 for s > 0. Next, we subtract the two equations in (2.50) to obtain

dN(v2 − v1) + f(v1, µ)− f(v2, µ) = 0. (2.51)

Defining v = (v1, v2) and

g(v1, v2, µ) :=

∫ 1

0

fu(v2 + τ(v1 − v2), µ)dτ = −µ+ v2
1 + v1v2 + v2

2 +O(µ2 + |v|4),

we can write (2.51) as

dN(v2 − v1) + f(v1, µ)− f(v2, µ) = dN(v2 − v1) + (v1 − v2)g(v1, v2, µ) = 0.

Since we already analysed the case v1 = v2, we can divide by v1 − v2 to arrive at

−dN + g(v1, v2, µ) = −dN − µ+ v2
1 + v1v2 + v2

2 +O(µ2 + |v|4) = 0,

which we can solve for µ as a function µ(v1, v2, d) near (v1, v2, d) = (0, 0, 0) where

µ(v1, v2, d) = v2
1 + v1v2 + v2

2 − dN +O(d2 + |v|4).

It therefore suffices to solve (2.50b) which becomes

0 = dk(v1 − v2) + f(v2, µ)

= dk(v1 − v2)− µ(v1, v2, d)v2 + v3
2 + v2O(µ(v1, v2, d)2 + µ(v1, v2, d)v2

2 + v4
2)

= dk(v1 − v2) + v2(dN − v2
1 − v1v2 +O(d2 + |v|4))
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and finally arrives at

dkv1 + d(N − k)v2 − v1v2(v1 + v2) + v2O(d2 + |v|4) = 0. (2.52)

To solve (2.52), we set v = (v1, v2) = s(cosφ, sinφ) with 0 ≤ s� 1 and 0 < φ < π/2

so that (2.52) becomes

d(k cosφ+ (N − k) sinφ)− s2 cosφ sinφ(cosφ+ sinφ) +O(d2 + s4) = 0 (2.53)

after dividing by s. Using the implicit function theorem, we can now solve this

equation for d as a function of (φ, s) with |s| < δ for some δ > 0 uniformly in

0 ≤ φ ≤ π/2 and obtain

d(φ, s) =
(cosφ+ sinφ) cosφ sinφ

k cosφ+ (N − k) sinφ
s2 +O(s4).

Substituting the expressions for (v1, v2, d) as functions of (φ, s) into the formula for

µ(v1, v2, d) gives

µ(φ, s) =
k cos3 φ+ (N − k) sin3 φ

k cosφ+ (N − k) sinφ
s2 +O(s4),

which proves the first part of the lemma. Inspecting the limits φ→ 0 and φ→ π
2

for

each fixed 0 < s < δ, we see that d converges to zero, µ approaches s2 +O(s4), and

(v1, v2) approach Ā
(k)
− (µ(0, s)) and C̄

(k)
− (µ(π

2
, s)), respectively, as claimed. Similarly,

substituting φ = π/4 into the expressions for (v1, v2, d, µ) shows that the branch

we constructed bifurcates from the branch of SN -symmetric equilibria at (µ, d) =

(1
2
, 1
N

)s2 + (O(s4),O(s4)).

Fixing ε > 0, we now restrict ourselves to values of φ with ε < φ < π
2
− ε. For
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such values, we can solve for s as a function of (d, φ) where

s2 = s(d, φ)2 =
k cosφ+ (N − k) sinφ

(cosφ+ sinφ) cosφ sinφ
d+O(d2)

so that µ can be written as a smooth function of (d, φ) via

µ(d, φ) =

(
k cos3 φ+ (N − k) sin3 φ

(cosφ+ sinφ) cosφ sinφ
+O(d)

)
d =: (µ̃(φ) +O(d))d.

It remains to prove that the branch has a unique fold for each fixed d, and it suffices

to prove this for µ̃(φ) since its folds are generic and therefore persist upon adding

the remainder term in d. We now outline the strategy for proving that µ̃(φ) has a

unique generic fold. Note that µ̃(φ) → ∞ for φ → 0 and φ → π
2
, and it therefore

suffices to show that µ̃′(φ) increases strictly, which holds when µ̃′′(φ) > 0. The

second derivative µ̃′′(φ) is a fraction of trigonometric polynomials, and we can then

show that this derivative is indeed positive (we omit the tedious details). The fold

bifurcation occurs in the region 0 < φ ≤ π
4

since µ̃′(π
4
) = 3

2
(N − 2k) ≥ 0 (recall that

1 ≤ k ≤ bN/2c).

Finally, we describe the continuation into 0 < d � 1 of the connection between

B̄(k)(µ) and D̄(k)(µ) near µ = 1. We comment that this lemma covers the connection

in the top-right corner of Figure 2.2(c) and that the results are also illustrated in

the right panel in Figure 2.8.

Lemma 15. For each N ≥ 2 and k = 1, . . . , bN/2c, there is a constant δ > 0 with

the following property. There is a unique branch of Sk × SN−k-symmetric equilibria

of (2.26) near (u, µ) = (1, 1), and this branch is smooth and given by

(v1, v2, µ)(s, d) = (1+s, 1−s−Nd+O(s2+d2), 1−s2−(N−k)(2s+Nd)d+O(ds2+s3+d3))
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for |s| < δ and 0 ≤ d < δ. Furthermore, this branch bifurcates at µ = 1− N2d
4

+O(d3)

when s = −Nd
2

+ O(d2) from the SN -symmetric branch at which v1 = v2 = u−(µ)

(this bifurcation point is the same for each k) and undergoes a unique fold bifurcation

at µ = 1−k(N−k)d2 +O(d3) when s = −(N−k)d+O(d2). As d→ 0+, the solution

(v1, v2) converges to B̄(k)(µ(s, 0)) for fixed s > 0 and to D̄(k)(µ(s, 0)) for s < 0.

Proof. We consider the neighbourhood of the solution (v1, v2, µ, d) = (1, 1, 1, 0) to

(2.39). For simplicity, denote µ = 1 − µ̃, v1 = 1 + ṽ1, and v2 = 1 + ṽ2. Using the

expansion (2.28) these new variables transform (2.39) to

F̃1(ṽ1, ṽ2, µ̃, d) = d(N − k)(ṽ2 − ṽ1) + µ̃− ṽ21 − bµ̃ṽ1 +O(µ̃2 + µ̃|ṽ1|2 + |ṽ1|3) = 0,

F̃2(ṽ1, ṽ2, µ̃, d) = dk(ṽ1 − ṽ2) + µ̃− ṽ22 − bµ̃ṽ2 +O(µ̃2 + µ̃|ṽ2|2 + |ṽ2|3) = 0.

(2.54a)

(2.54b)

We can apply the implicit function theorem to equation (2.54a) and find a unique

smooth function µ̃∗(ṽ1, ṽ2, d), defined in a neighbourhood of (ṽ1, ṽ2, d) = (0, 0, 0),

satisfying µ̃∗(0, 0, 0) = 0 and F̃1(ṽ1, ṽ2, µ̃
∗(ṽ1, ṽ2, d), d) = 0, in the neighbourhood of

(0, 0, 0, 0). Moreover, we have the expansion

µ̃∗(ṽ1, ṽ2, d) = −d(N − k)(ṽ2 − ṽ1) + ṽ2
1 +O(|d||ṽ|2 + |ṽ|3), (2.55)

where ṽ = (ṽ1, ṽ2). Next, we subtract the two equations in (2.39) to obtain

Nd(v2 − v1) + f(v1, µ)− f(v2, µ) = 0. (2.56)

Defining

g(ṽ1, ṽ2, µ̃) :=

∫ 1

0

fu(v2 +τ(v1−v2), µ)dτ = −ṽ1− ṽ2 +O(|µ̃|+ |µ̃||ṽ1|+ |µ̃||ṽ2|+ |ṽ|2),
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we can write (2.56) in new variables as

Nd(ṽ2− ṽ1)+f(1+ ṽ1, 1−µ̃)−f(1+ ṽ2, 1−µ̃) = Nd(ṽ2− ṽ1)+g(ṽ1, ṽ2, µ̃)(ṽ1− ṽ2) = 0.

Assuming ṽ1 6= ṽ2, we can divide by ṽ2 − ṽ1 to arrive at

Nd− g(ṽ1, ṽ2, µ̃) = Nd+ ṽ1 + ṽ2 +O(|µ̃|+ |µ̃||ṽ1|+ |µ̃||ṽ2|+ |ṽ|2) = 0.

We can further substitute the expression (2.55) for µ̃ and find

Nd+ ṽ1 + ṽ2 +O(d|ṽ|+ |ṽ|2) = 0.

Using the implicit function theorem to solve for ṽ2 as a function of (ṽ1, d) in a

neighbourhood of (0, 0) gives

ṽ∗2(ṽ1, d) = −Nd− ṽ1 +O(d|ṽ1|+ |ṽ1|2), (2.57)

and substituting this expression into (2.55) we finally find

µ̃∗(ṽ1, d) = ṽ2
1 + (N − k)d(2ṽ1 +Nd) +O(dṽ2

1 + |ṽ1|3 + d3). (2.58)

Hence, a fold bifurcation takes place at ṽ1 = ṽ∗1(d) = −(N − k)d + O(d2) when d

is near 0, and substituting ṽ∗1(d) into µ̃∗(ṽ1, d) gives the claimed expansion. Solving

the equation ṽ1 = ṽ2 for d near zero using the implicit function theorem provides

the existence and expansion of the symmetry-breaking bifurcation from the family

of homogeneous equilibria. This completes the proof.
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4 Discussion

In this chapter, we characterized the branches of localized steady states of lattice dy-

namical systems on a ring with N nodes with symmetric sparse, almost all-to-all, and

all-to-all coupling. We found snaking branches with bN
2
c saddle-node bifurcations on

each side for sparse coupling with interaction range m = 1, 2 and figure-eight type

branches that start and end at homogeneous patterns for all-to-all coupling. The

case of almost all-to-all coupling for even N is more complicated due to additional

symmetries, and we provided a detailed analysis only for N ∈ {6, 8}.
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Figure 2.9: Shown are the results of numerical continuation for d = 0.005 and N = 20
nodes with (from left to right) sparse coupling for m = 8, almost all-to-all coupling
m = 9, and all-to-all coupling m = 10. Each branch starts at µ = 0.5 with a single
node at the upper stable branch of the zero set of f(u, µ) = −µu+ 2u3− u5 and the
remaining nodes at zero.

There are many questions we did not address in this chapter, and we now outline

a few of these. First, for sparse coupling, we do not know whether solution branches

terminate at a branch of homogeneous equilibria or pass near those branches. Nu-

merical continuation turns out to be complicated for small coupling strengths since

the Jacobian has N eigenvalues close to zero near the homogeneous branches for

0 < d � 1, which makes continuation difficult and allows for the possibility that

numerical solutions may jump onto different branches.
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Next, we will comment on different forms of coupling. Note first that, near the

anti-continuum limit, the precise form of coupling matters only near the pitchfork

at µ = 0 and the fold at µ = 1: the branches for 0 < µ < 1 can always be

continued into 0 < d � 1 regardless of the coupling function, so the key task is to

track these branches near µ = 0, 1. We believe that our results for symmetric nearest-

neighbour and next-nearest-neighbour coupling can be extended to other values of m:

we conjecture that we will always find snaking curves that exhibit bN
2
c saddle nodes

as long as the interaction range m is strictly less than bN
2
c − 1, and we expect that

the methods we utilized here can be used to study this more general case. Figure 2.9

indicates that the case of almost all-to-all coupling (when m = bN
2
c − 1) is more

complicated. The case of asymmetric or distance-dependent coupling coefficients is

also unclear. In the case of asymmetric coupling, our methods should be applicable,

though we expect that the specific details will be different. Distance-dependent

coupling is likely more complicated: for instance, the case of all-to-all coupling will

be different since the SN symmetry is no longer present in this case.

Finally, we briefly discuss possible extensions to more complicated finite lattices.

Surprisingly, snaking was observed also on finite random graphs; see McCullen and

Wagenknecht (2016). The formal analysis in Kusdiantara and Susanto (2019) and

the complementary rigorous results in Bramburger and Sandstede (2020b) show that

the shape of branches near folds seems to be determined by a small number of motifs

where only a few nodes interact, whilst the states of all other nodes are essentially

irrelevant. It might be this underlying generic structure that leads to the universality

of snaking observed on random graphs in McCullen and Wagenknecht (2016). Using

computations to obtain summary statistics of snaking on random graphs would be a

feasible first step towards a more general description of snaking and branch structures

on general finite graphs.



Chapter Three

Bifurcation from Homogeneous

Branches on Ring Lattices
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1 Introduction

Recall from Chapter 2 that our ring system follows

u̇n = d(∆mU)n + f(un, µ), 1 ≤ n ≤ N, U = (u1, u2 . . . , uN) ∈ RN (3.1)

where

(∆mU)n =

 −(2m+ 1)un +
∑m

j=−m un+j, 1 ≤ m < bN
2
c

−Nun +
∑N

j=1 uj, m = bN
2
c.

Specifically, we use the cubic-quintic nonlinearity f(un, µ) = −µun + 2u3
n−u5

n where

0 ≤ µ ≤ 1 and focus on nonnegative solutions where each un ≥ 0 at the anti-

continuum limit d � 1. We denote the two positive roots in un of f(un, µ) as

u+(µ) =
√

1 +
√

1− µ and u−(µ) =
√

1−
√

1− µ.

For convenience, we re-show the main bifurcation results from Chapter 2 in Fig-

ure 3.1. In this chapter, we build on the results from the previous chapter and focus

on investigating the connections of solution patterns near the lower-left and upper-

right regions, which are marked by squares in Figure 3.1. Specifically, we want to

understand whether the snaking curve terminates or bifurcates from other branches

in these regions. To do this, we utilize the fact that our lattice system respects the

symmetries of the dihedral group DN .

Recall that the actions of our lattice group are ζ and κ, which define rotations

and reflections respectively. Notice that when N is odd, the action of κ flips the ring

with respect an axis joining a vertex of the N -gon to the midpoint of the opposite

edge, leaving one node to be fixed; while when N is even, κ reflects the ring with
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(a) (b) (c)

Figure 3.1: Different bifurcation curves depending on the number of symmetric con-
nections over a six element ring. (a) Nearest-neighbour connections lead to a typical
snaking bifurcation diagram. (b) Next-nearest-neighbour connections on a six ele-
ment ring introduce a further symmetry for which the elements indexed by 2,3,5,6
bifurcate together near µ = 0. (c) In the case of all-to-all coupling, the system is
invariant with respect to any permutation of the nodes on the ring and so the bifur-
cation curves form a small closed curve that bifurcates from the homogeneous state
(dotted curve) near the origin. Squares marking the end of the curves in panels (a)
and (b) represent the set of exceptional bifurcations which are not proven in the
previous chapter. This figure is reproduced from Figure 2.2 for ease of reference.

respect to an axis joining two opposite vertices, leaving two nodes to be fixed. The

action of ζ does not depend on whether N is odd or even, and it always rotates

the ring in the counter-clockwise direction by a radian of 2π
N

. Figure 3.2 illustrates

examples of group actions on rings for these different cases.

reflection
N odd

reflection
N even rotation

Figure 3.2: Examples of group actions on rings with DN symmetry. Diagram on the
left shows the action of reflection when N is odd, and the middle shows reflection
when N is even. The diagram on the right depicts a typical action of rotation, which
is independent of whether N is odd or even.



57

We study the bifurcation problem of system (3.1) with N ≥ 5. Note that the

cases N = 3 and N = 4 are excluded from our subsequent discussion since the

bifurcation results for the dihedral group are exceptional in these cases. Our work

examines the steady-state solutions

F(U, µ, d) = 0 (3.2)

where F(U, µ, d)n := d(∆mU)n−µun+2u3
n−u5

n. We define L(U, µ, d) := DUF(U, µ, d),

which is the Jacobian of F(U, µ, d) with respect to U .

We now apply the analysis from bifurcation theory to systems with symmetry.

For a summary introduction to this area, we refer readers to Chapter 4 in Hoyle

(2006). A representation of DN , over some field F , is defined as a homomorphism

from DN to the group of matrices GLn(F ), where n represents the dimension of

the representation. We consider the group of spatial symmetries, DN , with a linear

matrix representation. Note that equation U̇ = F(U, µ, d) is equivariant under DN ,

which means we have the following equivariance condition on F(U, µ, d)

γF(U, µ, d) = F(γU, µ, d), ∀γ ∈ DN .

In particular, U is a solution if and only if γU is a solution to the system for every

γ ∈ DN . This implies that if U is an equilibrium solution satisfying equation (3.2),

then so is γU for all symmetries γ ∈ DN . We define the orbit of the action of DN

on U to be DNU = {γU : γ ∈ DN}. The equivariance condition further implies that

fixed-point solutions on the same orbit of DN have the same stability and existence

properties. In our subsequent discussion, all illustrations and results can be applied

to all other solutions that lie in the same group orbit.
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The isotropy subgroup associated with a stationary solution U to system (3.2) is

defined as

ΣU = {γ ∈ DN : γU = U} ⊂ DN ,

which is a subgroup comprising group elements that fix U and thus specify the

symmetry of U .

In this chapter, we analyze bifurcations from the homogeneous branch using

equivariant bifurcation theory for dihedral symmetry group and prove that branches

of patterned states emerge from the homogeneous branches. Additionally, we prove

the interesting fact that the criticality of the branches of patterns bifurcating from

the homogeneous branch changes from supercritical to subcritical at a specific N -

dependent value of m, which indicates a relation to the degree of coupling. In the

limiting case as N →∞, we find that the change happens when m/N ≈ 0.39 for the

lower-left and m/N ≈ 0.41 for the upper-right region.

Our main results for the bifurcation problem in the lower-left and the upper-right

regions are summarized as follows. For convenience, let e = (1, 1, . . . , 1) ∈ RN . We

first present results for the lower-left region.

There exist different bifurcation points on the homogeneous solution branch,

u−(µ)e. The following Theorem 5 (i) states the locations of these bifurcation points,

indexed by j, for each given N and m. Figure 3.3 (a) presents a demonstration of

these bifurcation points on the bifurcation diagram.

Theorem 5. We assume N ≥ 5. Consider the equilibrium solutions in configuration

space (un, µ, d) where 0 < un � 1 for 1 ≤ n ≤ N , 0 < µ � 1 and 0 < d � 1. Let

1 ≤ m ≤
⌊
N

2

⌋
− 1.
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(i) The bifurcation points along the homogeneous solution branch u−(µ)e are(
U

(j)
∗ , µ

(j)
∗

)
with

U (j)
∗ (d) =

√
d

√√√√m−
m∑
p=1

cos

(
2πjp

N

)
+O(d)

 e

and

µ(j)
∗ (d) = d

(
m−

m∑
p=1

cos

(
2πjp

N

)
+O(d)

)

where j ∈
{

0, 1, 2, . . . ,
⌊
N
2

⌋}
.

(ii) We set j = 1 and assume that the null space of L
(
U

(1)
∗ , µ

(1)
∗ , d

)
is 2-

dimensional. Then, there are two branches bifurcating from the homogeneous

solution branch at
(
U

(1)
∗ , µ

(1)
∗ , d

)
. For odd N , the patterns along the two dis-

tinct branches have isotropy subgroup Z2(κ). For even N , the patterns along

the two distinct branches have isotropy subgroup Z2(κ) and Z2(κζ).

We define

X(j) =

(
cos

(
2πj

N

)
, cos

(
2 · 2πj

N

)
, . . . , cos

(
N · 2πj

N

))
and Y (j) =

(
sin

(
2πj

N

)
, sin

(
2 · 2πj

N

)
, . . . , sin

(
N · 2πj

N

))
.

(3.3)

At the bifurcation point
(
U

(j)
∗ (d), µ

(j)
∗ (d), d

)
, we have the following lemma.

Lemma 16. Let N ≥ 5, 1 ≤ m ≤
⌊
N

2

⌋
− 1, 0 < d � 1, and j ∈

{
1, 2, . . . ,

⌊
N
2

⌋}
.

Then dim
(

ker
(
L(U

(j)
∗ , µ

(j)
∗ , d)

))
≥ 2. If dim

(
ker
(
L(U

(j)
∗ , µ

(j)
∗ , d)

))
= 2, then

ker
(
L
(
U (j)
∗ , µ(j)

∗ , d
))

= span
(
X(j), Y (j)

)
.

Note that j = 0 is a special case where ker
(
L
(
U

(j)
∗ , µ

(j)
∗ , d

))
has only one basis,
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e. Figure 3.3 (b) shows examples of the bases X(j) and Y (j) for j = 1 and j = 2.

homogeneous solutions at

- -

(a)

(b)

Examples of
Figure 3.3: Example illustrations of bifurcation points indexed by j along the ho-
mogeneous solution branch, u−(µ)e, and their corresponding bases. (a) Bifurcation
points for j = 0, 1, . . . ,

⌊
N
2

⌋
along the homogeneous branch, as stated in Theorem 5

(i). (b) Diagrams of the X(j) and Y (j) bases for ker
(
L
(
U

(j)
∗ , µ

(j)
∗ , d

))
, defined in

equation (3.3), showcasing examples for j = 1 and j = 2.

We illustrate how the symmetry axes corresponding to the different isotropy sub-
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groups of solutions appear differently for cases when N is odd or even in Figure 3.4.

We emphasize that when N is odd, there is only one Z2(κ) isotropy subgroup, but

there are two distinct disjoint branches of solutions with this same group. Figure 3.4

does not distinguish between these different branches but only shows which symme-

try axis the solutions correspond to. Details regarding the distinction between the

different solution branches for N odd are discussed later.

N odd N even

Figure 3.4: Difference in symmetry axes corresponding to the isotropy subgroups of
solutions, depending on whether N is odd or even.

We focus on the solution to the bifurcation problem corresponding to j = 1 at(
U

(1)
∗ , µ

(1)
∗

)
. We are particularly interested in this case since it aligns with observa-

tions in numerical simulation. However, we expect our analytical techniques to be

generally applicable to the other values of j as well. For convenience, we denote X(1)

by X and Y (1) by Y .

