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CHAPTER ONE

Introduction



1 Patterns in Network Dynamics

Real-world systems, such as those in social, physical, and biological domains, often
manifest as networks characterized by dynamic processes. These involve interac-
tions among entities and the evolution of the networks over time. For instance,
in a social context, diseases, opinions, or beliefs propagate through human contact
networks Keeling and Eames (2005), Noorazar et al. (2020); in magnetism, the in-
terplay among spins follows an underlying graph structure, and such models, along
with the corresponding physical laws, elucidate the dynamics of spin configurations
over time Glauber (1963); in cellular biology, gene expression levels are governed by
molecular interactions within regulatory networks, leading to models that capture
system behaviors and aid experiments Bressloff (2021). In the study of these complex
systems, mathematical analysis of network dynamics has played an important role
in uncovering the fundamental mechanisms and correlations due to the structures
and functions, enhancing our ability to more accurately model, predict, and control

systems in these applications.

One important aspect in the field of network dynamics is the study of patterns,
which appear in natural, physical, and social network systems in diverse ways. In
different problem settings, these patterns can refer to distinct mathematical objects,
depending on the objectives of interest. This thesis explores the impact of graph
structures on emergent patterns in network dynamics from two distinct perspec-
tives: the dynamical systems analysis of stationary patterned states and the com-
putational analysis of the robustness of communities discovered from data. These
two viewpoints on the pattern analysis problem highlight the differences between
model-driven and data-driven approaches, respectively. Here, we provide a brief in-

troduction to each of these two projects and discuss them in full detail in Chapters 2



through 4.

2 Bifurcation of Patterns on Networks

Localized patterns have been observed in various applications, including ferrofluid
experiments Richer and Barashenkov (2005), vegetation models Meron (2018), and
urban crime spots SHORT et al. (2008). Figure 1.1 showcases some of these instances.
These patterns are characterized by two distinct coexisting states and are present in

systems governed by reaction-diffusion equations with bistable nonlinearity.

Ferrosoliton in ferrofluids. Source: Richter, Ring patterned grass. Source: Sheffer
Reinhard (2011) et al. (2007)

Figure 1.1: Example of patterns in experiments and in nature.

Observations of snaking bifurcations of patterns, from both experiments and
models Groves et al. (2017), Chong et al. (2009), have inspired decades of research
into snaking. Previous research in the field spans from spatially extended systems
modeled by partial differential equations (PDEs) to those on regular, spatially dis-
crete spaces Lloyd et al. (2008), Bramburger (2020), Bramburger and Sandstede

(2020a). However, the behavior of localized patterns within less regular graph struc-



tures remains less explored. Motivated by the findings of McCullen and Wagenknecht
(2016), where snaking was observed in computational models on random networks,
we aim to analytically investigate how graph structures influence the bifurcation of

localized patterns.

2.1 Snaking Bifurcation of Localized Patterns on Rings

In this initial investigation into how graph structures influence the existence curves of
localized patterns with varying system parameters using dynamical systems analysis,
we concentrate on a simple graph with a controllable interaction length. We study
a reaction-diffusion system with bistable nonlinearity, imposed on symmetrically
coupled rings. Here, the number of nearest neighbors connected to each node is
controlled by a specific parameter. By altering this interaction length parameter, we
explore various coupling regimes and analyze the connections of patterned states in

these different scenarios.

We present analytical findings for sparse coupling scenarios, specifically nearest-
neighbor and next-nearest-neighbor couplings, as well as for all-to-all coupling. We
prove that in the case of sparse coupling, the bifurcation diagram of stationary so-
lutions forms a snaking curve where the number of folds increases with the number
of elements on the graph, while for all-to-all coupling, the bifurcation is always a
closed curve with six nodes, which begins and ends at two symmetry-breaking bifur-
cations from the homogeneous solution branch, near the two opposite extremities of

the system’s bifurcation parameter domain.



2.2 Bifurcation from Homogeneous States on Rings

One remaining question from our work on the snaking bifurcation of localized pat-
terns in symmetrically coupled ring systems concerns the ending points of the snaking
curve: it is unclear whether these ends simply terminate or if they are connected to
other solution branches and bifurcate from them. The study of symmetry-breaking
bifurcation from homogeneous solutions has long been a classical theme in the field of
dynamical systems, with commonly used standardized techniques. Interested readers
may find references in Golubitsky et al. (1988), Pismen (2023), Hoyle (2006). This
motivates our investigation into the homogeneous solution branch and the bifurca-
tions from it. By doing so, we can then verify whether these branches of solutions,
which bifurcate from the homogeneous solutions, match with the snaking curve, thus

providing a way to address our question.

In particular, for our approaches, we utilize the fact that our ring system exhibits
dihedral symmetry and employ equivariant bifurcation theory to analyze bifurcations
from the homogeneous branch. We show that branches of patterned states emerge
from these homogeneous branches and that they connect with the snaking branch
of patterned states numerically. Interestingly, we also find that the criticality of
these branches transitions from supercritical to subcritical at a specific value of the
degree of coupling for any given number of elements in the ring, N. Additionally, we
consider the limiting case as N goes to infinity and provide analytical computations
that predict the changing point in bifurcation criticality in relation to the ratio of

coupling degree over N for this case.