In the subsequent sections, our analysis will use the representation of our lattice

group on RN where actions are defined as

ζ(u1, u2, . . . , uN−1, uN) = (uN , u1, . . . , uN−1)

κ(u1, u2, . . . , uN−2, uN−1, uN) = (uN−1, uN−2, . . . , u2, u1, uN)

where ζ refers to rotations and κ refers to flips of the ring. When N is even, the

action of κ on rings leaves exactly two nodes, uN
2

and uN , fixed. When N is odd, only

the node uN is fixed. The correspondence between our lattice group representation
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and the canonical DN group representation on C is discussed in Section 2.1.

We present the following lemma for specific values of m at the bifurcation point(
U

(1)
∗ (d), µ

(1)
∗ (d), d

)
.

Lemma 17. Let 0 < d � 1. dim
(

ker
(
L(U

(1)
∗ , µ

(1)
∗ , d)

))
= 2 for m = 1 when

N ≥ 5 and for m = 2 when N ≥ 7.

Assuming the existence of solutions near
(
U

(1)
∗ , µ

(1)
∗ , d

)
, we have the following

lemma, which tells us what form the solutions should take.

Lemma 18. Let N ≥ 5 and 1 ≤ m ≤
⌊
N

2

⌋
− 1. In the space where 0 < un � 1

for 1 ≤ n ≤ N , 0 < µ � 1 and 0 < d � 1, assume there exist solutions to system

(3.2) in the ε-neiborhood of the homogeneous solution
(
U

(1)
∗ (d), µ

(1)
∗ (d), d

)
, denoted

by Bε
(
U

(1)
∗ (d), µ

(1)
∗ (d), d

)
. Then the solution takes the following form

U∗(a(µ, d)) = U (1)
∗ (d) + aX +O(a2)

where a ∈ R.

We now demonstrate some examples of solution patterns to illustrate their ap-

pearance in the case of odd N in Figure 3.5. The figure shows that the two Z2(κ)

solution branches, which bifurcate from the homogeneous branch as mentioned in

Theorem 5 (ii), are distinguished by the sign of a (a > 0 or a < 0). Therefore, Figure

3.5 showcases typical solution patterns and explains how their appearance differs on

these distinct branches when N is odd.

We present Figure 3.6 for the case of odd N and Figure 3.7 for the case of even

N to demonstrate the bifurcation diagrams of the branching from the homogeneous
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1

N-2

2

N

N-1

-

:

:Pattern :Pattern
1

N-2

2

N

N-1

:

-

is the minis the max

Figure 3.5: Examples of solution patterns in the neighborhood of the bifurcation
from the homogeneous solution corresponding to j = 1 when N is odd. The solution
falls into two cases, depending on the sign of coefficient a. When a > 0, uN on
the reflection axis represents the maximum among all node values, and the solution
values associated with the nodes decrease symmetrically as one moves farther away
from uN . Conversely, when a < 0, uN on the reflection axis is the minimum, and the
values increase symmetrically as one moves away from uN .
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solutions in these different scenarios and detail how patterns appear in the corre-

sponding isotropy subgroups of solutions stated in Theorem 5 (ii).

We prove the following results on the bifurcation criticality at the lower-left

corner.

Theorem 6. Consider N ≥ 5, 1 ≤ m ≤
⌊
N − 1

2

⌋
− 1 and 0 < d� 1.

(i) Assume that the null space of L
(
U

(1)
∗ , µ

(1)
∗ , d

)
is 2-dimensional. Then the crit-

icality of the bifurcation at
(
U

(1)
∗ , µ

(1)
∗

)
is dependent on N,m. Let

A(N,m, d) = −15

4
− 9

2

B(N,m)

C(N,m)
+O(d)

where

B(N,m) = m+
1

2
−

sin
(

(2m+1)π
N

)
2 sin

(
π
N

)
C(N,m) =

− sin
(

2π(m+1)
N

)
+ sin

(
π(4m+2)

N

)
− sin

(
2πm
N

)
sin
(

2π
N

)
When A(N,m, d) < 0, the bifurcation is supercritical; when A(N,m, d) > 0,

the bifurcation is subcritical.

(ii) Let N → ∞. Denote the ratio
m

N
by r. Recall that 1 ≤ m ≤

⌊
N − 1

2

⌋
− 1,

so 0 < r < 1
2
. Assume that the null space of L

(
U

(1)
∗ , µ

(1)
∗ , d

)
is 2-dimensional.

Then the criticality of bifurcation at
(
U

(1)
∗ , µ

(1)
∗

)
changes from supercritical to

subcritical when r ≈ 0.39.

We then present results for the upper-right region.

Theorem 7. We assume N ≥ 5. Consider configuration space (un, µ, d) where

0 ≤ 1−un � 1 for 1 ≤ n ≤ N , 0 < 1−µ� 1 and 0 < d� 1. Let 1 ≤ m ≤
⌊
N

2

⌋
−1.
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Figure 3.6: Example patterns in the isotropy subgroup that bifurcate from the ho-
mogeneous solutions, demonstrating Theorem 5 (ii) for the case of odd N . (a) The
top depicts a supercritical bifurcation, while (b) the bottom depicts a subcritical
bifurcation. The axis of the reflection symmetry goes through the node N . The
difference between the two Z2(κ) branches is that for the first branch, uN is positive
and assumes the maximum value among all nodes, with node values decreasing as
one moves away from it. For the second branch, uN is negative, assuming the mini-
mum value, with node values increasing as one moves away from it. Patterns in the
group orbit of the isotropy subgroup are also solutions on the same branch.
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Figure 3.7: Example patterns in the isotropy subgroup that bifurcate from the ho-
mogeneous solutions, demonstrating Theorem 5 (ii) for the case of even N . (a) The
top depicts a supercritical bifurcation, while (b) the bottom depicts a subcritical
bifurcation. Patterns in the group orbit of the isotropy subgroup are also solutions
on the same branch.
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(i) The bifurcation points along the homogeneous solution branch u−(µ)e are(
U

(j)
∗ , µ

(j)
∗

)
with

U (j)
∗ (d) =

(
1− d

[
m−

m∑
p=1

cos

(
2πjp

N

)
+O(d)

])
e

and

µ(j)
∗ (d) = 1− d2

[m− m∑
p=1

cos

(
2πjp

N

)]2

+O(d)


where j ∈

{
0, 1, 2, . . . ,

⌊
N
2

⌋}
.

(ii) We set j = 1 and assume that the null space of L
(
U

(1)
∗ , µ

(1)
∗ , d

)
is 2-

dimensional. Then, there are two branches bifurcating from the homogeneous

solution branch at
(
U

(1)
∗ , µ

(1)
∗ , d

)
. For odd N , the patterns along the two dis-

tinct branches have isotropy subgroup Z2(κ). For even N , the patterns along

the two distinct branches have isotropy subgroup Z2(κ) and Z2(κζ).

Specifically focusing on the bifurcation point
(
U

(1)
∗ (d), µ

(1)
∗ (d), d

)
, we have the

following lemma and theorem.

Lemma 19. Let N ≥ 5 and 1 ≤ m ≤
⌊
N

2

⌋
− 1. In the space where 0 ≤ 1− un � 1

for 1 ≤ n ≤ N , 0 < 1 − µ � 1 and 0 < d � 1, assume there exist solutions to

system (3.2) in Bε
(
U

(1)
∗ (d), µ

(1)
∗ (d), d

)
. Then the solution takes the following form

U∗(a(µ, d)) = U (1)
∗ (d) + aX +O(a2)

where a ∈ R.

Theorem 8. Consider N ≥ 5, 1 ≤ m ≤
⌊
N − 1

2

⌋
− 1 and 0 < d� 1.

(i) Assume that the null space of L
(
U

(1)
∗ , µ

(1)
∗ , d

)
is 2-dimensional. Then the crit-
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icality of the bifurcation at
(
U

(1)
∗ , µ

(1)
∗

)
is dependent on N,m. Let

A(N,m, d) =
1

B(N,m)
+

1

2C(N,m)
+O(d)

where

B(N,m) = −2m− 1 +
sin
(

(2m+1)π
N

)
sin
(
π
N

)
C(N,m) =

sin
(

2π(m+1)
N

)
− sin

(
π(4m+2)

N

)
+ sin

(
2πm
N

)
sin
(

2π
N

)
When A(N,m, d) < 0, the bifurcation is supercritical; when A(N,m, d) > 0,

the bifurcation is subcritical.

(ii) Let N → ∞. Denote the ratio
m

N
by r. Recall that 1 ≤ m ≤

⌊
N − 1

2

⌋
− 1,

so 0 < r < 1
2
. Assume that the null space of L

(
U

(1)
∗ , µ

(1)
∗ , d

)
is 2-dimensional.

Then the criticality of bifurcation at
(
U

(1)
∗ , µ

(1)
∗

)
changes from supercritical to

subcritical when r ≈ 0.41.

We prove Lemma 16 in Section 2.1, Theorem 5 in Section 3.1, Lemmas 17 and

18 and Theorem 6 in Section 3.2, Theorem 7 in Section 4.1, and Lemma 19 and

Theorem 8 in Section 4.2.

Figures 3.8 and 3.9 demonstrate numerically that patterned states emerge from

homogeneous branch near the lower-left region. Figure 3.8 shows an example where

the bifurcation is supercritical, while Figure 3.9 shows subcritical bifurcation occurs

at higher coupling degree. We verify numerically that these emergent patterned

states connect with the snaking branches of patterns in Figure 2.2. Details are

provided in Sections 3.3 and 4.3.
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Figure 3.8: Numerical simulation on the rescaled system for N = 18,m = 3 near
the lower-left region. V = (v1, v2 . . . , vN) ∈ RN is the rescaled variable with un =
εvn, and λ is the bifurcation parameter with µ = λε2, where 0 < ε � 1. The
numerical solution branch corresponds to the Z2(κ) branch depicted in Figure 3.7a.
The asterisk shows the bifurcation point computed from the analytical result with
j = 1. An example of the patterns on the solution branch, where node values
have been normalized, is illustrated in the right panel, corresponding to the solution
point marked by the red circle. Any patterns in the same Z2(κ) group orbit are
also solutions on the same branch, and these patterned solutions are equivariant
under DN group symmetries. Numerically, we confirm that along the homogeneous
solution branch, 2 eigenvalues transition from negative to positive upon crossing
the bifurcation point in the positive direction of λ. This aligns with the analytical
prediction that the bifurcation is supercritical.

An additional interesting point is that during the calculation of eigenvalues along

the homogeneous branch, we observe repeated eigenvalues leading to bifurcation with

a higher-dimensional null space of L
(
U

(j)
∗ (d), µ

(j)
∗ (d), d

)
for specific values of N and

m at certain j. In exploring the effect coming from the DN symmetry group in the

Laplace operator, we briefly discuss in Section 2.2 the irreducible representation of

dihedral group and use it to verify that the redundant eigenvalues comes from the

Laplace operator instead of the graph symmetries.
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Figure 3.9: Numerical simulation on the rescaled system for N = 18,m = 8 near
the lower-left region. Details are similarly explained in the previous Figure 3.8.
V = (v1, v2 . . . , vN) ∈ RN is the rescaled variable with un = εvn, and λ is the
bifurcation parameter with µ = λε2, where 0 < ε � 1. The numerical solution
branch corresponds to the Z2(κ) branch depicted in Figure 3.7b. The numerical
continuation aligns with the analytical prediction that the bifurcation is subcritical.

2 Group and Operator Analysis

In this section, we present preliminary results on the group and operator of the

lattice systems. In particular, we will show how we can translate the group repre-

sentation of our lattice systems to the canonical representation of the dihedral group

on C. In addition, we observe higher dimensional null space of L (U, µ, d) along the

homogeneous solutions at bifurcation points resulted from the Laplace operator in

the system. These results set the stage for the analysis of the bifurcation at the

lower-left and upper-right corners of the original system, which will be discussed in

details in Sections 3 and 4.
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2.1 Group Representation

Our symmetrically coupled ring system on N nodes respects symmetries of DN .

We are interested in the bifurcation along the homogeneous solutions branch. In

the following, we will show how the group representation of the ring system at

these points relates to the canonical representation of DN on C. As for canonical

representation, we specifically consider the standard action of DN on C as described

on page 97 (5.1) in Golubitsky et al. (1988)

ρz = e
2πi
N z

Rz = z̄.

(3.4)

The corresponding canonical representation is

DN = 〈ρ,R | ρn = R2 = e, RρR−1 = ρ−1〉. (3.5)

Before delving into specific group representations, we first calculate the location

of the bifurcation along the homogeneous branch. By the end of the calculation, we

will obtain the results presented in Lemma 16.

Bifurcation along Homogeneous Solutions Branch

We focus on system (3.1) with the nonlinearity f(un, µ) = −µun + 2u3
n − u5

n.

Finding out where solution branches bifurcate from the homogeneous solutions is

essentially calculating µ values at which the eigenvalue of the Jacobian corresponding

to the homogeneous solutions is zero. Given N , consider 1 ≤ m < bN
2
c, the Jacobian

at homogeneous branch is L(µ) = d∆m + f ′(u−(µ), µ)IN where IN is the identity

matrix. We then want to find the eigenvalues of L(µ). In order to do so, we need to
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know the eigenvalues, denoted by λ, of ∆m. In other words, we want to find λ ∈ R

such that

∆m~v = λ~v where ~v ∈ RN . (3.6)

Discrete Fourier ansatz are

vk,j = eiωjk, where ωj =
2πj

N
, k = 1, . . . , N, j = 0, 1, . . . , N − 1

Plugging in the Fourier ansatz into equation (3.6), we get

−2meiωjk +
m∑

p=−m

eiωj(k+p) = λje
iωjk

=⇒ −2m+
m∑

p=−1

(eiωjp + e−iωjp) = λj

Notice that eiωjp + e−iωjp = 2 cos(ωjp) by trigonometric identity, so we can rewrite

λj as

λj = 2

(
−m+

m∑
p=1

cos(ωjp)

)
= 2

(
−m+

m∑
p=1

cos

(
2πjp

N

))
.

So then we can calculate the eigenvalues of L(µ), which are

dλj + f ′(u−(µ), µ) = 2d

(
−m+

m∑
p=1

cos

(
2πjp

N

))
+ 4

(
µ− 1 +

√
1− µ

)

since f ′(u, µ) = −µ+ 6u2 − 5u4 and u±(µ) =
√

1±
√

1− µ.

To find the bifurcation points, we need to determine the values of µ at which the

corresponding eigenvalues of L(µ) become 0. This is equivalent to solving

dλj + f ′(u−(µ), µ) = 0,
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which is

2d

(
−m+

m∑
p=1

cos

(
2πjp

N

))
+ 4

(
µ− 1 +

√
1− µ

)
= 0.

Then, by solving for µ, we identify the values of µ at the bifurcation points for

j = 0, 1, . . . , N − 1, which are

µ(j)
∗ = 1− 1

2

(
cj + 1±

√
2cj + 1

)
where cj = d

(
−m+

m∑
p=1

cos

(
2πjp

N

))
.

We define the corresponding homogeneous solution in U , taking on the value u−(µ),

as U
(j)
∗ = u−

(
µ

(j)
∗

)
e.

As a sidenote, we briefly mention the general gradient system for the Laplacian

∆m. Recall that

(∆mU)n =

 −(2m+ 1)un +
∑m

j=−m un+j, 1 ≤ m < bN
2
c

−Nun +
∑N

j=1 uj, m = bN
2
c.

The real-valued function Fm(U) =
N∑
i=1

(
−mU2

i + Ui

m∑
j=1

Ui+j

)
satisfies U ′ =

(∆mU)n = −∇Fm(U). We note this as a brief comment about ∆m but will not

use this fact in our subsequent analysis.

Now, we can prove Lemma 16. For convenience, we restate the lemma with slight

rewording for ease of reference.

Lemma 20 (Restated). We here restate Lemma 16.

Let N ≥ 5, 1 ≤ m ≤
⌊
N

2

⌋
− 1, 0 < d � 1, and j ∈

{
1, 2, . . . ,

⌊
N
2

⌋}
. Then

dim
(

ker
(
L(U

(j)
∗ , µ

(j)
∗ , d)

))
≥ 2. If dim

(
ker
(
L(U

(j)
∗ (d), µ

(j)
∗ (d), d)

))
= 2, then

ker
(
L
(
U (j)
∗ (d), µ(j)

∗ (d), d
))

= span
(
X(j), Y (j)

)
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where

X(j) =

(
cos

(
2πj

N

)
, cos

(
2 · 2πj

N

)
, . . . , cos

(
N · 2πj

N

))
Y (j) =

(
sin

(
2πj

N

)
, sin

(
2 · 2πj

N

)
, . . . , sin

(
N · 2πj

N

))
.

(3.7)

Proof. Given N , m and d, first notice that for any j ∈ {1, . . . , N − 1}, cj = cN−j

because cos

(
2πjp

N

)
= cos

(
2π(N − j)p

N

)
for any p ∈ {1, . . . ,m}. It follows

that µ
(j)
∗ = µ

(N−j)
∗ for any j ∈ {1, . . . , N − 1}. Hence,

(
U

(j)
∗ (d), µ

(j)
∗ (d), d

)
and(

U
(N−j)
∗ (d), µ

(N−j)
∗ (d), d

)
correspond to the same bifurcation point. Also, note that

the basis

(
ei

2πj
N
k
)
k=1,...,N

=

(
cos

(
2πj

N
k

)
+ i sin

(
2πj

N
k

))
k=1,...,N

=

(
cos

(
2π(N − j)

N
k

)
− i sin

(
2π(N − j)

N
k

))
k=1,...,N

so it spans the same space as the basis
(
ei

2π(N−j)
N

k
)
k=1,...,N

. Thus, we can limit the

index j to j ∈
{

1, 2, . . . , N−1
2

}
if N is odd, and to j ∈

{
1, 2, . . . , N

2

}
if N is even.

Observe that after converting the complex basis into the real vectors in RN , we

find that the corresponding null space of L
(
u−

(
µ

(j)
∗

)
e, µ

(j)
∗ , d

)
has the following

two bases in RN

Re
(
ei

2πj
N
k
)
k=1,2,...,N

=

(
cos

(
2πj

N

)
, cos

(
2 · 2πj

N

)
, . . . , cos

(
N · 2πj

N

))
Im
(
ei

2πj
N
k
)
k=1,2,...,N

=

(
sin

(
2πj

N

)
, sin

(
2 · 2πj

N

)
, . . . , sin

(
N · 2πj

N

))
.

which are the X(j) and Y (j) in Lemma 16, respectively. Thus, we know that

ker
(
L(U

(j)
∗ , µ

(j)
∗ , d)

)
is a space with at least two bases, X(j) and Y (j), and so it

is at least 2-dimensional.
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Note that when N ≥ 5, dim
(
span

(
X(j), Y (j)

))
= 2. We can see this by show-

ing X(j) /∈ span
(
Y (j)

)
. It suffices to only look at the last coordinate of X(j)

and Y (j), which are cos
(
N · 2πj

N

)
and sin

(
N · 2πj

N

)
. Note that cos

(
N · 2πj

N

)
= 1

and sin
(
N · 2πj

N

)
= 0 always, so there exists no a ∈ R such that cos

(
N · 2πj

N

)
=

a sin
(
N · 2πj

N

)
. Therefore, X(j) /∈ span

(
Y (j)

)
and so span

(
X(j), Y (j)

)
= 2.

Hence, if we know that dim
(

ker
(
L
(
u−

(
µ

(j)
∗

)
e, µ

(j)
∗ , d

)))
= 2, then

ker
(
L
(
u−
(
µ(j)
∗
)
e, µ(j)

∗ , d
))

= span
(
X(j), Y (j)

)
.

This proves Lemma 16.

In the following discussion, we will specifically focus on the case j = 1 since

solutions with such an index align with the bifurcation observed in the numerical

simulations.

Group Representation at Bifurcation with respect to j = 1

At the bifurcation from the homogeneous solutions corresponding to j = 1, we

define actions on the group of our lattice system living in RN in the following way:

ζ(u1, u2, . . . , uN−1, uN) = (uN , u1, . . . , uN−1)

κ(u1, u2, . . . , uN−2, uN−1, uN) = (uN−1, uN−2, . . . , u2, u1, uN)

(3.8)

where ζ refers to rotations and κ refers to flips of the ring. Clearly ζN = 1 and

κ2 = 1, where we use 1 to denote the identity element that acts trivially on vectors

in RN . Notice that the action of κ on rings with N even leaves exactly two elements,

uN
2

and uN , fixed, while when N is odd only the element uN is fixed.
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Recall that the j = 1 eigenvector of L(µ) = d∆m + f ′(u, µ)IN is
(
ei

2π
N
k
)
k=1,...,N

.

We specifically choose this Fourier ansatz indexed by j = 1 because in the numerical

simulations, we observe that the point where the solution branch bifurcates from

the homogeneous solutions aligns with the bifurcation point predicted at this index.

In later section, Section 3.2, we will discuss the dimensionality of the null space of

L
(
U

(1)
∗ (d), µ

(1)
∗ (d), d

)
for several specific coupling degrees m as examples. In Sec-

tions 3.1 and 4.1, we will present further details on the analysis of the homogeneous

solution branch and its bifurcation points, specifically in the lower-left and upper-

right corner regimes, respectively. Note that in RN , the elements that the group acts

on, corresponding to the j = 1 case, are linear combinations of the bases presented

in (3.7) with j = 1.

A general element in our lattice system at the j = 1 bifurcation can be represented

as aX + bY for a, b ∈ R. We now show that there is a natural isomorphism between

the group representation of our lattice system and the canonical representation of

DN in the following Lemma 21.

Lemma 21. Consider the group representation of the lattice system as defined in

(3.8). Then this representation is isomorphic to the canonical representation of DN

as defined in (3.4). The isomorphism θ : RN → C is defined by θ(aX + bY ) = a+ bi

for a, b ∈ R.

Proof. First, we check ζ agrees with ρ, which is the rotation. Let a, b ∈ R be

arbitrary. Consider a general element aX+ bY in the lattice group. Applying action
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ζ to this element gives

ζ(aX + bY )=ζ

(
a cos

(
2π

N

)
+ b sin

(
2π

N

)
, a cos

(
2 · 2π

N

)
+ b sin

(
2 · 2π

N

)
, . . . ,

a cos

(
N · 2π

N

)
+ b sin

(
N · 2π

N

))
=

(
a cos

(
N · 2π

N

)
+ b sin

(
N · 2π

N

)
, a cos

(
2π

N

)
+ b sin

(
2π

N

)
,

a cos

(
2 · 2π

N

)
+ b sin

(
2 · 2π

N

)
, . . . ,

a cos

(
(N − 1) · 2π

N

)
+ b sin

(
(N − 1) · 2π

N

))

Note that for each k ∈ {1, 2, . . . , N},

a cos

(
(k − 1)

2π

N

)
+ b sin

(
(k − 1)

2π

N

)
= a

(
cos

(
k

2π

N

)
cos

(
2π

N

)
+ sin

(
k

2π

N

)
sin

(
2π

N

))
+ b

(
sin

(
k

2π

N

)
cos

(
2π

N

)
− cos

(
k

2π

N

)
sin

(
2π

N

))
=

(
a cos

(
2π

N

)
− b sin

(
2π

N

))
cos

(
k

2π

N

)
+

(
b cos

(
2π

N

)
+ a sin

(
2π

N

))
sin

(
k

2π

N

)
.

Hence, ζ(aX + bY ) =
(
a cos

(
2π
N

)
− b sin

(
2π
N

))
X +

(
b cos

(
2π
N

)
+ a sin

(
2π
N

))
Y . Then,

we consider ρ acting on a general element a+ bi in the canonical DN group. Notice

that

ρ(a+ bi) = e
2πi
N (a+ bi)

=

[
cos

(
2π

N

)
+ i sin

(
2π

N

)]
(a+ bi)

=

[
a cos

(
2π

N

)
− b sin

(
2π

N

)]
+

[
a sin

(
2π

N

)
+ b cos

(
2π

N

)]
i

Therefore, we find that the coefficients, a cos
(

2π
N

)
− b sin

(
2π
N

)
and a sin

(
2π
N

)
+
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b cos
(

2π
N

)
, for the two bases are in agreement between the actions ζ and ρ.

Second, we do the same to actions κ and R, which are the reflections in the two

group representations, and check that they agree. For a general element aX + bY in

our lattice group,

κ(aX + bY )=κ

(
a cos

(
2π

N

)
+ b sin

(
2π

N

)
, a cos

(
2 · 2π

N

)
+ b sin

(
2 · 2π

N

)
, . . . ,

a cos

(
N · 2π

N

)
+ b sin

(
N · 2π

N

))
=

(
a cos

(
(N − 1) · 2π

N

)
+ b sin

(
(N − 1) · 2π

N

)
,

a cos

(
(N − 2) · 2π

N

)
+ b sin

(
(N − 2) · 2π

N

)
, . . .

a cos

(
2 · 2π

N

)
+ b sin

(
2 · 2π

N

)
, a cos

(
2π

N

)
+ b sin

(
2π

N

)
,

a cos

(
N · 2π

N

)
+ b sin

(
N · 2π

N

))

Note that last coordinate a cos
(
N · 2π

N

)
+ b sin

(
N · 2π

N

)
= a. Additionally, when N

is even, we can also compute the value at the N
2

th
coordinate and find that

a cos

((
N − N

2

)
· 2π

N

)
+ b sin

((
N − N

2

)
· 2π

N

)
= a cos(π) + b sin(π) = −a.

So these are fixed under reflection and are independent of b. Then observe that for

any k ∈ {1, 2, . . . , N − 1},

a cos

(
(N − k) · 2π

N

)
+ b sin

(
(N − k) · 2π

N

)
=a cos

(
2π − 2πk

N

)
+ b sin

(
2π − 2πk

N

)
=a cos

(
2πk

N

)
− b sin

(
2πk

N

)

On the other hand, in the canonical representation of DN group, R acting on a
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general element a+ bi gives

R(a+ bi) = a− bi.

Therefore, we find that the coefficients, a and −b, for the two bases are in agreement

between the actions κ and R.

In conclusion, the representation of the lattice system is isomorphic to the canon-

ical representation of DN and θ(aX + bY ) = a+ bi is an isomorphism.

To this point, we see that the bijective map θ(aX + bY ) = a + bi presents a

linear isomorphism between the group representation of our lattice system and the

canonical group representation of the dihedral group DN on C. This shows how

we can linearly transform our group representation into the canonical DN group

representation through a change of basis in the vector space. This translation will

come in handy when we apply bifurcation theory to understand our system in the

following Sections 3 and 4.

2.2 Repeated Eigenvalues and Irreducible Representations

In later Sections 3 and 4, we will specifically focus on the bifurcation from the

homogeneous solution branch with respect to j = 1 at the lower-left and upper-right

corner regimes. Before doing so, in this subsection, we will take a slight detour and

provide discussions related to the bifurcation with general j.

Specifically, we present a preliminary investigation into the dimensionality of the

null space of L (U, µ, d) about the homogeneous solutions at bifurcation points with

generality, extending our analysis beyond the specific case of j = 1. Note that
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our previous analysis indicates that it suffices to concentrate on understanding the

eigenspace of the Laplace operator. This is because the nonlinearity affects only

the eigenvalues, altering them by a constant, without changing the eigenspace itself.

Hence, for now, our discussion focuses on ∆m.

In examining ∆1 and ∆2, we observe the following. When m = 1, the eigenvectors

of ∆m are

vk,j = eiωjk, where ωj =
2πj

N
, k = 1, . . . , N, j = 0, 1, . . . , N − 1

and the corresponding eigenvalues are

λj = −2 + 2 cos

(
2πj

N

)
.

Note that cos
(

2πj
N

)
= cos

(
2π(N−j)

N

)
. So when N is odd, λj = λN−j for

j = 1, . . . , N−1
2

. There is one 1-dimensional eigenspace and N−1
2

2-dimensional

eigenspaces. When N is even, λj = λN−j for j = 1, . . . , N
2
− 1. There are two

1-dimensional eigenspaces and N
2
− 1 2-dimensional eigenspaces.

When m = 2, using symbolic calculation in MATLAB, we observe that

eigenspaces higher than 2-dimensional arise for some N . When N is odd, we

find that a 4-dimensional eigenspace exists when N is an odd multiple of 5 with

j = N
5
, 2N

5
, 3N

5
, 4N

5
. When N is even, we have not found a regular pattern. For

example, for N = 12, there is a 3-dimensional eigenspace with j = 2, 6, 10 and a

4-dimensional eigenspace with j = 3, 4, 8, 9; for N = 18, there is a 3-dimensional

eigenspace with j = 3, 9, 15.

These higher dimensional eigenspaces occur when eigenvalues are repeated among
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more than two distinct eigenvectors of the system. To determine whether they arise

due to the underlying symmetric structure, we analyze them from the perspective of

irreducible representations.

An irreducible representation is defined as follows. Consider a representation θ

of DN over a field F , which is n-dimensional and maps the actions to a vector space

V = F n. A subspace W of V is said to be DN -invariant under the representation θ

if

θ(γ)w ∈ W, ∀γ ∈ DN ,∀w ∈ W.

The representation, θ, is irreducible if the only DN -invariant subspaces are the origin,

{0}, and the whole space V .

For now, let us consider the canonical representation of the dihedral group DN

over C, as given in (3.5). In this case, the matrix representation belongs to the

general linear group GL1(C). Since our lattice group respects symmetries of DN ,

the results from the widely studied dihedral group can be naturally applied to our

system. Specifically, we consider the projection of the eigenspace onto irreducible

representations. This leads to a unique canonical decomposition of a representation

into irreducible representations.

Notice that DN is an ambivalent group with order 2N , with actions ρk and Rρk

for 0 ≤ k ≤ N − 1. We first prove the following lemma.

Lemma 22. All irreducible representations of DN are 1 or 2 dimensional.

Proof. DN has a normal abelian subgroup, H = 〈ρ〉 (the cyclic group), of index 2.

According to Theorem 16 and its proof in Serre (1977), any irreducible representation

of DN is induced by a representation of dimension 1 of this subgroup. We denote
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such 1-dimensional representation of H as (π, V ). So then we may consider any

irreducible representation of DN as acting on the space ⊕iVi where each Vi = giV is a

1-dimensional vector space with gi’s to be a full set of representatives in DN of the left

cosets of H. Recall that the left cosets of H in DN are defined as gH = {gh : h ∈ H},

and the right cosets of H in DN are Hg = {hg : h ∈ H} for each g ∈ DN . Note that

for our chosen H, the left cosets always agree with the right cosets. The action of

the full group is determined by the action of a representative of the nontrivial coset,

RH, indexed 2. So for any 1-dimensional space V , the representative either sends

V to itself or to another 1-dimensional space, denoted by W . Hence, either V or

V ⊕W is invariant under the full group. Therefore, any irreducible representation

of DN is 1 or 2 dimensional.

The character, χ(M), of a square matrix M is defined as its trace. According to

Section 5.3 in Serre (1977), when N ≥ 2 is even, DN has 4 1-dimensional irreducible

representations and their characters are

1 χ(ρk) = 1, χ(Rρk) = 1

2 χ(ρk) = 1, χ(Rρk) = −1

3 χ(ρk) = (−1)k, χ(Rρk) = (−1)k

4 χ(ρk) = (−1)k, χ(Rρk) = (−1)k+1

In addition, there are N
2
− 1 2-dimensional irreducible representations and we index

them by 1 ≤ h ≤ N
2
− 1. The corresponding characters are

χh(ρ
k) = 2 cos

(
2πhk

N

)
, and χh(Rρ

k) = 0 where 0 ≤ k ≤ N − 1.

When N is odd, there are 2 1-dimensional irreducible representations with char-
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acters

1 χ(ρk) = 1, χ(Rρk) = 1

2 χ(ρk) = 1, χ(Rρk) = −1

and N−1
2

2-dimensional irreducible representations whose characters can be calcu-

lated by the same formula as for the even case.

According to Theorem 8 of Chapter 2.6 in Serre (1977), suppose V is a linear

representation, then we have a unique canonical decomposition of V into direct sum

of irreducible representations, V = V1⊕ . . .⊕ Vh, and the associated projection pi of

V onto Vi can be calculated by

pi =
ni
2N

∑
γ∈DN

χi(γ)∗Ψγ (3.9)

where ni is the degree of irreducible representation, χi is the character of the irre-

ducible representation and Ψγ is the matrix representation of action γ ∈ DN .

Using MATLAB, we have checked values of N up to 120 and observed that none

of the irreducible representations appear more than once. We include our code and

its detailed explanations in Section 5. This result suggests that for our lattice system

with these values of N , the redundant eigenvalues do not arise from the symmetry

of the DN group but from other underlying structures of the Laplace operator. This

insight opens up future directions, including proving this result for general N , an-

alyzing which irreducible representations appear in our matrix representation for

the Laplace operator in the lattice system, and ultimately figuring out why high-

dimensional eigenspaces of ∆m, which are also the null spaces of L (U, µ, d), occur

for certain values of N , m and j.
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3 Bifurcation Analysis for the Lower-Left Corner

In this section, we present analysis of the main results on bifurcation at the lower-left

corner of the original system when (un, µ, d) near (0, 0, 0). Analysis for the upper-

right corner follows the same idea and will be presented in details in Section 4.

Results in this section illustrate that the patterned equilibrium states bifurcate from

the homogeneous solutions at the lower-left corner, and the criticality changes from

supercritical to subcritical while increasing m for each N . Specifically, proofs for

Theorem 5 and 6 as well as Lemmas 18 and 17 are presented.

3.1 Bifurcation from Homogeneous Solutions

Recall that the ring system is

u̇n = d(∆mU)n + f(un, µ), 1 ≤ n ≤ N, U = (u1, u2 . . . , uN) ∈ RN

where

(∆mU)n =

 −(2m+ 1)un +
∑m

j=−m un+j, 1 ≤ m < bN
2
c

−Nun +
∑N

j=1 uj, m = bN
2
c.

In the region of lower-left corner when (un, µ, d) near (0, 0, 0), the nonlinearity

f(un, µ) = −µun + u3
n +O(u5

n).

Denote F (U, µ, d) = d(∆mU)n − µun + u3
n +O(u5

n).

Now, we show where bifurcation occurs along the homogeneous solution branch
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at the lower-left corner, which proves Theorem 5 (i). To do this, we analyze the

rescaled system.

Rescaled Systems

In this parameter regime, we can rescale as un = εvn, µ = λε2, d = ε2. Then let

V = (v1, v2 . . . , vN) ∈ RN , we have

F(V, λ) := v̇n = ε3(∆mV )n − ε3λvn + ε3v3
n +O(ε5).

Since we are interested in studying the stationary solutions, we can set v̇n = 0:

F(V, λ) = 0 ⇒ (∆mV )n − λvn + v3
n +O(ε2) = 0. (3.10)

To find spatially homogeneous equilibria, we can further rescale equation (3.10)

by vn =
√
λwn

√
λ (∆mW )n −

(√
λ
)3

wn +
(√

λ
)3

w3
n +O(ε2) = 0

=⇒ 1

λ
(∆mW )n − wn + w3

n +O(ε2) = 0

Let λ → ∞. Then we get roots wn ∈ {−1 + O(ε2),O(ε2), 1 + O(ε2)} for the

decoupled system. Denote w− = 1 +O(ε2) and v−(λ) =
√
λw−.

In numerical simulation, we choose ε = 0. When computing the solution branch,

we solve (∆mV )n − λvn + v3
n = 0 for V and continue in the parameter λ. For the

initial step, we pick a sufficiently large λ, put in the corresponding initial guess of the
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solution in V as (0, 0, . . . ,
√
λ), and then converge the initial guess to a real solution

close-by using fsolve in MATLAB.

Bifurcation Points along Homogeneous Solutions Branch at Lower-Left

Corner

Next, we can find out all bifurcating points from the homogeneous solution

branch. This essentially involves finding the corresponding λ values for which the

eigenvalue of the Jacobian matrix of F(V, λ) along the homogeneous solutions is zero.

Given N , consider 1 ≤ m < bN
2
c, we define the Jacobian of F(V, λ) with respect

to V at homogeneous branch solutions V = v−(λ)e as

L(λ) := DVF (v−(λ)e, λ) = ∆m +
(
2λ+O(ε2)

)
IN

where IN is the identity matrix. We are interested in finding the eigenvalues of L(µ).

Recall from Section 2.1, we have shown that the eigenvectors of ∆m are

vk,j = eiωjk, where ωj =
2πj

N
, k = 1, . . . , N, j = 0, 1, . . . ,

⌊
N

2

⌋

with the corresponding eigenvalues to be

λj = 2

(
−m+

m∑
p=1

cos

(
2πjp

N

))
.

So we can calculate the eigenvalues of L(λ), which are

λj +
(
2λ+O(ε2)

)
= 2

(
−m+

m∑
p=1

cos

(
2πjp

N

))
+ 2λ+O(ε2).
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When eigenvalue is 0, λ(j) = m−
m∑
p=1

cos

(
2πjp

N

)
+O(ε2). These are the λ values

at the bifurcating points from the homogeneous solution branch.

Since the ring system is equivariant with respect to the dihedral group, we can

use equivariant bifurcation theory for DN symmetry to understand the bifurcation

from the homogeneous solutions. Our analysis is based on the following results on

DN group from Chapter 5 in Golubitsky’s book Golubitsky et al. (1988).

Theorem 9. Consider the ODE system with the form

dz

dt
+ g(z, δ) = 0.

where map g : C× R→ C commutes with DN . Then the normal form is

g(z, δ) = p(α, β, δ)z + q(α, β, δ)z̄N−1

where z = x+ iy ∈ C, α = zz̄ and β = zN−1 + z̄N−1. Consider N ≥ 5 and assume

p(0, 0, 0) = 0 and pδ(0, 0, 0) 6= 0.

Then, from the trivial solution branch z = 0, the following bifurcation branch exists,

with the equation

δ = −pα(0, 0, 0)

pδ(0, 0, 0)
x2 + · · · . (3.11)

Additionally, assume that pα(0, 0, 0) 6= 0. Then, the directions of branching from

z = 0 in the bifurcation diagram for g(z, δ) = 0 are as illustrated in Figure 3.10 for

odd N and Figure 3.11 for even N .
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d 
++_ _

(a) −pα(0, 0, 0) < 0, supercritical

d 
++_ _

(b) −pα(0, 0, 0) > 0, subcritical

Figure 3.10: Illustrations of the criticality of bifurcation from the homogeneous
solution branch, z = 0, with DN symmetry when −pδ(0, 0, 0) > 0, for N ≥ 5
being an odd number. There are two distinct bifurcation branches, Z2(R) with
x > 0 and Z2(R) with x < 0. The branching directions are dependent on the sign of
−pα(0, 0, 0). − means stable eigenvalues and + means unstable eigenvalues.

d 
++_ _

(a) −pα(0, 0, 0) < 0, supercritical

d 
++_ _

(b) −pα(0, 0, 0) > 0, subcritical

Figure 3.11: Illustrations of the criticality of bifurcation from the homogeneous
solution branch, z = 0, with DN symmetry when −pδ(0, 0, 0) > 0, for N ≥ 5 being
an even number. There are two distinct bifurcation branches, Z2(R) and Z2(Rρ).
The branching directions are dependent on the sign of −pα(0, 0, 0). − means stable
eigenvalues and + means unstable eigenvalues.

Specifically, there are two branches of solutions in isotropy subgroups that bifur-

cate from the branch z = 0. When N is odd, the two branches are Z2(R) with x > 0

and Z2(R) with x < 0. When N is even, the two branches are Z2(R) and Z2(Rρ).

Note that in Theorem 9, the condition p(0, 0, 0) = 0 ensures that it is a bifurcation

problem for g(a, δ). The condition pδ(0, 0, 0) 6= 0 corresponds to the genericity

hypothesis of the equivariant branching lemma, allowing the equivariant branching

lemma to be applied. In addition, pα(0, 0, 0) 6= 0 is assumed so that the branching
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direction can be determined.

We then briefly comment on the role of q. If we assume that q(0, 0, 0) 6= 0, then

the only local solution branches to the system g(z, δ) = 0 that bifurcate from z = 0

are those shown in Figs. 3.10 and 3.11. The stability of the bifurcation branch is

determined by whether q(0, 0, 0) > 0 or q(0, 0, 0) < 0. If we do not know whether

q(0, 0, 0) 6= 0, then the existence results in Theorem 9 still hold, but there might

exist other bifurcation branches not described in the theorem.

3.2 Verification of Genericity Hypotheses

In Section 2.1, we have shown how the group representation of our ring lattice can

be mapped to the canonical representation of DN . This fact allows us to apply the

results from Theorem 9 to our ring system. In this subsection, we show how we

can understand the criticality of bifurcation in the lower-left corner using the theory.

Specifically, we present proofs for Theorem 6. In the process, we also prove Lemmas

18 and 17.

Note that in order to apply Theorem 9 to the bifurcation problem in our system,

we require the conditions that pδ(0, 0, 0) 6= 0, pα(0, 0, 0) 6= 0, and also that the

null space of L
(
λ(1)
)

about the homogeneous solution at the bifurcation point is

2-dimensional. This subsection will first provide a discussion on the dimensionality

of the null space of L
(
λ(1)
)

for certain values of m, and show that we can obtain the

2-dimensional condition in Theorem 9 when dim
(
ker
(
L
(
λ(1)
)))

= 2. Then, we will

verify the conditions pα(0, 0, 0) 6= 0 and pδ(0, 0, 0) 6= 0 in the theorem by presenting

explicit calculations.
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Recall that in Section 2.1, we have proved the isomorphism between the group

representation of our lattice system, (3.8), and the canonical group representation of

DN , (3.5). Hence, if we assume that the null space of L
(
λ(1)
)

is 2-dimensional, after

performing the following verifications, we can then obtain the results for Theorems 5

(ii) and 6 according to Theorem 9.

Dimension of ker
(
L
(
λ(1)
))

for Certain m Values

As mentioned in the previous Section 2.1, we specifically focus on the bifurcation

corresponding to j = 1 because our numerical simulation coincides with it. Here,

we want to verify under what conditions of N and m the null space of L
(
λ(1)
)

is 2-dimensional. Notice that according to the previous calculation, for a general

N ≥ 5 and 1 ≤ m ≤ bN
2
c, the eigenvectors of the eigenproblem with respect to

j = 0, 1, . . . , N − 1 at the bifurcation are

(
cos

(
2πj

N
k

))
k=1,...,N

and

(
sin

(
2πj

N
k

))
k=1,...,N

,

which are obtained by converting the complex ansatz
(
ei

2πj
N
k
)
k=1,2,...,N

into real vec-

tors. The corresponding eigenvalues are λ(j) = m−
m∑
p=1

cos

(
2πjp

N

)
+O(ε2).

Note that, as discussed in the proof of Lemma 16 presented in Section 2.1, we

can restrict the index j to be within the set
{

0, 1, 2, . . . ,
⌊
N
2

⌋}
since j and N − j for

j = 1, . . . , N − 1 provide redundant solutions with the same eigenspace. However,

for convenience in our subsequent discussions, we continue to use j = 0, 1, . . . , N−1.

Any argument that holds for j ∈ {0, 1, . . . , N − 1} will automatically be valid for

j ∈
{

0, 1, . . . ,
⌊
N
2

⌋}
.

In order to check the dimensionality of null space of L
(
λ(1)
)
, we need to find
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out if there are λ(j) = λ(1) with j 6= 1. Notice that when j = 0, λ(0) = m −
m∑
p=1

1 +O(ε2) = O(ε2), which is independent of N and m. For any fixed N and m,

λ(1) = m −
m∑
p=1

cos

(
2πp

N

)
+ O(ε2) > O(ε2) = λ(0) since 0 < 2π

N
≤ 2πp

N
≤ π, which

implies that cos
(

2πp
N

)
< 1. Hence, λ(1) 6= λ(0), so we can omit the case j = 0 in the

following discussion.

Given N and m, we define a difference function between the eigenvalue with

j = 1 and the eigenvalue with the general j as

D(j) := λ(1) − λ(j) =
m∑
p=1

cos

(
2πjp

N

)
−

m∑
p=1

cos

(
2πp

N

)

=
sin
(
πj(2m+1)

N

)
2 sin

(
πj
N

) −
sin
(
π(2m+1)

N

)
2 sin

(
π
N

)
=

sin
(
πj(2m+1)

N

)
sin
(
π
N

)
− sin

(
π(2m+1)

N

)
sin
(
πj
N

)
2 sin

(
πj
N

)
sin
(
π
N

) .

Note that for 1 ≤ j ≤ N − 1, 0 < π
N
≤ πj

N
< π. So the denominator

2 sin
(
πj
N

)
sin
(
π
N

)
6= 0. When finding out whether a specific λ(j) = λ(1), we only

need to check whether the numerator DA(j) of D(j) is zero.

When j = N − 1, DA(N − 1) = 0, which confirms our previous observation that

λ(N−1) = λ(1). Recall that, as shown in Section 2.1, although the bifurcation point

corresponding to j = N − 1 collides with that of j = 1, the direct sum of their

eigenspaces remains 2-dimensional. So for now, it suffices to verify whether there

exists λ(j) = λ(1) for j = 2, 3, . . . , N − 2, and if so, then we check the dimensionality

of the space spanned by their eigenvectors.

We first discuss the all-to-all and almost all-to-all cases and demonstrate that

dim
(
ker
(
L
(
λ(1)
)))

> 2 for these two scenarios.
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Consider j ∈ {2, 3, . . . , N − 2}.

(a) All-to-all case

Recall that the all-to-all case refers to when m =
⌊
N
2

⌋
for any given N. When N

is odd, m = N−1
2

and we have

DA(j) = sin (πj) sin
( π
N

)
− sin (π) sin

(
πj

N

)
= 0

for j = 2, 3, . . . , N − 2.

When N is even, m = N
2

and

DA(j) = sin

(
(N + 1)πj

N

)
sin
( π
N

)
− sin

(
(N + 1)π

N

)
sin

(
πj

N

)
= cos (πj) sin

(
πj

N

)
sin
( π
N

)
+ sin

( π
N

)
sin

(
πj

N

)
= (1 + cos (πj)) sin

(
πj

N

)
sin
( π
N

)
.

Again, sin
(
π
N

)
6= 0 and sin

(
πj
N

)
6= 0 since 0 < j < N . So DA(j) = 0 only if

cos (πj) = −1, which is when j = 3, 5, . . . , N − 3.

Therefore, in the case of all-to-all coupling, when N is odd, λ(j) = λ(1) for integer

j = 2, 3, . . . , N − 2. When N is even, λ(j) = λ(1) for odd integer j = 3, 5, . . . , N − 3.

(b) Almost all-to-all case

The almost all-to-all case refers to when N ≥ 6 is even and m = N
2
−1, i.e., every

node is connected to every other node except for the one at the furthest opposite

end.
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In this case,

DA(j) = sin

(
(N − 1)πj

N

)
sin
( π
N

)
− sin

(
(N − 1)π

N

)
sin

(
πj

N

)
= − cos (πj) sin

(
πj

N

)
sin
( π
N

)
− sin

( π
N

)
sin

(
πj

N

)
= (−1− cos (πj)) sin

(
πj

N

)
sin
( π
N

)
.

Similarly as before, DA(j) = 0 only if −1−cos (πj) = 0, and this is when j is an odd

integer. Hence, in the case of almost all-to-all coupling, λ(j) = λ(1) for odd integer

j = 3, 5, . . . , N − 3.

In order to conclude that, for both all-to-all and almost all-to-all cases, the null

space of L
(
λ(1)
)

is more than 2-dimensional – regardless of N is even or odd – we only

need to show that the space spanned by the eigenvectors is at least 3-dimensional.

It suffices to focus on the case where j = 3. Note that one of the eigenvectors

corresponding to this case is

(
cos

(
6π

N
k

))
k=1,...,N

and for any N ≥ 5, this vector cannot be represented as a linear combination of the

two eigenvectors with respect to j = 1, which are

(
cos

(
2π

N
k

))
k=1,...,N

and

(
sin

(
2π

N
k

))
k=1,...,N

.

To quickly see this, we can use a proof by contradiction. Assume that for any

N ≥ 5, there exist c1, c2 ∈ R such that cos
(

6π
N
k
)

= c1 cos
(

2π
N
k
)

+ c2 sin
(

2π
N
k
)
, where

k = 1, 2, . . . , N . Notice that when k = N , we have cos
(

6π
N
k
)

= cos
(

2π
N
k
)

= 1

and sin
(

2π
N
k
)

= 0, implying that c1 = 1 and c2 = 0. Therefore, we should have

cos
(

6π
N
k
)

= cos
(

2π
N
k
)

for all k.
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However, considering k = 1, we find that for N ≥ 6, cos
(

6π
N
k
)
< cos

(
2π
N
k
)

because the cosine function strictly decreases in the domain (0, π]. For the remaining

case where N = 5, we can explicitly show that cos
(

6π
N
k
)
< 0 < cos

(
2π
N
k
)
. Thus, for

any N ≥ 5, cos
(

6π
N
k
)
6= cos

(
2π
N
k
)

when k = 1, which results in a contradiction. In

conclusion, for all N ≥ 5, there are no c1, c2 ∈ R such that cos
(

6π
N
k
)

= c1 cos
(

2π
N
k
)

+

c2 sin
(

2π
N
k
)

for all k = 1, 2, . . . , N , which is what we aimed to prove.

Hence, the null space of L
(
λ(1)
)

is more than 2-dimensional, and so we cannot

apply Theorem 9 for all-to-all and almost all-to-all coupling cases. Consequently, we

exclude these two cases from the subsequent analysis on the criticality of bifurcation.

We then focus on the following cases where m = 1 and 2 and prove Lemma 17.

For ease of reference, we restate the content of Lemma 17 here.

Lemma 23 (Restated). We restate Lemma 17.

Let 0 < d� 1. dim
(

ker
(
L(U

(1)
∗ , µ

(1)
∗ , d)

))
= 2 for m = 1 when N ≥ 5 and for

m = 2 when N ≥ 7.

Proof. (a) N ≥ 5,m = 1

When m = 1, for any given N ≥ 5, λ(j) = 1 − cos
(

2πj
N

)
+ O(ε2) for integer j.

Consider continuous function f(x) = cos
(

2π
N
x
)

on bounded domain [1, N − 1]. Note

that

f(N − 1) = cos

(
2π(N − 1)

N

)
= cos

(
2π

N

)
= f(1).

The derivative

f
′
(x) = −2π

N
sin

(
2π

N
x

)
.
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Since sin
(

2π
N
x
)
> 0 when x ∈

(
1, N

2

)
and sin

(
2π
N
x
)
< 0 when x ∈

(
N
2
, N − 1

)
,

f
′
(x) < 0, which means f(x) decreases monotonically, on

(
1, N

2

)
, and f

′
(x) > 0, which

means f(x) increases monotonically, on
(
N
2
, N − 1

)
. Hence, for any x ∈ (1, N − 1),

f(x) 6= f(1), which implies that there is no j ∈ {2, 3, . . . , N−2} such that λ(j) = λ(1).

Therefore, the null space of L
(
λ(1)
)

is strictly 2-dimensional when m = 1.

(b) N ≥ 7,m = 2

When m = 2, for any given N ≥ 7,

λ(j) = 2− cos

(
2πj

N

)
− cos

(
4πj

N

)
+O(ε2)

= 3− cos

(
2πj

N

)
− 2 cos2

(
2πj

N

)
+O(ε2)

according to the double-angle identity 2 cos2
(
θ
2

)
= 1 + cos (θ).

Again, we consider the difference function between the eigenvalue for j = 1 and

those for other general j, this time specifically for m = 2. We have

D2(j) := λ(1) − λ(j) = cos

(
2πj

N

)
+ 2 cos2

(
2πj

N

)
− cos

(
2π

N

)
− 2 cos2

(
2π

N

)
.

Since we know λ(N−1) = λ(1), D2(1) = D2(N − 1) = 0. Consider 1 < j < N − 1, the

derivative of D2(j) with respect to j is

D′2(j) = −
2π sin

(
2πj
N

) (
1 + 4 cos

(
2πj
N

))
N

.

The sign of D′2(j) is determined by the signs of the multipliers in its numerator.

When 1 < j < N
2

, sin
(

2πj
N

)
> 0; when N

2
< j < N − 1, sin

(
2πj
N

)
< 0. To simplify

the notation, let a1 =
cos−1(− 1

4)
2π

N and a2 =

(
1− cos−1(− 1

4)
2π

)
N . When 1 < j < a1,
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1 + 4 cos
(

2πj
N

)
> 0; when a1 < j < a2, 1 + 4 cos

(
2πj
N

)
< 0; when a2 < j < N − 1,

1 + 4 cos
(

2πj
N

)
> 0. Hence, D′2(j) < 0 on (1, a1) and

(
N
2
, a2

)
, and D′2(j) > 0 on(

a1,
N
2

)
and (a2, N − 1). So function D2(j) has a local maximum at N

2
. Note that

D2

(
N

2

)
= cos (π) + 2 cos2 (π)− cos

(
2π

N

)
− 2 cos2

(
2π

N

)
= 1− cos

(
2π

N

)
− 2 cos2

(
2π

N

)
.

For N ≥ 7, cos
(

2π
N

)
≥ cos

(
2
7
π
)
> cos

(
1
3
π
)

= 1
2
, so

D2

(
N

2

)
≤ 1− cos

(
2

7
π

)
− 2 cos2

(
2

7
π

)
< 0.

Therefore, on (1, N − 1), D2(j) first monotonically decreases on (1, a1) and then

monotonically increases on
(
a1,

N
2

)
. After reaching a local maximum D2

(
N
2

)
< 0, it

then again monotonically decreases on
(
N
2
, a2

)
and finally monotonically increases

on (a2, N − 1). Thus there exists no j ∈ {2, 3, . . . , N − 2} such that λ(j) = λ(1).

In conclusion, the null space of L
(
λ(1)
)

is strictly 2-dimensional when m = 2.

To prepare for the upcoming calculation, recall that if dim
(
ker
(
L
(
λ(1)
)))

= 2,

then the space ker
(
L
(
λ(1)
))

is spanned by bases

X =

(
cos

(
2π

N

)
, cos

(
2 · 2π

N

)
, . . . , cos

(
N · 2π

N

))
Y =

(
sin

(
2π

N

)
, sin

(
2 · 2π

N

)
, . . . , sin

(
N · 2π

N

))
.

We denote the bifurcation point from the homogeneous branch solution correspond-

ing to j = 1 as (λ∗, v∗) where λ∗ = λ̄ + O(ε2) for λ̄ = m −
m∑
p=1

cos

(
2πp

N

)
and

v∗ =
(√

λ̄+O(ε2)
)
e where e = (1, 1, . . . , 1) ∈ RN .
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Proof of Theorem 6 (i)

We now present proofs for Theorem 6 (i). This process also verifies the conditions

pα(0, 0, 0) 6= 0 and pδ(0, 0, 0) 6= 0, which are required by Theorem 9. Therefore, by

the end, we will be able to directly use the branching results from the theorem. To

begin, we make the assumption that the null space of L (λ∗) is 2-dimensional.

We first prove for the result in Lemma 18. In our current context, the restatement

of the lemma is as follows.

Lemma 24 (Restated). We here restate Lemma 18.

Let N ≥ 5 and 1 ≤ m ≤
⌊
N

2

⌋
− 1. Assuming there exist solutions to system

(3.10) in Bε (v∗, λ∗). Then the solution takes the following form

U∗(a (λ∗, ε)) = v∗(ε) + aX +O(a2)

where a ∈ R.

Proof. In order to apply the results of Theorem 9 to determine the criticality of

bifurcation, we need to find the normal form for our system. To do so, we first

simplify the notation. Let w̃ = w − v∗, and η = λ− λ∗. Then, applying the Center

Manifold Theorem on our system, we have that for fixed k ≥ 1, there exists h ∈ Ck

such that

W c
loc(η) =

{
v∗ + w̃ + h̃(w̃, η) : w̃ ∈ Bξ(0) ⊂ EC

}
where h̃(0, 0) = 0, h̃w̃(0, 0) = 0 and 0 < η � 1. Note that w̃ ∈ span(X, Y ) so we can

write w̃ = aX + bY for a, b ∈ R.

Let F(V, η) = F(V, λ). Apply spectral projection onto the center manifold, so
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then

dw̃

dt
= P cF

(
v∗ + aX + bY + h̃(aX + bY, η), η

)
,

which is the normal form of our system near the branching point along the homoge-

neous branch at the lower-left corner.

Notice that aX + bY = w̃ ∼= z = x + iy. We consider the case when b = y = 0

and denote h(a+ b, η) = h̃(aX + bY, η), so then we have

P cF (v∗ + aX + h(a, η), η) = −p(a2, aN−1, η)a− q(a2, aN−1, η)aN−1 (3.12)

where h : Ec × (−η0, η0) → Eh with h(0, 0) = ha(0, 0) = 0 and h(a, η) =

O (|a|2 + |η|). P ch(a, η) = 0 for all a, η.

We have thus far obtained results presented in Lemma 18.

To use the branching results from Theorem 9, we want to compute −pη(0, 0, 0)

and −pα(0, 0, 0). Note that in the following computations, we restrict to N ≥ 5.

Lemma 25. For N ≥ 5, it follows from equation (3.12) that −pη(0, 0, 0) = 2+O(ε2).

Proof. Note that

−p(0, 0, η) = P cDa (F(v∗ + aX + h(a, η), η)) |a=0

= P c (FV (v∗ + aX + h(a, η), η)(X + ha(a, η))) |a=0

= P c (FV (v∗ + h(0, η), η)(X + ha(0, η)))

= P cFV (v∗ + h(0, η), η)X since P cha(0, η) = 0 ∀η
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So

−pη(0, 0, 0) = DηP
cFV (v∗ + h(0, η), η)X|η=0

= P c (FV V (v∗, 0)[X, hη(0, 0)] + FV η(v∗, 0))

To compute −pη(0, 0, 0), we first need to compute hη(0, 0).

Note that F(V, η) = F(V, λ∗ + η) = 0 when V = v∗(η) =
(√

λ̄+ η +O(ε2)
)
e

and v∗ = v∗(0) =
(√

λ̄+O(ε2)
)
e. According to the Center Manifold Theorem,

v∗(η) ∈ W c
loc(v∗, η) for all η. Hence, there exists a unique a = a∗(η) with

v∗(η) = v∗ + a∗(η)X + h(a∗(η), η).

Further notice that P cv∗(η) = 0 for all η. Thus, a∗(η) = 0 for all η. We then have

v∗(η) = v∗ + h(0, η). Therefore, h(0, η) =
(√

λ̄+ η −
√
λ̄+O(ε2)

)
e, and so

hη(0, 0) =

(
1

2
√
λ̄

+O(ε2)

)
e.

We then can compute P cFV V (v∗, 0)[X, hη(0, 0)].

Since FV V has no dependency on η, we may consider function Fj : RN → R

where Fj(V ) = v3
j +O(ε2). For A,B ∈ RN , we can calculate that

DVFj(V )A = 3v2
jAj +O(ε2)

and

D2
VFj(V )[A,B] = 6vjAjBj +O(ε2). (3.13)
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Using this information, we can compute

FV V (v∗, 0)[X, hη(0, 0)] =

(
6
(√

λ̄+O(ε2)
)
ejXj

(
1

2
√
λ̄

+O(ε2)

)
ej

)
j=1,...,N

= 3X +O(ε2).

So

P cFV V (v∗, 0)[X, hη(0, 0)] = P c
(
3X +O(ε2)

)
= 3 +O(ε2).

We are left to compute P cFV η(v∗, 0), which can be calculated directed:

P cFV η(v∗, 0) = P cDVDη(−ηV ) = −1 +O(ε2).

Therefore,

−pη(0, 0, 0) = P c (FV V (v∗, 0)[X, hη(0, 0)] + FV η(v∗, 0)) = 2 +O(ε2).

Lemma 26. For N ≥ 5, it follows from equation (3.12) that

−pα(0, 0, 0) = −15

4
− 9

2

λ̄

λ2 + 2λ̄
+O(ε2)

where

λ̄ = m+
1

2
− sin(2πm+ π)

2 sin
(
π
N

)
and

λ2 + 2λ̄ =
− sin

(
2π(m+1)

N

)
+ sin

(
π(4m+2)

N

)
− sin

(
2πm
N

)
sin
(

2π
N

) .
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Proof. Notice that

p(a2, aN−1, 0) = p(0, 0, 0) + a2pα(0, 0, 0) +O(|a|4 + |a|N−1)

= a2pα(0, 0, 0) +O(|a|3)

So g(a, 0) = a3pα(0, 0, 0) +O(|a|4). We then have

−pα(0, 0, 0) = −1

6
gaaa(0, 0) =

1

6
P cD3

aF(v∗ + aX + h(a, 0), 0)|a=0

To find −pα(0, 0, 0), we then need to compute D3
aF(v∗ + aX + h(a, 0), 0)|a=0:

DaF(v∗ + aX + h(a, 0), 0) = FV (v∗ + aX + h(a, 0), 0)[X + ha(a, 0)]

=⇒ D2
aF(v∗ + aX + h(a, 0), 0) = FV V (v∗ + aX + h(a, 0), 0)[X + ha(a, 0)]2

+ FV (v∗ + aX + h(a, 0), 0)haa(a, 0)

=⇒ D3
aF(v∗ + aX + h(a, 0), 0)|a=0 = FV V V (v∗, 0)[X + ha(0, 0)]3

+ 2FV V (v∗, 0)[X + ha(0, 0), haa(0, 0)]

+ FV V (v∗, 0)[X + ha(0, 0), haa(0, 0)]

+ FV (v∗, 0)haaa(0, 0)

Since ha(0, 0) = 0 and P chaaa(0, 0) = 0,

P c
(
D3
aF(v∗ + aX + h(a, 0), 0)|a=0

)
= P cFV V V (v∗, 0)[X]3 + 3P cFV V (v∗, 0)[X, haa(0, 0)]

=

(
6

N∑
j=1

X4
j + 3

〈
X,
(

6
(√

λ̄+O(ε2)
)
XjD

2
ahj(0, 0)

)
j=1,...,N

〉
+O(ε2)

)
1

|X|2

=

(
6

N∑
j=1

X4
j + 18

√
λ̄

N∑
j=1

X2
jD

2
ahj(0, 0)

)
1

|X|2
+O(ε2)
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using P c = 〈X, ·〉 1
|X|2 and equation (3.13). It follows that

−pα(0, 0, 0) =

(
N∑
j=1

X4
j + 3

√
λ̄

N∑
j=1

X2
jD

2
ahj(0, 0)

)
1

|X|2
+O(ε2). (3.14)

So to compute −pα(0, 0, 0), we need to first find out haa(0, 0). To simplify the

notation, let H := haa(0, 0). Then

h(a, 0) =
a2

2
haa(0, 0) +O(|a|3) =

a2

2
H +O(|a|3).

Note that when η = 0, one trajectory of solutions is

V (t) = v∗ + a(t)X + h(a(t), 0)

which then gives

d

dt
V = ȧX + ȧaH + ȧO(a2).

but also

d

dt
V = F(v∗ + aX + h(a, 0), 0)

= FV (v∗, 0)

(
aX +

a2

2
H

)
+
a2

2
FV V (v∗, 0)[X]2 +O(a3).

Hence

ȧX + ȧaH + ȧO(a2) = FV (v∗, 0)

(
aX +

a2

2
H

)
+
a2

2
FV V (v∗, 0)[X]2 +O(a3).

Because ȧ = O(a2) when η = 0, applying P h, the spectral projection onto the stable
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and unstable manifolds, gives

O(a3) = P h

(
FV (v∗, 0)

a2

2
H

)
+ P h

(
a2

2
FV V (v∗, 0)[X]2

)
+O(a3).

Therefore,

P hFV (v∗, 0)H = −P hFV V (v∗, 0)[X]2. (3.15)

Notice that

FV (v∗, 0) = ∆m +
(
−λ∗ + 3v2

∗
)
IN +O(ε2)

= ∆m +

(
−λ̄+ 3

(√
λ̄+O(ε2)

)2
)
IN +O(ε2)

= ∆m + 2λ̄IN +O(ε2)

where λ̄ = m −
m∑
p=1

cos

(
2πp

N

)
. Note that P h commutes with FV and H /∈

span(X, Y ), the center space, so

P hFV (v∗, 0)H = ∆mH + 2λ̄H +O(ε2). (3.16)

According to equation (3.13), we have

FV V (v∗, 0)[X]2 =
(

6
√
λ̄ ·X2

j

)
j=1,...,N

+O(ε2).

where Xj = cos

(
2πj

N

)
for j = 1, . . . , N . To simplify further, we use the trigonomet-

ric identity 1 + cos(2φ) = 2 cos2(φ), which gives 1 + cos

(
2

2πj

N

)
= 2 cos2

(
2πj

N

)
=

2X2
j . So (

6
√
λ̄ ·X2

j

)
j=1,...,N

= 3
√
λ̄
(
e +X(2)

)
where X(2) =

(
cos

(
4πj

N

))
j=1,...,N

is the eigenvector of ∆m corresponding to the
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eigenvalue λ2 = 2

(
−m+

m∑
p=1

cos

(
4πp

N

))
. Notice that P h commutes with FV V

and neither e nor X(2) is in span(X, Y ), the center space, so

P hFV V (v∗, 0)[X]2 = 3
√
λ̄
(
e +X(2)

)
+O(ε2). (3.17)

Plugging equations (3.16) and (3.17) into equation (3.15), we get

∆mH + 2λ̄H +O(ε2) = −3
√
λ̄
(
e +X(2)

)
+O(ε2). (3.18)

We can consider H = c0e+ c2X
(2) for some c0, c2 ∈ R and plug this expression of H

into equation (3.18):

2λ̄c0e +
(
λ2 + 2λ̄

)
c2X

(2) = −3
√
λ̄e− 3

√
λ̄X(2). (3.19)

Solving (3.19) for c0 and c2, we can find that

haa(0, 0) = H = − 3

2
√
λ̄
e− 3λ̄

λ2 + 2λ̄
X(2).

Plugging haa(0, 0) back into equation (3.14), we yield

−pα(0, 0, 0) =

(
N∑
j=1

X4
j −

9

2

N∑
j=1

X2
j

(
ej +

2λ̄

λ2 + 2λ̄
X

(2)
j

))
1

|X|2
+O(ε2). (3.20)

We utilize the following identities

N∑
j=1

X4
j =

N∑
j=1

cos4

(
2πj

N

)
=

3

8
N,

N∑
j=1

X2
j =

N∑
j=1

cos2

(
2πj

N

)
=
N

2
,
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N∑
j=1

X2
jX

(2)
j =

N∑
j=1

cos2

(
2πj

N

)
cos

(
4πj

N

)
=
N

4
,

1

|X|2
=

1∑N
j=1 cos2

(
2πj
N

) =
2

N
,

so equation (3.20) can be simplified as

−pα(0, 0, 0) = −15

4
− 9

2

λ̄

λ2 + 2λ̄
+O(ε2)

where

λ̄ = m−
m∑
k=1

cos

(
2πk

N

)

= m+
1

2
−

sin
(

(2m+1)π
N

)
2 sin

(
π
N

)
and λ2 + 2λ̄ = 2

(
−m+

m∑
k=1

cos

(
4πk

N

))
+ 2

(
m−

m∑
k=1

cos

(
2πk

N

))

=
− sin

(
2π(m+1)

N

)
+ sin

(
π(4m+2)

N

)
− sin

(
2πm
N

)
sin
(

2π
N

) .

Hence, by Lemma 25 and Lemma 26, applying Theorem 9, we obtain results in

Theorem 6 (i).

Additionally, we also know that the branching directions from the homogeneous

solutions at the lower-left corner fall into the following cases in Figure 3.12 for odd N

and Figure 3.13 for even N . Specifically, Theorem 9 tells us there are two branches of

isotropy subgroups of solutions bifurcating from the homogeneous solution branch.

When N is odd, there are two Z2(κ) branches, and when N is even, there are one

Z2(κ) and one Z2(κζ) branches.
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h 
++_ _

(a) −pα(0, 0, 0) < 0, supercritical

++_ _

h 

(b) −pα(0, 0, 0) > 0, subcritical

Figure 3.12: Illustrations of the criticality of bifurcation from the homogeneous
solution branch for the lattice system at the lower-left corner with N ≥ 5 being
an odd number. There are two distinct bifurcation branches, Z2(κ) with a > 0 and
Z2(κ) with a < 0. The branching directions are dependent on the sign of −pα(0, 0, 0).
− means stable eigenvalues and + means unstable eigenvalues.

h 
++_ _

(a) −pα(0, 0, 0) < 0, supercritical

++_ _

h 

(b) −pα(0, 0, 0) > 0, subcritical

Figure 3.13: Illustrations of the criticality of bifurcation from the homogeneous
solution branch for the lattice system at the lower-left corner with N ≥ 5 being
an even number. There are two distinct bifurcation branches, Z2(κ) and Z2(κζ).
The branching directions are dependent on the sign of −pα(0, 0, 0). − means stable
eigenvalues and + means unstable eigenvalues.

In short, the branching direction depends on the sign of −pα(0, 0, 0). For

simplicity, we set ε = 0 and explicitly compute when N = 16, 17, 18, 19 for

1 ≤ m ≤
⌊
N − 1

2

⌋
− 1 (all cases except for almost all-to-all and all-to-all cou-

plings). The prediction shows that as m increases, −pα(0, 0, 0) transitions from

negative to positive, indicating a shift in the branching direction. For odd N , the

change is from the scenario depicted in Figure 3.12a to that in Figure 3.12b; for

even N , the shift is from Figure 3.13a to Figure 3.13b. We checked numerically

and confirmed that the numerical observations align with the analytical predictions.
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Specifically, we find that the smallest m when −pα(0, 0, 0) becomes positive for each

N is (N,m) = (16, 6), (17, 7), (18, 7), (19, 7).

Criticality in Limiting Case N →∞

We assume that the null space of L (λ∗) is 2-dimensional and then study the

limiting case as N → ∞. For m = 1, 2, we can compute that lim
N→∞

λ̄

λ2 + 2λ̄
= −1

6
,

so lim
N→∞

−pα(0, 0, 0) = −3 +O(ε2).

When m =

⌊
N − 1

2

⌋
− 1, lim

N→∞

λ̄

λ2 + 2λ̄
=∞ and so lim

N→∞
−pα(0, 0, 0) =∞.

After these initial observations, we proceed to provide proofs for Theorem 6 (ii).

Let r =
m

N
. We focus on 1 ≤ m ≤

⌊
N − 1

2

⌋
− 1 so 0 ≤ r ≤ 1

2
. An interesting

question to ask is as N → ∞, at which ratio r the branching direction switches,

i.e., −pα(0, 0, 0) changes sign. Note that when m = 1, lim
N→∞

r = 0 and when m =⌊
N − 1

2

⌋
−1, lim

N→∞
r =

1

2
, so we already know as N →∞, −pα(0, 0, 0) is negative at

r = 0 and positive at r = 1
2
. To see when the direction changes, we are left to find

out when lim
N→∞

−pα(0, 0, 0) crosses zero. To do so, we rewrite −pα(0, 0, 0) in terms

of r and get

−pα(0, 0, 0) = −15

4
− 9

2

λ̄

λ2 + 2λ̄
+O(ε2)

where

λ̄ =
2rN sin

(
π
N

)
− sin

(
2πr + π

N

)
+ sin

(
π
N

)
2 sin

(
π
N

)
λ2 + 2λ̄ =

− sin
(
2πr + 2π

N

)
+ sin

(
4πr + 2π

N

)
− sin (2πr)

sin
(

2π
N

)
so

lim
N→∞

−pα(0, 0, 0) = −15

4
− 9

2

2πr − sin (2πr)

sin (4πr)− 2 sin (2πr)
+O(ε2).
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Then we have

lim
N→∞

−pα(0, 0, 0) = 0 =⇒ 16 sin(2πr)− 5 sin(4πr)− 12πr = O(ε2). (3.21)

Since the domain of r is
[
0, 1

2

]
, we seek to determine how many distinct values of

r within this domain satisfy equation (3.21). The following lemma establishes that

there exists only one such r for 0 < r < 1
2

where the equation holds.

Lemma 27. Let f(r) = 16 sin(2πr)− 5 sin(4πr)− 12πr. f(r) has a unique root on(
0, 1

2

)
.

Proof. The first and second derivatives of f(r) are

f ′(r) = 32π cos(2πr)− 20π cos(4πr)− 12π

and

f ′′(r) = −64π2 sin(2πr) + 80π2 sin(4πr).

We first focus on 0 < r < 1
4
. Note that on

(
0, 1

8

]
, f ′′(r) > 0 and also since

f ′(0) = 0, we know that f ′(r) > 0 on
(
0, 1

8

]
and thus f(r) is monotonically increasing

on this domain. Then on
(

1
8
, 1

4

]
, f ′′

(
1
8

)
> 0, f ′′

(
1
4

)
< 0 and f ′′(r) is monotonically

decreasing, so there exists r′ ∈
(

1
8
, 1

4

)
such that f ′′(r′) = 0, and f ′′(r) > 0 for

r ∈
(

1
8
, r′
)
, f ′′(r) < 0 for r′ ∈

(
r′, 1

4

)
. So f ′(r) increases monotonically on

(
1
8
, r′
)

and

then decreases monotonically on
(
r′, 1

4

)
. Since f ′

(
1
8

)
> 0 and f ′

(
1
4

)
> 0, f ′(r) > 0

on
(

1
8
, 1

4

]
, which means f(r) is monotonically increasing. Hence, f(r)is monotonically

increasing on
(
0, 1

4

)
and since f(0) = 0, so there is no root on

(
0, 1

4

)
.

We then focus on 1
4
≤ r < 1

2
. Note that f ′′(r) < 0 on this domain, so f ′(r) is
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monotonically decreasing. Since f ′
(

1
4

)
> 0, f ′

(
1
2

)
< 0 and f

(
1
4

)
> 0, f

(
1
2

)
< 0,

f(r) has a unique root on
(
0, 1

2

)
.

In conclusion, f(r) has no root on
(
0, 1

4

)
and a unique root on

[
1
4
, 1

2

)
, so f(r) has

a unique root on
(
0, 1

2

)
.

Lemma 27 tells that as N → ∞, when r increases from zero, the switch of

branching direction happens only once. Using Maple, we can calculate that the

solution to 16 sin(2πr) − 5 sin(4πr) − 12πr = 0 for 0 < r < 1
2

is r ≈ 0.3932. So

ignoring the ε effect, as N →∞, we expect that the bifurcation criticality switches

from supercritical to subcritical at around r ≈ 0.3932.

We thereby obtain the results for Theorem 6 (ii).

3.3 Connecting Original System with the Rescaled System

To show that the emergent patterned states from the homogeneous solution branch

are connected with the branches of patterns in Figure 2.2, we verify by numerical

simulations.

For a selected pair of (N,m), we run numerical continuation with the following

steps in MATLAB to verify that the branches are connected:

(1) Set d � 1, an initial µ(0) and an integer k ∈ {1, 2, . . . , N} denoting the num-

ber of nodes to be set with nonzero values for the initial guess. Then use

(a, . . . , a, 0, 0, . . . , 0, 0, a, . . . , a, a), a vector of length N with k elements taking

on value a =

√
1 +

√
1− µ(0) and N − k elements taking on 0, as the initial
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guess to convert to a near-by solution, U (0), to d(∆mU)n + f(un, µ
(0)) = 0 using

fsolve.

(2) Use (U (0), µ(0)) as the starting solution and use numerical continuation to con-

tinue the solution branch of the full system in terms of µ. Stop until the solution

in (U, µ) gets close to the lower-left region, i.e., un and µ both become close to

0. Denote the end solution as (U (1), µ(1)) where U (1) =
(
u

(1)
1 , u

(1)
2 , . . . , u

(1)
N

)
.

(3) Let λ(0) = µ(1)

d
and V (0) =

(
u
(1)
1√
d
,
u
(1)
2√
d
, . . . ,

u
(1)
N√
d

)
. Use (V (0), λ(0)) as the initial

solution and continue the solution branch in the rescaled system for the lower-

left region in terms of λ. To check the goodness of the initial solution, compute

the residual vector rn = (∆mV
(0))n−λ(0)v

(0)
n +2

(
v

(0)
n

)3

−d
(
v

(0)
n

)5

for 1 ≤ n ≤ N .

Figures 3.14 and 3.15 illustrate an example when continuing on a system with

(N,m) = (16, 3). The initial parameters are d = 0.01, µ(0) = 0.5 and k = 15.
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Figure 3.14: Numerical continuation on the original full system for N = 16,m = 3
until near the lower-left region where (un, µ, d) is close to (0, 0, 0). The start and end
solution patterns are illustrated in the right panel with normalized node values.
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Figure 3.15: Numerical continuation on the rescaled system at the lower-left region
where (un, µ, d) is near (0, 0, 0), starting at solution taken from the full system.
The L2-norm of the residual vector at the initial solution is 7.4143e-07. Detailed
explanations are similar to those in Figure 3.8.

Note that when computing the homogeneous solutions and the predicted bifur-

cation points in Figure 3.15, we explicitly include all the higher-order terms. Specif-

ically, to find the homogeneous solutions, we consider the rescaled system with all

terms fully expressed F(V, λ, d)n = (∆mV )n−λvn+2v3
n−dv5

n, and so the homogeneous

solution v∗ satisfies −λvn + 2v3
n − dv5

n = 0. Solving for vn yields that homogeneous

solution v∗(λ, d) = v−(λ, d)e where v−(λ, d) =
√

1−
√

1−dλ
d

.

Then to explicitly solve for the bifurcation points, we consider the Jacobian

L(V, λ, d) = ∆m + (−λ+ 6v2
n − 5dv4

n) IN . Recall that the eigenvalues of ∆m are

λj = 2

(
−m+

m∑
p=1

cos

(
2πjp

N

))
for j = 0, 1, 2, . . . ,

⌊
N

2

⌋
.
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corresponding to the discrete Fourier ansatz

vk,j = eiωjk, where ωj =
2πj

N
, k = 1, . . . , N, j = 0, 1, . . . ,

⌊
N

2

⌋
.

So we can compute the eigenvalues to L(v∗(λ, d), λ, d) along the homogeneous branch

v∗(λ, d), which are λj − λ+ 6v−(λ, d)− 5dv−(λ, d)2. Setting the eigenvalue to 0 and

solving for λ then give us the associated λ values at the bifurcation points, indexed

by j:

λ(j)(d) =
−λjd+ 2− 2

√
dλj + 1

4d
.

where j = 0, 1, 2, . . . ,
⌊
N
2

⌋
.

The asterisk marked on Figure 3.15 corresponds to the bifurcation point along

homogeneous solutions,
(
v∗(λ

(1)(d), d), λ(1)(d), d
)
, with index j = 1.

4 Bifurcation Analysis for the Upper-Right Cor-

ner

In this section, we follow the similar ideas as in Section 3 and present analysis of the

bifurcation at the upper-right corner of the original system when (un, µ, d) is near

(1, 1, 0). Specifically, this section illustrate proofs for Theorems 7 and 8 as well as

Lemma 19.
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4.1 Bifurcation from Homogeneous Solutions

Our original ring system is

u̇n = d(∆mU)n + f(un, µ), 1 ≤ n ≤ N, U = (u1, u2 . . . , uN) ∈ RN

where

(∆mU)n =

 −(2m+ 1)un +
∑m

j=−m un+j, 1 ≤ m < bN
2
c

−Nun +
∑N

j=1 uj, m = bN
2
c.

In the region of upper-right corner when (un, µ, d) is near (1, 1, 0), the nonlinearity

f(un, µ) = f(1 + ǔn, 1− µ̌) = µ̌− ǔ2
n +O(µ̌ǔn + ǔ3

n).

Denote F (Ǔ , µ̌, d) = d(∆mǓ)n + µ̌− ǔ2
n +O(µ̌ǔn + ǔ3

n).

We now prove for Theorem 7 (i). To do this, we analyze the rescaled system

for the upper-right region. Note that after the calculations for the verification of

the genericity conditions we present later, Theorem 7 (ii) can be naturally obtained

based on Theorem 9, similar to the discussion in the previous Section 3.1.

Rescaled Systems

In this parameter regime where (un, µ, d) is near (1, 1, 0), we use the scaling

ǔn = εvn, µ̌ = ε2λ, d = ε and let V = (v1, v2 . . . , vN) ∈ RN ,

F(V, λ) := v̇n = ε(∆m(e + εV ))n + ε2λ− ε2v2
n +O(ε3).



114

To find stationary solutions, we solve

F(V, λ) = 0 ⇒ (∆mV )n + λ− v2
n +O(ε) = 0 (3.22)

since ∆me = 0.

The spatially homogeneous equilibria vn are approximately ±
√
λ +O(ε), corre-

sponding to solutions u±(µ) in un for n = 1, . . . , N . We define v±(λ) = ±
√
λ+O(ε).

Similar to the discussion in Section 3.1, when simulating numerically, we can set

ε = 0 and solve (∆mV )n + λ − v2
n = 0 for V while continuing in the parameter λ.

As for the initial step, we pick a sufficiently large λ, put in the corresponding initial

guess of the solution in V as (
√
λ,
√
λ, . . . ,

√
λ,−
√
λ), and then converge the initial

guess to a real solution close-by using fsolve in MATLAB.

Bifurcation Points along Homogeneous Solutions Branch

We then want to find all bifurcating points along the homogeneous solution

branch near the upper-right region. Define the Jacobian of F(V, λ) with respect

to V at homogeneous branch solutions as

L(λ) := DVF (V (λ), λ) = ∆m + (−2vn +O(ε))IN

where IN is the identity matrix.

Plugging in the homogeneous solution v±(λ)e, we have

L(λ) = ∆m ∓
(

2
√
λ+O(ε)

)
IN .
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Recall that eigenvalues of ∆m are

λj = 2

(
−m+

m∑
p=1

cos

(
2πjp

N

))
for j = 0, 1, 2, . . . ,

⌊
N

2

⌋

with the corresponding eigenvectors defined as

vk,j = eiωjk, where ωj =
2πj

N
, k = 1, . . . , N, j = 0, 1, . . . ,

⌊
N

2

⌋

Hence, to find the λ value when the eigenvalue of the Jacobian along the homogeneous

solutions is zero, we should solve for

λj ∓ 2
√
λ+O(ε) = 0.

Notice that λj ≤ 0 with λj = 0 only when j = 0, so we choose the “+” sign, which

corresponds to homogeneous solutions v∗n(λ) = −
√
λ+O(ε). Then solving for λ gives

us

λ(j) =
1

4
λ2
j +O(ε) =

(
−m+

m∑
p=1

cos

(
2πjp

N

))2

+O(ε).

We again focus on the case corresponding to j = 1, which aligns with the nu-

merical simulation. Recall that if the null space of L (λ∗) is 2-dimensional, then it is

spanned by bases:

X =

(
cos

(
2π

N

)
, cos

(
2 · 2π

N

)
, . . . , cos

(
N · 2π

N

))
Y =

(
sin

(
2π

N

)
, sin

(
2 · 2π

N

)
, . . . , sin

(
N · 2π

N

))

We denote the corresponding bifurcating point from the homogeneous branch
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solution as (λ∗, v∗) where

λ∗ = λ̄+O(ε) with λ̄ =

(
m−

m∑
p=1

cos

(
2πp

N

))2

and v∗ =
(
−
√
λ̄+O(ε)

)
e.

4.2 Verification of Genericity Hypotheses

We assume the null space of L (λ∗) is 2-dimensional. We then apply the bifurcation

results of the dihedral group to understand the bifurcations and their branching

directions from the homogeneous solutions.

Here, we present proofs for Theorem 8. Our proof strategies follow a similar

approach as presented in Section 3.2, relying on the results of Theorem 9. As before,

we will obtain the conditions pα(0, 0, 0) 6= 0 and pδ(0, 0, 0) 6= 0 that are required

by the theorem in the process. Therefore, the branching results presented in the

theorem will automatically follow by the end.

Proof of Theorem 8 (i)

In presenting proofs for Theorem 8 (i), as before, we first derive results for Lemma

19. Recall from Section 3.2 that the spectral projection onto the center manifold of

the system F(V, η) = F(V, λ) with η = λ− λ∗ is

P cF (v∗ + aX + h(a, η), η) = −p(a2, aN−1, η)a− q(a2, aN−1, η)aN−1 (3.23)

where a ∈ R, h : Ec × (−η0, η0) → Eh with h(0, 0) = ha(0, 0) = 0 and h(a, η) =

O (|a|2 + |η|). P ch(a, η) = 0 for all a, η. This yields Lemma 19.
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Then, our goal is to compute −pη(0, 0, 0) and −pα(0, 0, 0) so that we can use the

results from Theorem 9. In the following computations, we restrict to N ≥ 5.

Lemma 28. For N ≥ 5, it follows from equation (3.23) that −pη(0, 0, 0) = 1√
λ̄
+O(ε).

Proof. The proof follows the same approach as Lemma 25. Recall that

−pη(0, 0, 0) = P c (FV V (v∗, 0)[X, hη(0, 0)] + FV η(v∗, 0)) .

So we need to compute hη(0, 0) in order to compute −pη(0, 0, 0). Note that

F(V, η) = F(V, λ∗ + η) = 0 when V = v∗(η) =
(
−
√
λ̄+ η +O(ε)

)
e and v∗ =

v∗(0) =
(
−
√
λ̄+O(ε)

)
e. Following the same argument as before, we have

hη(0, 0) =

(
− 1

2
√
λ̄

+O(ε)

)
e.

We then compute P cFV V (v∗, 0)[X, hη(0, 0)]. Since FV V has no dependency on η,

we may consider function Fj : RN → R where Fj(V ) = −v2
j +O(ε). For A,B ∈ RN ,

we can calculate that

DVFj(V )A = −2vjAj +O(ε)

and

D2
VFj(V )[A,B] = −2AjBj +O(ε). (3.24)

Using this information, we can compute

FV V (v∗, 0)[X, hη(0, 0)] =

(
−2Xj

(
− 1

2
√
λ̄

+O(ε)

)
ej

)
j=1,...,N

=
1√
λ̄
X +O(ε).
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So

P cFV V (v∗, 0)[X, hη(0, 0)] = P c

(
1√
λ̄
X +O(ε)

)
=

1√
λ̄

+O(ε).

Note that P cFV η(v∗, 0) = 0. Therefore,

−pη(0, 0, 0) = P c (FV V (v∗, 0)[X, hη(0, 0)] + FV η(v∗, 0)) =
1√
λ̄

+O(ε).

Lemma 29. For N ≥ 5, it follows from equation (3.23) that

−pα(0, 0, 0) = − 1

2
√
λ̄
− 1

2λ2 + 4
√
λ̄

+O(ε)

where

2
√
λ̄ = 2m+ 1−

sin
(

(2m+1)π
N

)
sin
(
π
N

)
and

2λ2 + 4
√
λ̄ =
−2 sin

(
2π(m+1)

N

)
+ 2 sin

(
π(4m+2)

N

)
− 2 sin

(
2πm
N

)
sin
(

2π
N

) .

Proof. The proof follows the same approach as Lemma 26. Recall that

−pα(0, 0, 0) =
1

6
P cD3

aF(v∗ + aX + h(a, 0), 0)|a=0

where

D3
aF(v∗ + aX + h(a, 0), 0)|a=0 =FV V V (v∗, 0)[X + ha(0, 0)]3

+ 2FV V (v∗, 0)[X + ha(0, 0), haa(0, 0)]

+ FV V (v∗, 0)[X + ha(0, 0), haa(0, 0)]

+ FV (v∗, 0)haaa(0, 0).
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Since ha(0, 0) = 0 and P chaaa(0, 0) = 0,

P c
(
D3
aF(v∗ + aX + h(a, 0), 0)|a=0

)
= P cFV V V (v∗, 0)[X]3 + 3P cFV V (v∗, 0)[X, haa(0, 0)]

=
(

3
〈
X,
(
−2XjD

2
ahj(0, 0) +O(ε)

)
j=1,...,N

〉
+O(ε)

) 1

|X|2

=

(
−6

N∑
j=1

X2
jD

2
ahj(0, 0)

)
1

|X|2
+O(ε)

using P c = 〈X, ·〉 1
|X|2 and equation (3.24). It follows that

−pα(0, 0, 0) =

(
−

N∑
j=1

X2
jD

2
ahj(0, 0)

)
1

|X|2
+O(ε). (3.25)

So to compute −pα(0, 0, 0), we need to first find out haa(0, 0). To simplify the

notation, let H := haa(0, 0). In the proof of Lemma 26, we have derived the following

relation

P hFV (v∗, 0)H = −P hFV V (v∗, 0)[X]2. (3.26)

Note

FV (v∗, 0) = ∆m − 2v∗IN +O(ε)

= ∆m − 2
(
−
√
λ̄
)
IN +O(ε)

= ∆m + 2
√
λ̄IN +O(ε)

where
√
λ̄ = m−

m∑
p=1

cos

(
2πp

N

)
, and so we have

P hFV (v∗, 0)H = ∆mH + 2
√
λ̄H +O(ε). (3.27)



120

Then according to equation (3.24),

FV V (v∗, 0)[X]2 =
(
−2X2

j

)
j=1,...,N

+O(ε).

where Xj = cos

(
2πj

N

)
for j = 1, . . . , N . Further simplification by the trigonometric

identity gives (
−2X2

j

)
j=1,...,N

= −e−X(2)

where

X(2) =

(
cos

(
4πj

N

))
j=1,...,N

is the eigenvector of ∆m with the eigenvalue

λ2 = 2

(
−m+

m∑
p=1

cos

(
4πp

N

))
.

Because P h commutes with FV V and neither e nor X(2) is in span(X, Y ), we have

P hFV V (v∗, 0)[X]2 = −e−X(2) +O(ε). (3.28)

Plugging equations (3.27) and (3.28) into equation (3.26) yields

∆mH + 2
√
λ̄H +O(ε) = e +X(2) +O(ε). (3.29)

We consider H = c0e+ c2X
(2) for some c0, c2 ∈ R and plug this into equation (3.29):

2
√
λ̄c0e +

(
λ2 + 2

√
λ̄
)
c2X

(2) = e +X(2). (3.30)

Solving (3.30) for c0 and c2, we can find that

haa(0, 0) = H =
1

2
√
λ̄
e +

1

λ2 + 2
√
λ̄
X(2).
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Plugging haa(0, 0) back into equation (3.25), we yield

−pα(0, 0, 0) =

(
−

N∑
j=1

X2
j

(
1

2
√
λ̄
ej +

1

λ2 + 2
√
λ̄
X

(2)
j

))
1

|X|2
+O(ε). (3.31)

We utilize the following identities

N∑
j=1

X2
j =

N∑
j=1

cos2

(
2πj

N

)
=
N

2
,

N∑
j=1

X2
jX

(2)
j =

N∑
j=1

cos2

(
2πj

N

)
cos

(
4πj

N

)
=
N

4
,

1

|X|2
=

1∑N
j=1 cos2

(
2πj
N

) =
2

N
,

so equation (3.31) can be simplified as

−pα(0, 0, 0) = − 1

2
√
λ̄
− 1

2λ2 + 4λ̄
+O(ε)

where

2
√
λ̄ = 2

(
m−

m∑
k=1

cos

(
2πk

N

))

= 2m+ 1−
sin
(

(2m+1)π
N

)
2 sin

(
π
N

)
and 2λ2 + 4λ̄ = 4

(
−m+

m∑
k=1

cos

(
4πk

N

))
+ 4

(
m−

m∑
k=1

cos

(
2πk

N

))

=
−2 sin

(
2π(m+1)

N

)
+ 2 sin

(
π(4m+2)

N

)
− 2 sin

(
2πm
N

)
sin
(

2π
N

) .

Hence, using Lemma 28 and Lemma 29, we derive the results presented in Theo-

rem 6 (i) by applying Theorem 9. Similar to the previous Section 3.2, the branching
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directions from the homogeneous solutions at the upper-right corner fall into the

cases depicted in Figure 3.12 for odd N and Figure 3.13 for even N .

We again observe that the branching direction depends on the sign of −pα(0, 0, 0).

As before, we set ε = 0 and explicitly compute for N = 16, 17, 18, 19 with 1 ≤ m ≤⌊
N − 1

2

⌋
− 1. The predictions again show that as m increases, the bifurcation

switches from supercritical to subcritical, which is the same as discussed in Section

3.2. Here, we have again checked numerically and confirmed that the numerical

observations align with the analytical predictions. Specifically, we find that the

lowest value of m for which −pα(0, 0, 0) becomes positive for each N is (N,m) =

(17, 7), (18, 7), (19, 8), and for N = 16, we find that −pα(0, 0, 0) < 0 for any m =

1, . . . , 6.

Criticality in Limiting Case N →∞

Assuming that the null space of L (λ∗) is 2-dimensional, we now present proofs for

Theorem 8 (ii). According to Equation (3.11) in Theorem 9, the branching equation

in terms of x corresponding to z = x+ iy is

η = −pα(0, 0, 0)

pη(0, 0, 0)
x2 + · · · . (3.32)

Let r = m
N

and h = 1
N

. We then plug the expressions for pη(0, 0, 0) and pα(0, 0, 0)

presented in Lemma 28 and 29 respectively into pα(0,0,0)
pη(0,0,0)

, and Taylor expand with

respect to h = 0:

−pα(0, 0, 0)

pη(0, 0, 0)
=

2πr − 3 sin(2πr) + sin(4πr)

−4 sin(2πr) + 2 sin(4πr)
+O(h). (3.33)

Finding when the criticality changes in the limiting case N → ∞ is equivalent to
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finding the root in r for

C(r) =
2πr − 3 sin(2πr) + sin(4πr)

−4 sin(2πr) + 2 sin(4πr)

where r ∈ (0, 1
2
). Further notice that −4 sin(2πr) + 2 sin(4πr) < 0 for all r ∈ (0, 1

2
).

Hence, it suffices to find the root of f(r) = 2πr− 3 sin(2πr) + sin(4πr) on r ∈ (0, 1
2
).

Before solving for such root, we first prove that there is a unique root within the

domain, and so then we know the criticality of bifurcation changes only once when

N →∞. We show this by the following lemma.

Lemma 30. Let f(r) = 2πr − 3 sin(2πr) + sin(4πr). f(r) has a unique root on(
0, 1

2

)
.

Proof. The proof follows the same strategies as Lemma 27. Note that the first and

second derivatives of f(r) are

f ′(r) = 2π − 6π cos(2πr) + 4π cos(4πr)

and

f ′′(r) = 12π2 sin(2πr)− 16π2 sin(4πr).

We first focus on 0 < r < 1
4
. Note that on

(
0, 1

8

]
, f ′′(r) < 0 and also since

f ′(0) = 0, we know that f ′(r) < 0 on
(
0, 1

8

]
and thus f(r) is monotonically decreasing

on this domain. Then on
(

1
8
, 1

4

]
, f ′′

(
1
8

)
< 0, f ′′

(
1
4

)
> 0 and f ′′(r) is monotonically

increasing, so there exists r′ ∈
(

1
8
, 1

4

)
such that f ′′(r′) = 0, and f ′′(r) < 0 for

r ∈
(

1
8
, r′
)
, f ′′(r) > 0 for r′ ∈

(
r′, 1

4

)
. So f ′(r) decreases monotonically on

(
1
8
, r′
)

and

then increases monotonically on
(
r′, 1

4

)
. Since f ′

(
1
8

)
< 0 and f ′

(
1
4

)
< 0, f ′(r) < 0 on(

1
8
, 1

4

]
, which means f(r) is monotonically decreasing. Hence, f(r)is monotonically
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decreasing on
(
0, 1

4

)
and since f(0) = 0, so there is no root on

(
0, 1

4

)
.

We then focus on 1
4
≤ r < 1

2
. Note that f ′′(r) > 0 on this domain, so f ′(r) is

monotonically increasing. Since f ′
(

1
4

)
< 0, f ′

(
1
2

)
> 0 and f

(
1
4

)
< 0, f

(
1
2

)
> 0, f(r)

has a unique root on
(
0, 1

2

)
.

In conclusion, f(r) has no root on
(
0, 1

4

)
and a unique root on

[
1
4
, 1

2

)
, so f(r) has

a unique root on
(
0, 1

2

)
.

Lemma 30 tells that as N → ∞, when r increases from zero, the switch of

branching direction happens only once. Using Maple, we can calculate that the

solution to 2πr − 3 sin(2πr) + sin(4πr) = 0 for 0 < r < 1
2

is r ≈ 0.4077. So ignoring

the ε effect, as N → ∞, we expect that the bifurcation criticality switches from

supercritical to subcritical at around r ≈ 0.4077.

We hence obtain the results for Theorem 8 (ii).

4.3 Connecting Original System with the Rescaled System

We now numerically verify that the emergent patterned states from the homogeneous

solution branch in the upper-right region are connected to the snaking branches of

patterns illustrated in Figure 2.2. The workflow is similar to that described in Section

3.3, albeit with different computational details.

For a selected pair of (N,m), we run numerical continuation with the following

steps in MATLAB to verify the connection of the branches:

(1) Set d � 1, an initial µ(0) and an integer k ∈ {1, 2, . . . , N} denoting the num-
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ber of nodes to be set with nonzero values for the initial guess. Then use

(a, . . . , a, 0, 0, . . . , 0, 0, a, . . . , a, a), a vector of length N with k elements taking

on value a =

√
1 +

√
1− µ(0) and N − k elements taking on 0, as the initial

guess to convert to a near-by solution, U (0), to d(∆mU)n + f(un, µ
(0)) = 0 using

fsolve.

(2) Use (U (0), µ(0)) as the starting solution and use numerical continuation to con-

tinue the solution branch of the full system in terms of µ. Stop until the solution

in (U, µ) gets close to the upper-right region, i.e., un and µ both become close

to 1. Denote the end solution as (U (1), µ(1)) where U (1) =
(
u

(1)
1 , u

(1)
2 , . . . , u

(1)
N

)
.

(3) Let λ(0) = 1−µ(1)
d2

and V (0) =

(
u
(1)
1 −1√
d
,
u
(1)
2 −1√
d
, . . . ,

u
(1)
N −1√
d

)
. Use (V (0), λ(0)) as the

initial solution and continue the solution branch in the rescaled system for the

upper-right region in terms of λ. To check the goodness of the initial solution,

compute the residual vector

rn = λ(0)d+d(∆mV
(0))n−4

(
v(0)
n

)2
d+λ(0)v(0)

n d2−8
(
v(0)
n

)3
d2−5

(
v(0)
n

)4
d3−

(
v(0)
n

)5
d4

for 1 ≤ n ≤ N .

Figures 3.16 and 3.17 illustrate an example when continuing on a system with

(N,m) = (16, 4). The initial parameters are d = 0.05, µ(0) = 0.4 and k = 1.

When computing the homogeneous solutions and the predicted bifurcation points

in Figure 3.17, we explicitly include all the higher-order terms. Specifically, to find

the homogeneous solutions, we consider the rescaled system with all terms fully

expressed

F(V, λ, d)n = λd+ d(∆mV )n − 4v2
nd+ λvnd

2 − 8v3
nd

2 − 5v4
nd

3 − v5
nd

4,
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Figure 3.16: Numerical continuation on the original full system for N = 16,m = 4
until near the upper-right region where (un, µ, d) is close to (1, 1, 0). The start and
end solution patterns are illustrated in the right panel with normalized node values.

and so the homogeneous solution v∗ satisfies

λ− 4v2
n + λvnd− 8v3

nd− 5v4
nd

2 − v5
nd

3 = 0.

Solving for vn yields that homogeneous solution v∗(λ, d) = v−(λ, d)e where

v−(λ, d) =
−1 +

√
1− d

√
λ

d
.

Then to explicitly solve for the bifurcation points, we consider the Jacobian

L(V, λ, d) = d∆m +
(
−8vnd+ λd2 − 24v2

nd
2 − 20v3

nd
3 − 5v4

nd
4
)
IN .
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Figure 3.17: Numerical continuation on the rescaled system at the upper-right
region where (un, µ, d) is near (1, 1, 0), starting at solution taken from the full system.
The L2-norm of the residual vector at the initial solution is 7.3035e-09. Detailed
explanations are similar to those in Figure 3.8.

Recall that the eigenvalues of ∆m are

λj = 2

(
−m+

m∑
p=1

cos

(
2πjp

N

))
for j = 0, 1, 2, . . . ,

⌊
N

2

⌋
.

corresponding to the discrete Fourier ansatz

vk,j = eiωjk, where ωj =
2πj

N
, k = 1, . . . , N, j = 0, 1, . . . ,

⌊
N

2

⌋
.

So we can compute the eigenvalues to L(v∗(λ, d), λ, d) along the homogeneous branch

v∗(λ, d), which are dλj−8dv−(λ, d)+λd2−24d2v−(λ, d)2−20d3v−(λ, d)3−5d4v−(λ, d)4.

Setting the eigenvalue to 0 and solving for λ then give us the associated λ values at
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the bifurcation points, indexed by j:

λ(j)(d) =
2 + dλj − 2

√
dλj + 1

4d2
.

where j = 0, 1, 2, . . . ,
⌊
N
2

⌋
.

The asterisk marked on Figure 3.17 corresponds to the bifurcation point along

homogeneous solutions,
(
v∗(λ

(1)(d), d), λ(1)(d), d
)
, with index j = 1.

5 Code

We here present the MATLAB code for isotypic.m, as mentioned in Section 2.2.

For a given N , representing the number of nodes, the code computes the projection

of the linear representation of the Laplace operator in the ring lattice system onto

the irreducible representations of the dihedral group DN , using equation (3.9). It

then computes the dimension of the projection space by calculating the trace of the

projection matrix. Ultimately, the function returns a vector that records the dimen-

sion of the projection onto each of the irreducible representations. By comparing the

dimensions of the projections with the dimensions of the irreducible representations,

we find that no irreducible representation appears more than once for N up to 120.

function ndim = isotypic(n)

ndim = [];

if rem(n,2) ==0
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% n is even

v = zeros(1,n);

v(n) = 1;

A = circulant(v); % rotation forward e.g.

1->2,2->3...

R = zeros(n); % reflection

R(n,n) = 1; R(n/2,n/2) = 1; % when even , last and

middle nodes are fixed

for l = 1:n/2-1

R(l,n-l) = 1;

R(n-l,l) = 1;

end

% one -dimensional representations

ni = 1;

Pi = zeros(n);

for j=0:(n-1)

Pi = Pi + A^j + A^j*R;

end

Pi = ni/(2*n)*Pi;

ndim = [ndim , trace(Pi)];

Pi = zeros(n);

for j=0:(n-1)

Pi = Pi + A^j - A^j*R;

end

Pi = ni/(2*n)*Pi;

ndim = [ndim , trace(Pi)];
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Pi = zeros(n);

for j=0:(n-1)

Pi = Pi + (-1)^j*(A^j + A^j*R);

end

Pi = ni/(2*n)*Pi;

ndim = [ndim , trace(Pi)];

Pi = zeros(n);

for j=0:(n-1)

Pi = Pi + (-1)^j*(A^j - A^j*R);

end

Pi = ni/(2*n)*Pi;

ndim = [ndim , trace(Pi)];

% two -dimensional representations

ni = 2;

for k=1:(n-2)/2

Pi = zeros(n);

for j=0:(n-1)

char = 2*cos (2*pi*j*k/n);

Pi = Pi + A^j*char;

end

Pi = ni/(2*n)*Pi;

ndim = [ndim , trace(Pi)];

end

else

% n is odd

v = zeros(1,n);
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v(n) = 1;

A = circulant(v); % rotation forward e.g.

1->2,2->3...

R = zeros(n); % reflection

R(n,n) = 1; % when odd , last node is fixed

for l = 1:(n-1)/2

R(l,n-l) = 1;

R(n-l,l) = 1;

end

% one -dimensional representations

ni = 1;

Pi = zeros(n);

for j=0:(n-1)

Pi = Pi + A^j + A^j*R;

end

Pi = ni/(2*n)*Pi;

ndim = [ndim , trace(Pi)];

Pi = zeros(n);

for j=0:(n-1)

Pi = Pi + A^j - A^j*R;

end

Pi = ni/(2*n)*Pi;

ndim = [ndim , trace(Pi)];

% two -dimensional representations

ni = 2;
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for k=1:(n-1)/2

Pi = zeros(n);

for j=0:(n-1)

char = 2*cos (2*pi*j*k/n);

Pi = Pi + A^j*char;

end

Pi = ni/(2*n)*Pi;

ndim = [ndim , trace(Pi)];

end

end

ndim = round(ndim);

if sum(ndim)~=n

disp(’dimensions do not match ’)

end



Chapter Four

Robustness of Community

Structure under Edge Addition
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This chapter is based on work presented in Tian and Moriano (2023).

1 Introduction

Many complex systems, such as critical infrastructures, biological networks and social

groups, exhibit network structures consisting of nodes and edges that capture their

connectivity Amaral and Ottino (2004). Extracting different features from these net-

works is useful to better understand their structure and function Newman (2003),

Girvan and Newman (2002). Among different properties of networks, many real net-

worked systems demonstrate community structures, or clusters, which are groups of

nodes that have higher probability of sharing links with other nodes within the same

group than with nodes in different groups. These communities typically represent

essential functional or behavioral units in the networks Girvan and Newman (2002),

Fortunato (2010), Fortunato and Hric (2016). Therefore, it is important to under-

stand the conditions under which they persist. Community robustness describes how

much network perturbation a community structure can tolerate while still being able

to recover its original structure Fortunato (2010), Karrer et al. (2008). The commu-

nity robustness problem is of practical interest because we want to understand how

well the components in networks can sustain their basic functionalities when facing

errors or attacks (Barabási and Pósfai, 2016, Chapter 8). Usually, network perturba-

tions are used to model either random failures or deliberate attacks in real networked

systems Schaeffer et al. (2021).

Studying the robustness of communities in networks confronts two main chal-

lenges. First, although community structure in networks can provide insights into

the organization of nodes based on their connectivity, there is no universal definition
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of community. This makes the detection of communities itself an ill-posed prob-

lem, and hence, in practice, discovering community structure often depends on the

methods and application Fortunato and Hric (2016). Second, community robust-

ness involves network perturbations, and there are various ways a network can be

modified. Studies so far have focused on edge rewiring and node or edge removal

as the network perturbation schemes for studying a system’s ability to sustain basic

functionality when some components fail Karrer et al. (2008), Wang and Liu (2019),

Albert et al. (2000), Amancio et al. (2015), Wang et al. (2017), Carissimo et al.

(2018), Mozafari and Khansari (2019).

However, real networked systems, such as communication, citation, or social

networks, often increase connectivity over time, so it is important to consider the

scenario of an increasing number of edges Leskovec et al. (2005). Added edges can

also simulate errors or attacks Albert et al. (2000), Holme et al. (2002), Borgatti

et al. (2006). For example, when simulating errors, added edges can simulate false-

positive edges (i.e., edges that are present in data erroneously but do not actually

represent the real relations). This is one type of measurement error commonly found,

such as in online community, communication, and collaboration network data Wang

et al. (2012). Similarly, added edges can also simulate deliberate attacks intended

to destroy the established community structure to quickly disrupt the functionality

of the system as in the case of a Distributed Denial of Service attack Zargar et al.

(2013), Osanaiye et al. (2016). Therefore, there is a need to understand the effect of

network densification on community robustness.

Here, we conduct a systematic study to understand the impact of edge addition

on the robustness of communities. We focus on both the synthetic Lancichinetti-

Fortunato-Radicchi (LFR) benchmark graphs Lancichinetti and Fortunato (2009b)

and empirical networks to investigate the limits of the robustness of the initial com-
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munity structure as the network is perturbed through edge addition. We study two

scenarios of edge addition, namely random and targeted addition. Random addi-

tion selects from the set of all nonexistent edges, and this process is analogous to a

random error in the system Wang et al. (2012), Borgatti et al. (2006). Targeted addi-

tion selects only from the nonexistent, cross-community edges, which we propose to

use to simulate attacks. We compute the effects on community robustness by using

Normalized Mutual Information (NMI) Fred and Jain (2003), which is a community

similarity measure often used in network community analysis, and by using element-

centric clustering similarity Gates et al. (2019) to control for biases when comparing

clusters. We specifically select four community detection algorithms commonly used

in community detection benchmarking studies Lancichinetti and Fortunato (2009a),

Emmons et al. (2016): Infomap, Label Propagation, Leiden, and Louvain. We also

demonstrate and compare community robustness results by using the same set of

community detection algorithms on empirical email network data, in which the edge

density increases over time.

Our results suggest that the chosen clustering algorithm strongly affects commu-

nity robustness under edge addition. Specifically, in both synthetic and empirical

networks, we observe that for different types of community detection algorithms, the

similarity measures between communities in the original and the perturbed networks

decay with distinct rates while more and more edges are being added. Additionally,

in synthetic experiments on LFR benchmark graphs, we observe that with a smaller

mixing parameter, which means that initial communities are more loosely connected

to each other, the communities tend to be more robust. Synthetic experimental re-

sults also align with the expectation that targeted edge addition tends to destroy the

original community structure more rapidly compared with random addition, so com-

munities are less robust with targeted addition. In experiments using empirical data,
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we observe that the choice of community similarity metrics, NMI or element-centric

clustering similarity in particular, also affects the results on community robustness.

This stems from the fact that, on certain occasions, different similarity metrics can

produce varying measures for the same pair of community structures, indicating

different levels of resemblance between them.

2 Methods

2.1 LFR benchmark

The LFR benchmark graphs Lancichinetti et al. (2008), Lancichinetti and Fortunato

(2009b) are commonly used in network community studies to create graphs with

ground-truth partitions. The advantage of using an LFR benchmark is that the

degree and the community size both follow power-law distributions, which more

closely resemble the properties observed in many real-world networks Lancichinetti

et al. (2008), Newman (2003), Palla et al. (2005), Clauset et al. (2004), Guimerà et al.

(2003). The exponents of degree distributions are controlled by parameter α, and

the exponents of community size distributions are controlled by parameter β. We

take the typical values of the exponents observed in real networks, i.e., α = −2 and

β = −1 Lancichinetti et al. (2008). Other parameters required for generating LFR

benchmark graphs include the average degree 〈k〉, maximum degree maxk, minimum

community size minc, maximum community size maxc, and the mixing parameter

µ, which represents the fraction of nodes that each node shares edges with across

different communities. The lower the µ, the higher the ratio between the number

of internal and external connections. This leads to higher modularity, which is a

quality function commonly used to express the strength of communities in studies of
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communities Fortunato (2010). Thus, the smaller the µ, the stronger the partition.

Although we use LFR benchmark graphs for the synthetic experiments, our

method is generally applicable to any type of benchmark graph that provides ground-

truth community labels, such as the Girvan-Newman benchmark Girvan and New-

man (2002) and the stochastic block model Holland et al. (1983). We generate the

LFR benchmark graphs by using the publicly available implementation Fortunato

(2021) of the algorithm described in Lancichinetti and Fortunato (2009b). We con-

duct experiments on 1000 nodes and then on 10 000 nodes to study the effect of

perturbations at different scales. We also examine the effect of the strength of the

initial community by varying the mixing parameter, µ. The specific parameter values

used for generating the LFR benchmark graphs are listed in Table 4.1.

Table 4.1: Synthetic experiment parameters.

Parameter Description Value

N Number of nodes 1000, 10 000
maxk Max degree for LFR 0.1N
〈k〉 Average degree for LFR 25
minc Min community size for LFR 50
maxc Max community size for LFR 0.1N
α Degree distribution exponent for LFR −2
β Community size distribution exponent for LFR −1
µ Mixing parameter for LFR 0.01, 0.1, 0.2, 0.3, 0.4, 0.5
h Times of initial number of edges added up to 10
s Number of steps to add edges 50
r Number of realizations per step 50

2.2 Community detection

Community detection is the task of assigning nodes in a network into clusters based

on topological similarity Fortunato (2010). Nodes within the same community are

more densely connected compared with the ones across distinct communities. Various
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community detection algorithms have been developed to find clusters in networks.

These algorithms are based on different methodologies to achieve their optimal clus-

tering solutions. In this work, we use four algorithms based on three popular meth-

ods of community detection: information-theoretic-based algorithm Infomap Rosvall

and Bergstrom (2008), message-passing-based algorithm Label Propagation Ragha-

van et al. (2007), and modularity-based algorithms Leiden (partly based on smart

local move algorithm and improved from Louvain) Traag et al. (2019) and Lou-

vain Blondel et al. (2008). These chosen algorithms have low enough computational

complexity Yang et al. (2016), Traag et al. (2019) to accomplish our experiments

in reasonable run time. For Infomap, Label Propagation, and Louvain, we use the

publicly available package Fortunato (2021) implemented by Lancichinetti and For-

tunato (2012). The package for Leiden is publicly available on GitHub Traag (2020)

and described in the original paper Traag et al. (2019). We use the undirected

and unweighted implementations for all four algorithms to ensure consistency with

the LFR benchmark graphs we generate. Rigorous analysis of these four clustering

algorithms is presented in previous work Emmons et al. (2016).

The community detection algorithm is an essential component for studying com-

munities because, although the benchmark graphs have ground-truth labels of the

communities, few empirical networks have ground-truth partitions. Moreover, the

temporal evolution of the networks makes it more difficult to obtain ground-truth

clustering information at all times. Notably, although graph embeddings have be-

come popular for downstream tasks, they have not been developed thoroughly enough

to efficiently achieve good graph clustering results; their hyper-parameter tuning is

cumbersome when attempting good performance Tandon et al. (2021). By compari-

son, traditional community detection algorithms require no parameter tuning but can

provide relatively good clustering results in a reasonable run time. For these reasons,
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we use the four well-developed community detection algorithms for our experiments.

2.3 Community similarity

To measure similarity between communities, we use NMI Fred and Jain (2003) and

element-centric clustering similarity Gates et al. (2019) as the metrics. Without loss

of generality, suppose that C1 and C2 are partitions on the same set of N nodes.

The NMI score of the two partitions is defined as

NMI(C1, C2) =

−2

|C1|∑
i=1

|C2|∑
j=1

P(i, j) log

(
P(i, j)

P1(i)P2(j)

)
|C1|∑
i=1

P1(i) logP1(i) +

|C2|∑
j=1

P2(j) logP2(j)

, (4.1)

where P1(i) = |C1i|
N

, P2(j) =
|C2j |
N

, and P(i, j) =
|C1i∩C2j |

N
for C1i ∈ C1, C2j ∈ C2 as the

clusters of partition C1 and C2, respectively. We use the scikit-learn implementation

of NMI Pedregosa et al. (2011) in our experiments.

In addition to NMI, we also compute the similarity between communities by

using element-centric clustering similarity, which better copes with issues such as

bias in randomized membership, bias in skewed cluster sizes, and the problem of

matching Gates et al. (2019). Although NMI tends to favor more clusters, element-

centric clustering similarity overcomes such bias in the number of clusters. We report

the experimental results computed in this metric using the CluSim package Gates

and Ahn (2019) along with the default parameter. Both NMI and element-centric

clustering similarity range from 0 to 1, where a higher value means more similarity

between partitions.
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2.4 Experimental procedure

We experiment on several computer-generated networks and empirical temporal net-

works to examine the robustness of their community structures. The empirical

networks are real-world data, and we have no control over their intrinsic network

properties. The ground-truth communities and the interpretability of the cluster-

ings found by detection algorithms on these data are often unclear Peel et al. (2017),

so in the studies on clusterings in networks, synthetic networks often serve as handy

examples for tests. Here, we illustrate the details of the experimental procedures

for synthetic and empirical networks. The tests on synthetic and empirical networks

are designed differently because the synthetic network is stationary without natural

perturbations, whereas the empirical data does not have ground-truth community

labels and requires further cleaning to work as comparable examples. Our code is

publicly available at: http://github.com/Moyi-Tian/CommunityRobustness.

2.4.1 Experiments on synthetic networks

Suppose the initial network is G = (V,E), where V = {1, 2, . . . , N} is the set of

N nodes, and E = {eij : i, j ∈ V } is the set of M edges. Let Ec be the set of

edges in the complement graph of G. The benchmark graph provides each node

a community label denoted by ci for i ∈ V . The graph partition is then C =⋃
k∈

⋃
i∈V {ci}

{⋃
j∈V {j : cj = k}

}
. We also define a set for nonexistent edges across

different communities denoted by Ec
inter = {eij ∈ Ec : ci 6= cj, i, j ∈ V }. To start, we

choose a community detection algorithm and specify parameters h, s, and r ∈ Z+,

where h is how many times the initial number of edges is added up, s is the number

of steps to add edges, and r is the number of realizations per step. The parameters

we use for the synthetic experiments are listed in Table 4.1.

http://github.com/Moyi-Tian/CommunityRobustness
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We illustrate the effects of edge addition on community structures through two

different network perturbations: random addition and targeted addition. Let t ∈

{0, 1, 2, . . . , s}. For the random addition approach, we select Eν ⊆ Ec uniformly

at random. For targeted addition, we choose Eν ⊆ Ec
inter uniformly at random,

where |Eν | =
⌊
hM
s

⌋
t. Notably, the random addition is analogous to the case in

which random errors or random additional connections appear. Conversely, targeted

addition simulates the case in which much of the information about the community

structure is known, and there is an intention to break the current partitions through

increasing connectivity. In each of these edge-addition configurations, we create a

new graph, G′ = (V,E ′), such that E ′ = E ∪ Eν .

We then apply the specific community detection algorithm on G′ to yield an

associated graph partition, C ′. We repeat the previous steps for r-independent times

at each t: specifically r realizations at every single step t over the total s steps.

Suppose the chosen community similarity metric is S. We then calculate the metric

score Sk(C,C ′k) for each realization, k, where C ′k is the associated graph partition,

and report the average Savg = 1
r

∑r
k=1 Sk(C,C ′k).

2.4.2 Experiments on empirical temporal networks

Temporal email networks are natural candidates for empirical experiments and are

comparable to the synthetic experiments. The email conversations between users in

these networks naturally emerge at their sent time, which can be directly considered

as additional edges over time steps.

Unlike the benchmark graphs, empirical networks do not have ground-truth com-

munity labels, so we must first identify a reliable community partition on the initial
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graph before the start of network perturbation. In doing so, we apply the fast consen-

sus algorithm Tandon et al. (2019), which is based on the idea of consensus clustering

Lancichinetti and Fortunato (2012). Because established community detection algo-

rithms produce nondeterministic partitions, consensus clustering was proposed for

more stable and accurate results after iterations among multiple clustering results

given a prespecified clustering method. There are two parameters we must specify

as inputs for the fast consensus algorithm: the number of partitions, np, and the

clustering method. The default value for np in the fast consensus algorithm is set

to be 20, which is also the value used for tests demonstrated in the original paper

Tandon et al. (2019). We also found that np = 20 balances performance and run

time. This choice of the value is specified in Table 4.2. For the clustering method,

we choose it to be consistent with the one used for community detection in the later

perturbed networks.

In addition, there are other issues that must be addressed before testing on email

networks with time stamps associated with edge emergence.

First, the problem is finding appropriate empirical network examples on which

we can perform experiments comparable to the synthetic case. Specifically, the

empirical network should have a temporally growing number of edges on a fixed set

of nodes, and the growth within the recorded time frame should be on the comparable

scale as the synthetic experiment, where we add edges up to 10×. The problem is

that temporal email networks always expand in the number of edges and in the

number of nodes. If we look at the graph on the set of all users who appear within

the given time frame, then we usually find that only a tiny fraction of edges, or

sometimes none, are added until the end of the recorded time. This is because

there are always new users joining the networks, occasionally even at the very end.

For some networks, there is also a co-occurring issue that many users are not very
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active and do not contribute many new communications (i.e., edges) over time. This

is why, rather than using the entire network datasets as obtained, we instead first

identify appropriate subnetworks extracted from the original email data and then

use them as examples for our empirical experiments. There are different ways to

select subnetworks from the original ones. When the entire network is small enough,

choosing subnetworks based on an exhaustive search may be possible. However, due

to the size of our original empirical datasets, checking all possible combinations of

nodes and the growth in density of their induced subnetworks will be computationally

expensive. Therefore, our approach is to search over a family of subnetworks induced

by the first n nodes showing up in time with n swept from 1 to N where N is the total

number of users present in the full dataset. We then look at the growth in density

for each of these subnetworks and select an appropriate one as the example to use.

More details of our subnetwork selection and the corresponding network properties

are described in Section 3.2.

Second, email networks usually have multiedges emerging in time because several

emails can be sent between the same pair of users, but the synthetic networks we test

on have no multiedges. Here, we align our empirical experiment with the synthetic

case by preprocessing the network data so that there are no repeating edges. We

do so by removing the edges that arrived later and already showed up once at a

previous time from the edge list. In this way, we consider an edge to represent an

existing relationship between users, thereby omitting the number of conversations

that occurred.

Third, we must also identify which network should be treated as the initial net-

work. The empirical networks always start with zero edges, but it is not meaningful

to use the null graph because then no communities will ever exist at the initial time.

Also, the community detection algorithms take in only the edge lists and so only the
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nodes incident to the edges present in the list are assigned with community labels.

So, to use the algorithms, we must ensure all nodes appear in the edge lists. There-

fore, in our empirical experiment, we choose the initial network by picking the first

one without any isolated nodes when growing the network in time. This is achieved

by adding edges one at a time according to their associated time stamp and checking

at which time every node is at least incident to one edge.

In our empirical experiments, we use np for fast consensus, and we also have

parameters s and r. Here s refers to the number of steps with respect to time, and

r is the number of realizations per step. Table 4.2 lists the parameter values for the

empirical experiments.

Table 4.2: Empirical experiment parameters.

Parameter Description Value

np Number of partitions (fast consensus) 20
s Number of steps 50
r Number of realizations per step 10

As previously mentioned, we preprocess and identify suitable empirical networks

for our experiment. The experimental procedure is as follows. Suppose that we have

a precleaned empirical network dataset (without multiedge) with V = {1, 2, . . . , N}

to be the set of nodes and M to be the number of edges. Recall that edges appear

in time one by one, so there are M associated time stamps. At time stamp i ∈

{1, 2, . . . ,M}, we denote the emergent edge pointing from node vs(i) to node vt(i) by

evs(i),vt(i), where vs(i), vt(i) ∈ V . Using these notations, the dataset can be presented

as an edge list {evs(1),vt(1), evs(2),vt(2), . . . , evs(i),vt(i), . . . , evs(M),vt(M)}. Then we grow the

network until the time stamp t0 = min
{
ts :
⋃

1≤i≤ts {vs(i), vt(i)} = V, 1 ≤ ts ≤M
}

,

which is the first time when there are no isolated nodes. The initial network is

chosen to be G0 = (V,E0), where E0 = {evs(i),vt(i) : 1 ≤ i ≤ t0}. Before each

experiment, we specify a clustering method and parameters, np, s, r ∈ Z+ (s is upper
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bounded by M − t0, and our preprocessing should provide an appropriate dataset

that M � t0). We first apply fast consensus on G0 using np as the hyperparameter

for the number of partitions and the chosen method for the clustering algorithm.

The consensus algorithm yields np initial partitions C0,w for 1 ≤ w ≤ np. Then

we simulate on the evolved networks over time. Specifically, for 1 ≤ p ≤ s, let

tp = t0 +
⌊
M−t0
s

⌋
p. The new graph Gp = (V,Ep) at time step p is constructed

such that Ep = {evs(i),vt(i) : 1 ≤ i ≤ tp}. Use the chosen clustering method to find

partitions of Gp for r times independently and denote the corresponding clustering

results as Cp,q for 1 ≤ q ≤ r. For each 1 ≤ p ≤ s, we report the average community

similarity metric score: Savg,p = 1
np·r

∑np
w=1

∑r
q=1 S(C0,w, Cp,q).

3 Results and Discussion

This section describes the computational results from the synthetic experiments on

LFR benchmark graphs and the empirical experiments on subnetworks obtained from

temporal email networks.

Note that while more edges are added to the initial network, it is likely that

the community structure evolves over perturbation. However, our focus is not on

tracking changes in the community structure itself but on understanding the limits of

the robustness of the initial community structure under edge-addition perturbation.
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3.1 Synthetic networks

We test on LFR benchmark graphs with 1000 and 10 000 nodes and report the results

calculated with the NMI metric. The results for the same series of experiments using

the element-centric clustering similarity metric are presented in Section 5.1. We also

include the associated plots of standard deviation for all synthetic experiments in

Section 5.3.

Figures 4.1 and 4.2 show how the four different community detection algorithms—

Infomap, Label Propagation, Leiden, and Louvain—perform when the LFR bench-

marks with 1000 and 10 000 nodes are perturbed under uniformly random edge addi-

tion. Recall that in this setting, the edges added at each step are selected uniformly

at random from all the nonexistent edges in the initial network, while multiedges are

prohibited. This is analogous to random errors in real-world networks.

LFR benchmark graphs with lower µ values (i.e., stronger initial partitions) have

higher NMI values compared with the ones with higher µ after 10× the original

number of edges are added. Note that adding edges is essentially a process of bal-

ancing the fraction of intercommunity edges with that of intracommunity edges.

Hence, this observation aligns with our intuition because when a community parti-

tion is stronger, it requires more edges to be added until the established community

structure becomes less clear, meaning that the community structure is more robust.

The modularity-based algorithms, Louvain and Leiden, have relatively higher

NMI scores vs Infomap and Label Propagation. For example, if we look at the

µ = 0.3 curves in Figure 4.1, then Louvain and Leiden need about 6.3× the original

number of edges to be added until the similarity scores drop 50%, whereas Infomap

and Label Propagation only need about 1.1× and 0.9×, respectively. This indicates
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Figure 4.1: Mean NMI over the percentage of edges added uniformly at random on
LFR benchmark graphs with 1000 nodes. Communities detected by (a) Infomap,
(b) Label Propagation, (c) Leiden, and (d) Louvain. Average degree is 25. Edges
are added up to 10× the original number over 50 independent steps and are selected
without producing multiedges. For each algorithm, we average NMI between the
ground-truth partition and new partitions of the perturbed network over 50 inde-
pendent runs at each step. The maximum amount of edges we add is about 25% of
all nonexistent edges.
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Figure 4.2: Mean NMI over the percentage of edges added uniformly at random on
LFR benchmark graphs with 10 000 nodes. Communities detected by (a) Infomap,
(b) Label Propagation, (c) Leiden, and (d) Louvain. Same parameter values are used
as with the 1000-node case. The maximum amount of edges we add is about 2.5%
of all nonexistent edges.
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that Louvain and Leiden are better at detecting community structures that are

similar to those initial ones in the LFR benchmark graphs after a large number of

edges is added. The exact reasons are unclear, but a plausible explanation is that

the algorithms have different behaviors due to their assumptions and methodologies

when performed on graphs with different intrinsic network properties. Specifically,

we observe that our method of appending edges shifts the degree distribution from

the initial power-law distribution to a distribution closer to the binomial.

In our experiments, Infomap and Label Propagation end up only finding one

giant community for the entire network after about 1× or 2× the original number

of edges are added. According to the original Infomap paper Rosvall and Bergstrom

(2008), this flow-based method excels at identifying movement patterns, whereas the

modularity-based method is better at detecting structure in networks with pairwise

relations but not many flows. The rapid drop in NMI for Infomap could result from

our perturbation methods focusing on adding connections between nodes because

this focus more directly alters the topological structure of the graph rather than

representing any flow of patterns. For Label Propagation Raghavan et al. (2007),

the authors explicitly state that their method only detects a single community for

the giant connected component in those homogeneous networks without community

structures, such as the Erdős-Rényi model. A reason for the rapid drop in NMI for

Label Propagation could be that as we fix the number of nodes and keep adding edges

selected uniformly at random among the nonexistent edges (with restriction to the

cross-community ones for the targeted case), the perturbed graph gradually becomes

more and more homogeneous, which gets closer to the structure of an Erdős-Rényi

random graph while growing in its density.

Figures 4.3 and 4.4 demonstrate the results on LFR benchmark graphs under

targeted edge addition for 1000 nodes and 10 000 nodes, respectively, which means
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that we restrict the new edges to be across distinct communities in the initial net-

works. Because the appended edges are forced to connect different communities, the

targeted addition should be able to destroy the original community structure quicker

than random addition, which is similar to the purpose of attacks on real networks.

As expected, the targeted edge addition has relatively lower NMI values for all four

algorithms vs the previous results with random edge addition. For example, if we

again look at the µ = 0.3 curves with 1000 nodes in Figure 4.3 but for targeted ad-

dition, Louvain and Leiden need to add about 2.7× (vs 6.3× for random addition),

whereas Infomap and Label Propagation need to add about 0.9× and 0.7× (vs 1.1×

and 0.9× for random addition) the original number of edges, respectively, to drop

the similarity scores below 0.5. In targeted addition, we also observe that networks

with stronger initial community structures tend to be more robust, and this is the

same trend we see in random addition. Moreover, we again observe that Louvain

and Leiden are better at detecting clusters similar to the originals.

Notably, in experiments with larger networks, specifically in Figure 4.2, the curves

for µ = 0.01 and µ = 0.1 with Louvain and Leiden cross each other when about 4×

of the original number of edges is added. Also, in Figure 4.4, the curves with Louvain

and Leiden for µ = 0.01 and µ = 0.1 are almost superimposed on each other. Recall

that, as we previously discuss in Section 2.3, there are limitations with the NMI

metric. For this reason, we also compute results with the element-centric clustering

similarity, for which there is a clear separation between curves. We show these results

in Figs. 4.12 and 4.14 in Section 5.1.
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Figure 4.3: Mean NMI over the percentage of edges added that are selected uni-
formly at random across different communities on LFR benchmark graphs with 1000
nodes. Communities detected by (a) Infomap, (b) Label Propagation, (c) Leiden,
and (d) Louvain. Same parameter values are used as in previous experiments. The
maximum numbers of edges we add are between 26% and 28% of all nonexistent
cross-community edges for all µ.
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Figure 4.4: Mean NMI over the percentage of edges added that are selected uniformly
at random across different communities on LFR benchmark graphs with 10 000 nodes.
Communities detected by (a) Infomap, (b) Label Propagation, (c) Leiden, and (d)
Louvain. Same parameter values are used as in previous experiments. The maximum
numbers of edges we add are in the range from 2.4% and 2.7% of all nonexistent
cross-community edges for all µ.
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3.2 Empirical networks

For the empirical experiments, we use three empirical email networks with time

stamps provided for all edges and test on their subnetworks. The specific proce-

dure for these experiments is described in Section 2.4.2. The first network is the

ia-radoslaw-email network Rossi and Ahmed (2015). The entire dataset is email

network activity over the course of 6 months among 167 employee email addresses

at a mid-sized manufacturing company. The second network is the Enron network

as part of the Koblenz Network Collection Kunegis (2013). The original network

consists of more than 80 000 users and 1 million emails between Enron employees

from 1999 to 2003. The last network is the email-Eu-core-temporal network Leskovec

(2017) generated from email data among 986 members of a large European research

institution between 2003 and 2005.

To select appropriate subnetworks, we look at all subnetworks induced by subsets

of nodes {1, 2, . . . , n} for every 1 ≤ n ≤ N in the entire graph G = (V,E), where

|V | = N , and the nodes’ ids are assigned according to their first appearance in

time. We then extract the subnetwork that has a significant increase in density in

time, so the demonstration can be comparable to the synthetic results for how many

multiples of edges are added by the end. The number of nodes represented in the

following network examples refers to the subnetworks on the email users who show up

first in time. Specifically, the ia-radoslaw-email subnetwork has the first 74 nodes in

time with their corresponding 1457 edges, the Enron subnetwork is obtained by first

trimming down to a 1999–2002 time frame and then selecting the first 120 nodes in

time with their associated 1603 edges, and the email-Eu-core-temporal subnetwork

is the first 282 nodes with 4544 edges.

Figures 4.5–4.7 show the mean NMI over the percentage of added edges in
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the subnetworks of the ia-radoslaw-email, Enron, and email-Eu-core-temporal net-

works, respectively. The corresponding results for standard deviation are included

in Figs. 4.25–4.27 in Section 5.4.
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Figure 4.5: Mean NMI over the percentage of edges added for the ia-radoslaw-email
subnetwork with 74 nodes. We use fast consensus to obtain 20 initial community
partitions. Edges are added over 50 steps following time stamps from the dataset.
The average NMI is computed over all pairs of the initial consensus partitions and
the partitions from 10 independent realizations at each time step.

Notably, empirical networks are more complex to analyze because they lack

ground-truth community structure, the degree distribution might not belong to a

certain family of distributions, and the set of edges added in time may be governed

by different unknown factors that we cannot control.

In considering the effect of edge-addition rules in the empirical compared with
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Figure 4.6: Mean NMI over the percentage of edges added for the Enron subnetwork
with 120 nodes.

the synthetic cases, we look at the ratio of intercommunity edges among all added

edges over time for each empirical network. For ia-radoslaw-email, Enron, and email-

Eu-core-temporal subnetworks, the intercommunity ratios are 94%, 90%, and 59%,

respectively. Note that the LFR benchmark graphs are sparse and so there is a

lower fraction of intracommunity edges available to be added. Specifically, for the

LFR benchmark on 1000 nodes, the number of intracommunity nonexistent edges is

only about twice the original number of edges but the number of intercommunity

nonexistent edges can go to about 37×. This means that for our random addition

on LFR benchmark with 1000 nodes, the fraction of intercommunity edges added is

around 95%, and due to the limited number of intracommunity edges, it is impossible
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Figure 4.7: Mean NMI over the percentage of edges added for the email-Eu-core-
temporal subnetwork with 282 nodes.

to have intracommunity edges taken more than 20% of the 10× additional edges. The

ia-radoslaw-email subnetwork has the ratio of added intercommunity edges most

comparable with our previous synthetic experiments on 1000 nodes. To draw a

direct comparison between the empirical and the synthetic cases, we experiment

on synthetic networks where the ratio of added intercommunity edges is controlled

to match the one in ia-radoslaw-email subnetwork, namely 94%. The results show

similar behaviors as the previous synthetic ones and we include them in Section 5.2.

In addition, we acknowledge that the chosen subnetworks described here are not

as large as the synthetic benchmark graphs: The benchmark graphs have thousands

of nodes, whereas the empirical network examples only have hundreds.
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Figure 4.8: Mean element-centric clustering similarity over the percentage of edges
added for the ia-radoslaw-email subnetwork.

Among these results in NMI, the experiments on the ia-radoslaw-email and Enron

subnetworks reveal similar behaviors as the synthetic networks (i.e., Leiden and

Louvain appear to detect more sustainable community structure than Infomap or

Label Propagation as more edges are added). However, in the experiments on the

email-Eu-core-temporal subnetwork, Infomap has performance similar to Leiden and

Louvain, whereas Label Propagation has the lowest NMI score almost throughout

all time steps. Although there may be intertwining reasons for these results, one

shared phenomenon we observe for all subnetworks is that with Infomap or Label

Propagation, the mean NMI drops to almost 0, whenever the detection algorithm

begins to detect only one community in the perturbed networks.
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While community detection algorithms have different performance, we also ob-

serve effects from using different community similarity metrics. Specifically, we re-

peat the same sets of experiments but replace the NMI metric with the element-

centric clustering similarity. Figures 4.8–4.10 illustrate these results. The corre-

sponding standard deviations are provided in Figs. 4.28–4.30 in Section 5.4. Using

this different metric, we find that Infomap, Leiden, and Louvain do not show con-

sistent advantages over each other, but Label Propagation, although not necessarily

dropping to 0 by the end of time, always has the lowest metric value.
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Figure 4.9: Mean element-centric clustering similarity over the percentage of edges
added for the Enron subnetwork.

One noticeable difference in these element-centric clustering similarity results

from the NMI results is the curve for Infomap in the Enron subnetwork. In the NMI
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Figure 4.10: Mean element-centric clustering similarity over the percentage of edges
added for the email-Eu-core-temporal subnetwork.

plot (Figure 4.6), the value eventually drops to 0, which shows that the community

structure detected by Infomap is not as robust as that by Leiden or Louvain in terms

of NMI. However, in the element-centric clustering similarity metric, the clustering

similarity value is the highest for Infomap throughout time among the four algo-

rithms, and this suggests that the community structure found by Infomap is the

most robust in our experiments according to this alternative metric. To determine

what is happening, we look at the mean number of communities detected by the four

algorithms at each step and find that it drops from higher numbers to 1 for both

Infomap and Label Propagation but maintains around 5 or 6 for Leiden and Louvain

by the end of time. Note that the NMI always outputs 0 whenever one of the two



161

partitions being compared has only one community due to the formulation of this

metric, so we suspect that this property might have hindered NMI from capturing

some similarities between the communities in the initial and the highly perturbed

networks, especially after the number of detected communities drops to 1.

Nonetheless, when networks are perturbed under edge addition, and the density

is increased by a significant amount, different community detection algorithms start

to show clear discrepancies in whether they can find a community structure similar to

the initial one. Hence, the chosen community detection algorithm plays an important

role in detecting robust community structures over time.

4 Conclusion

We design synthetic and empirical experiments to test the robustness of community

structure under the perturbation of edge addition by using different community

detection algorithms. Overall, we found that community robustness strongly depends

on the community detection algorithm selected. In the synthetic experiments, we use

LFR benchmark graphs and control the mixing parameter, µ. To mimic how edges

may be added in different scenarios in real networks and to illustrate the difference in

the outputs, we add random edges in two different ways. Both ways select additional

edges from nonexistent edges. One is a completely uniformly random selection, which

is analogous to random errors, and the other is a targeted selection from edges across

different communities, which is analogous to attacks in real-world networks.

We demonstrate results for six different mixing parameter values and the two

different edge-addition methods described above. The clustering similarity scores
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computed in NMI indicate that networks with lower mixing parameters (i.e. stronger

partitions) have more robust community structures under the perturbation of edge

addition. Our targeted edge-addition method can more efficiently alter the initial

communities compared with the random addition. As expected, the NMI values drop

faster in the targeted case among all chosen community detection algorithms.

In these synthetic experiments, modularity-based algorithms, Leiden and Lou-

vain, show better performance in detecting more similar communities to the initial

ones vs Infomap and Label Propagation, which cannot detect any community struc-

ture when graphs become too dense. In other words, Leiden and Louvain excel at

finding more robust communities in networks that can withstand more severe net-

work perturbations. We also observe effects caused by community similarity metrics,

NMI and element-centric clustering similarity specifically, but the takeaways in the

two metrics are not significantly different in the qualitative sense. The overall im-

pacts of the initial partition strength, the edge-addition method, and the selected

community detection algorithm are similar with either metric.

We acknowledge that empirical temporal networks introduce more complexity,

and we see different community similarity metrics demonstrate significantly different

results when determining whether the detected communities are similar to the initial

ones (i.e., whether the community detection algorithm can find a robust community

structure). In the empirical experiments, we again find that community detection

algorithms play an important role in the robustness of communities. Specifically, for

all three empirical subnetworks tested, we observe that Label Propagation performs

the worst among the four algorithms in detecting robust communities over time using

either NMI or element-centric clustering similarity.

When considering future research directions, we note that the different metrics
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and community detection algorithms show different outcomes on the empirical tem-

poral networks. To understand more about their effects on the community robust-

ness performance, we need many more network examples in which edge densities ex-

pand over time. Adequate network candidates with properties in different families—

including scales, densities, degree distributions, and edge-addition rules—are needed

for comparison tests in order to distinguish the effects from each individual aspect.

Another direction for future research is to explore different types of generative mod-

els for benchmarking and include community detection algorithms based on other

methods for comparison.

5 Additional Results

5.1 Synthetic Results Using Element-Centric Clustering

Similarity Metric

Figures 4.11 and 4.12 show the results of using the element-centric clustering sim-

ilarity metric for the LFR benchmark graphs with 1000 nodes and 10 000 nodes,

respectively, with added edges selected uniformly at random from all nonexistent

edges while multiedges are prohibited. Notably, the parameter values are chosen the

same as in experiments that use NMI, and the experimental procedure follows Sec-

tion 2.4.1. Figures 4.13 and 4.14 show the LFR benchmark graphs with 1000 nodes

and 10 000 nodes, respectively, with additional edges selected uniformly at random

but restricted to ones that cross different communities.

Results in element-centric clustering similarity agree with the observations from

results in NMI. Networks with stronger initial partitions, specifically those with lower
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µ values, are relatively more robust in the community structure. Targeted edge ad-

dition can more quickly destroy the original community structure. Also, community

robustness is highly dependent on the chosen community detection algorithms. In

particular, Leiden and Louvain can detect communities similar to the initial ground

truth as the graphs increase the number of edges significantly.
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Figure 4.11: Mean element-centric clustering similarity over the percentage of edges
added uniformly at random on LFR benchmark graphs with 1000 nodes. Commu-
nities detected by (a) Infomap, (b) Label Propagation, (c) Leiden, and (d) Louvain.
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Figure 4.12: Mean element-centric clustering similarity over the percentage of edges
added uniformly at random on LFR benchmark graphs with 10 000 nodes. Commu-
nities detected by (a) Infomap, (b) Label Propagation, (c) Leiden, and (d) Louvain.
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Figure 4.13: Mean element-centric clustering similarity over the percentage of edges
added that are selected uniformly at random across different communities on LFR
benchmark graphs with 1000 nodes. Communities detected by (a) Infomap, (b) Label
Propagation, (c) Leiden, and (d) Louvain.
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Figure 4.14: Mean element-centric clustering similarity over the percentage of edges
added that are selected uniformly at random across different communities on LFR
benchmark graphs with 10 000 nodes. Communities detected by (a) Infomap, (b) La-
bel Propagation, (c) Leiden, and (d) Louvain.



168

5.2 Synthetic Results Matching Ratio of Intercommunity

Edges in Empirical Experiments
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Figure 4.15: Mean NMI over the percentage of edges added on LFR benchmark
graphs with 1000 nodes. The ratio of intercommunity edges added is 94%, which
matches the one in the ia-radoslaw-email subnetwork. Communities detected by
(a) Infomap, (b) Label Propagation, (c) Leiden, and (d) Louvain.

Figures 4.15 and 4.16 show mean community similarity metrics, NMI and

element-centric clustering similarity respectively, over percentage of edges added
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Figure 4.16: Mean element-centric clustering similarity over the percentage of edges
added on LFR benchmark graphs with 1000 nodes. The ratio of intercommunity
edges added is 94%. Communities detected by (a) Infomap, (b) Label Propagation,
(c) Leiden, and (d) Louvain.
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on LFR benchmark graphs with 1000 nodes. Here, at each step, we force 94% of

the added edges to be randomly selected from the pool of intercommunity nonexis-

tent edges. This ratio matches the proportion we found for the intercommunity edges

added of the total additional edges in the ia-radoslaw-email subnetwork. Specifically,

since we have four community detection methods and each of them has np = 20 ini-

tial communities found by the fast consensus algorithm, we have 80 corresponding

ratios and then we take the mean as the estimate.

These results show similar behaviors as those observed in the synthetic exper-

iments: A lower mixing parameter, µ, tends to have a more robust community

structure, and among the four community detection algorithms, Leiden and Louvain

can detect communities more similar to the initial ground truth.

5.3 Standard Deviation for Synthetic Results

Figures 4.17 – 4.24 show the standard deviation of NMI and element-centric cluster-

ing similarity metric for the synthetic results. Note that the overall changes in the

standard deviation are generally restricted to a region with negligible scale compared

with the mean. However, the only exception is for Infomap (a) and Label Propaga-

tion (b) where we observe a spike for almost every curve within the region when less

than 2× the original number of edges are added. Further investigation of the mean

and the distributions reveals that these locations with large standard deviations cor-

respond to the steps where the rapid drops in the means happen. Specifically, values

of the community similarity metric at these steps are split into two families with

comparable size – one with 0s and the other with values very close to 1. Recall

that at each step, there are 50 independent realizations, meaning 50 different per-

turbed graphs, so we suspect this is the uncertainty from the edge-addition stochastic
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process.
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Figure 4.17: Standard deviation of NMI over the percentage of edges added uni-
formly at random on LFR benchmark graphs with 1000 nodes. Communities de-
tected by (a) Infomap, (b) Label Propagation, (c) Leiden, and (d) Louvain.
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Figure 4.18: Standard deviation of NMI over the percentage of edges added uni-
formly at random on LFR benchmark graphs with 10 000 nodes. Communities de-
tected by (a) Infomap, (b) Label Propagation, (c) Leiden, and (d) Louvain.
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Figure 4.19: Standard deviation of NMI over the percentage of edges added that
are selected uniformly at random across different communities on LFR benchmark
graphs with 1000 nodes. Communities detected by (a) Infomap, (b) Label Propaga-
tion, (c) Leiden, and (d) Louvain.
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Figure 4.20: Standard deviation of NMI over the percentage of edges added that
are selected uniformly at random across different communities on LFR benchmark
graphs with 10 000 nodes. Communities detected by (a) Infomap, (b) Label Propa-
gation, (c) Leiden, and (d) Louvain.
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Figure 4.21: Standard deviation of element-centric clustering similarity over the
percentage of edges added uniformly at random on LFR benchmark graphs with 1000
nodes. Communities detected by (a) Infomap, (b) Label Propagation, (c) Leiden,
and (d) Louvain.
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Figure 4.22: Standard deviation of element-centric clustering similarity over the per-
centage of edges added uniformly at random on LFR benchmark graphs with 10 000
nodes. Communities detected by (a) Infomap, (b) Label Propagation, (c) Leiden,
and (d) Louvain.
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Figure 4.23: Standard deviation of element-centric clustering similarity over the
percentage of edges added that are selected uniformly at random across different
communities on LFR benchmark graphs with 1000 nodes. Communities detected by
(a) Infomap, (b) Label Propagation, (c) Leiden, and (d) Louvain.
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Figure 4.24: Standard deviation of element-centric clustering similarity over the
percentage of edges added that are selected uniformly at random across different
communities on LFR benchmark graphs with 10 000 nodes. Communities detected
by (a) Infomap, (b) Label Propagation, (c) Leiden, and (d) Louvain.
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5.4 Standard Deviation for Empirical Results

Figures 4.25 – 4.30 show the standard deviation of NMI and element-centric clus-

tering similarity metric for the empirical results. Note that the changes in standard

deviation over steps are always restricted to a small region and the values are kept

in scales that are negligible compared to the mean.
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Figure 4.25: Standard deviation of NMI over the percentage of edges added for the
ia-radoslaw-email subnetwork.



180

0 200 400 600 800
Percent of edges added

0.000

0.005

0.010

0.015

0.020

0.025

0.030

0.035

0.040

NM
I S

ta
nd

ar
d 

De
vi

at
io

n

Infomap Label Propagation Leiden Louvain

Figure 4.26: Standard deviation of NMI over the percentage of edges added for the
Enron subnetwork.
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Figure 4.27: Standard deviation of NMI over the percentage of edges added for the
email-Eu-core-temporal subnetwork.
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Figure 4.28: Standard deviation of element-centric clustering similarity over the
percentage of edges added for the ia-radoslaw-email subnetwork.
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Figure 4.29: Standard deviation of element-centric clustering similarity over the
percentage of edges added for the Enron subnetwork.
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Figure 4.30: Standard deviation of element-centric clustering similarity over the
percentage of edges added for the email-Eu-core-temporal subnetwork.



Chapter Five

Conclusion
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1 Summary of Contributions

In this thesis, we have explored patterns in network dynamics from two distinct

perspectives. The first project analyzes the bifurcation of patterns as stationary

solutions in ring dynamical systems, while the second project focuses on patterns

identified as communities in data and examines their robustness through various

computational experiments.

Although analyzing patterns from the perspectives of purely mathematical mod-

els and purely data-driven approaches differ significantly, they both provide valuable

insights into the important characteristics of network dynamical systems. When ad-

dressing real-world problems, we often require both model-driven and data-driven

analyses, which complement each other effectively. Despite the differences in problem

setups, objectives, and methodologies, the findings from both projects emphasize the

significant impact of network structure on systems dynamics, whether it pertains to

the analytical solutions of stationary patterns or the community patterns identified

from data. Below, we briefly outline the contributions of these projects.

1.1 Bifurcation of Localized Patterns on Rings

While many social and physical systems naturally manifest as dynamical systems on

networks, the impact of graph structures on pattern formation in such systems is less

understood. We undertake an initial investigation of this problem by focusing on

the study of patterned solutions in bistable reaction-diffusion systems on symmetri-

cally coupled ring graphs with varying interaction lengths. Specifically, we analyze

the bifurcation of localized solutions to the system and find that the graph struc-
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ture, which is represented in terms of the coupling degree in our work, significantly

influences how the solution branches are connected in the bifurcation diagram.

In Chapter 2, we analyzed the bifurcation of localized patterns in ring dynamical

systems with sparse coupling, corresponding to cases of nearest-neighbor and next-

nearest-neighbor couplings, as well as all-to-all coupling. We find that with sparse

coupling, the localized solution patterns are connected through a snaking curve,

where the number of folds increases with the number of nodes in the graph. In

contrast, with all-to-all coupling, the solutions form a closed curve in the bifurcation

diagram, consistently exhibiting six folds. For all-to-all coupling, we also find that

solution branches bifurcate from the homogeneous solutions near the system’s con-

figuration space’s two opposite extremities. Moreover, we have explored two specific

graph structures with almost-all-to-all coupling, which applies when the system has

an even number of nodes and the coupling nearly forms a complete graph, except

that no node is connected to the one at the farthest distance. We find that the bi-

furcation diagram forms a snaking curve in such cases with almost-all-to-all coupling

as well. However, due to the underlying symmetry, the patterns do not connect in

the regular way as they do with sparse coupling.

In Chapter 3, we addressed the unresolved questions from Chapter 2 by exam-

ining the solution branches at the extremities of the system’s configuration space

in more general cases, beyond just all-to-all coupling. Using equivariant bifurcation

theory, we find that the patterned solution branch bifurcates from the homogeneous

solutions, and the criticality of the bifurcation is determined by the degree of cou-

pling for any given number of nodes. Furthermore, we have delved into the limiting

scenario when the number of nodes in the system approaches infinity and outlined

the approaches for analytically computing the predicted ratio of the coupling degree

to the number of nodes at which we expect a transition in the bifurcation criticality.
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1.2 Community Robustness under Edge Addition

In Chapter 4, we designed computational methods to study the robustness of commu-

nity structures, as identified by community detection methods, under edge-addition

perturbations to networks. Our studies include experiments on both synthetic and

empirical network data. With synthetic networks, we have complete control over

the strength of the initial community structures and the edge-addition strategies,

allowing us to isolate and examine the impacts of these different factors. We also

explored the effects of different community detection algorithms and community

similarity metrics, presenting comparative results from both synthetic and empirical

experiments. Furthermore, we demonstrated how synthetic data could facilitate the

analysis of empirical results by comparing empirical experiments to their synthetic

counterparts through an edge-addition parameter. Overall, our findings suggest that

community robustness is strongly influenced by the choice of community detection

method, underscoring the importance of selecting an appropriate algorithm for stud-

ies on community structures and their robustness in networks.

2 Future Directions

The analytical and computational methodologies presented in this thesis illustrate

different approaches to studying patterns. In this section, we outline several future

directions inspired by these projects.
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2.1 Bifurcation of Localized Patterns on Rings

In Chapters 2 and 3, we presented analyses aimed at understanding how interaction

length influences the bifurcation of localized solution patterns in reaction-diffusion

systems on symmetrically coupled ring graphs. Several open questions remain un-

explored. One such question pertains to extending our analysis to more general

coupling regimes. Specifically, although we have numerically observed snaking bi-

furcations beyond the sparse coupling case, we have yet to provide proofs for these

scenarios. Furthermore, our understanding of the almost-all-to-all coupling case is

incomplete, particularly regarding how to study it in a more general way beyond

specific graph realizations. An essential step toward this goal involves understand-

ing the impact from the Laplace operator. In Chapter 3, we briefly discussed one

potential approach, which is to analyze the Laplacian by leveraging the irreducible

representation of the dihedral group.

Moreover, in Chapter 3, we have shown numerically that the branch of patterned

solutions, which bifurcates from the homogeneous branch at the extremities of the

system’s configuration space, connects with the snaking curve of solutions. However,

this fact has not yet been proven. Also, in the numerical continuation of the local-

ized solution branch in Chapter 3, we observed that when we continue through the

bifurcation point on the homogeneous branch, the numerical computation switches

to other branches, but only to certain ones. It is not yet clear why and in what way

the switching of solution branches occurs during computation.

Another level of extension of our analysis is to look at other types of graph

structures and investigate how patterns may connect differently in the correspond-

ing configuration space. For instance, a potential modification to the ring system

could involve making the couplings asymmetric. Another natural extension is to ex-
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amine the influence of connecting multiple simple graphs and explore the existence

of solution patterns when the graph structure becomes more complex.

2.2 Community Robustness under Edge Addition

In Chapter 4, we presented computational results from three relatively small em-

pirical temporal networks and provided preliminary analysis and explanations for

the observed experimental behaviors. With a more extensive collection of empirical

data, we could further investigate the effects of various factors, including scale, den-

sity, degree distributions, and edge-addition rules, on community robustness. The

synthetic methods could be adapted to control these properties more closely, making

them more comparable to empirical data and aiding in analysis.

While empirical studies can always benefit from incorporating a broader range of

algorithms and metrics, a more profound direction would involve a generic analysis

of how and why the underlying mathematical properties, whether in the objectives

or the metrics, contribute to the observed variations in community robustness. Such

an approach could provide deeper insights into interpreting these behaviors.

2.3 Patterns in Network Dynamics

In Chapters 2 and 3, we explored analytical approaches for studying the bifurcation

of patterned solutions in reaction-diffusion systems on rings. In Chapter 4, we con-

ducted a computational study on the robustness of community patterns, identified

in network data, under edge additions. These two distinct projects serve as exam-

ples to demonstrate that the study of patterns in network dynamics encompasses
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a wide range of problems, objectives, and strategies. However, it is important to

note that these varying model-driven and data-driven perspectives are not isolated

from each other. In fact, they often contribute to the development of one another,

collectively offering a more comprehensive understanding of patterns in systems with

graph structures.

To further illustrate this point, we discuss an open problem that could benefit

from integrating techniques from both projects, thereby setting a direction for future

research. The discovery of communities in temporal networks presents a significant

challenge, as highlighted by Cazabet and Rossetti (2019). The main difficulty lies

in interpreting the identified communities and understanding the variety of changes

in community structure that result from alterations in the networks. These changes

often involve latent dynamics, making it challenging to evaluate how accurately the

detected communities represent the true underlying structure. A combined model-

driven and data-driven approach could provide a way to tackle this issue by relating

the community pattern to the steady-state solution of the underlying dynamical

systems.

For example, if we know the model governing the dynamics of network structure

and node interaction, then analytical and numerical techniques can assist in making

more accurate predictions about network evolution and in tracking the temporal

community patterns by finding the corresponding stationary solutions to the system.

This is known as a forward problem. Conversely, by using data from empirical

observations, we can learn the form of the dynamics and infer their parameters,

thereby validating and enhancing the model to better represent the real-world system

of interest. This is considered an inverse problem. Bridging these forward and inverse

problems can lead to a more precise and deeper understanding of the patterns in

network dynamics within real-world complex systems.
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