3 Community Robustness

In many cases, we possess data from empirical complex network systems — such
as measurements from critical infrastructures, recordings from biological networks,
and survey results from social groups. These datasets exhibit network structures, but
usually the underlying dynamics are unknown. In such scenarios, model-driven anal-
ysis becomes less feasible. Computational methods, on the other hand, can uncover
important characteristics of the system’s structure and functionality more adeptly,
specific to the observed system. One key network property that is identifiable from
data is known as communities, which represent patterns that carry essential func-
tional information, showing the groupings where nodes within the same group tend to
be more densely connected to each other than to nodes in different groups Fortunato

(2010).

Since real networks change dynamically, it is reasonable to anticipate that the
underlying community structures also evolve over time. Consequently, the concept
of community robustness captures the interest of researchers and gains importance
in the field Karrer et al. (2008). Specifically, community robustness pertains to the
resilience of a community structure to network perturbations. So far, research on
community robustness has predominantly concentrated on perturbations such as the
rewiring of edges or the removal of nodes or edges Wang and Liu (2019), Albert et al.
(2000). The impact of network densification on community robustness, however,
remains underexplored, despite being identified as a significant characteristic of many
social network systems Leskovec et al. (2005). Moreover, considering the addition of
edges is crucial for simulating and analyzing errors, especially for the case when false
edges erroneously appear in data, which is a common type of measurement error in

social datasets Wang et al. (2012).



Our work focuses on understanding how the community robustness is affected
by edge-addition perturbation to the networks. We propose different edge-addition
strategies and analyze their effects in both synthetic and empirical temporal net-
works through computational experiments. These experiments utilize community
detection algorithms and community similarity metrics. We find that the robustness

of communities depends strongly on the choice of community detection method.

4 QOutline and Overview

Chapters 2 and 4 are largely adapted, with minor edits and additions, from the
papers cited at the beginning of each chapter Tian et al. (2021), Tian and Moriano
(2023).

In Chapter 2, we analyze the existence curves of localized patterns in symmetri-
cally coupled ring systems across different coupling regimes. Specially, we prove that
for sparse coupling, the localized patterns are connected through a snaking curve,
whereas for all-to-all coupling, the bifurcation forms a closed curve. This work was
conducted in collaboration with Dr. Bjorn Sandstede and Dr. Jason Bramburger.
Chapter 3 then delves into the ending points of snaking bifurcation curves, further
exploring an open question introduced in Chapter 2. We show that the snaking
curves bifurcate from the homogeneous solution branch and analyze the criticality
of such bifurcations. This second part was a collaborative work with Dr. Bjorn

Sandstede.

Chapter 4 introduces a computational methodology to study the robustness of

community structures in networks under different edge-addition perturbations, using



synthetic and empirical data. We highlight our primary finding that the choice of
community detection method significantly influences community robustness. This

research was in collaboration with Dr. Pablo Moriano.



CHAPTER TWwO

Snaking Bifurcations of Localized

Patterns on Ring Lattices
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This chapter is based on work presented in Tian et al. (2021).

1 Introduction

We study the structure of stationary patterns in bistable lattice systems. More
precisely, we take a ring of N > 3 identical nodes and consider the lattice dynamical

system

un:d(AmU)n'f_f(un)#)a ISTLSN, U:(ul,u2...,UN) GRN (21)

on this ring for small coupling strength 0 < d < 1, where f(u, i) is a bistable non-
linearity, and the coupling operator A,, denotes the symmetric m-nearest-neighbour
connections on the ring that we describe in more detail below. We refer to Fig-
ure 2.1 for an illustration of typical nonlinearities and the coupling structures
we consider in this chapter. Throughout this chapter, we will use the notation
U= (uy,uy...,uy) € RN and will always take all indices in the set {1,..., N} mod-
ulo N so that, for instance, uyy1 = u; and u_; = uy. With these conventions, the
coupling operator in the case m = 1 is the usual discrete diffusive (nearest-neighbour)
operator

(AIU)n = Upy1 + Up—1 — 2un7

the case m = 2 results in the next-nearest-neighbour coupling

<A2U)n = Upt2 + Uptp1 + Up—1 + Up—2 — 4un7
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Figure 2.1: The left panel illustrates the zero set {(u,u) : f(u,u) = 0} of a typical
bistable nonlinearity f(u, ) with two stable states at u = 0 and v = u, () and an
unstable state at u = u_(u). The three rightmost panels contain graphs that consist
of N = 6 identical nodes with (from left to right) nearest neighbour, next-nearest
neighbour, and all-to-all coupling, respectively.

and the general case is given by

—@m+ Dy + 30 ey, 1<m < |§]

(AmU)n - N N
—Nu,, + ijl (0 m=|5].

We refer to the case m = L%J as all-to-all coupling as each element on the ring is

connected to all other elements.

Our goal is to understand how the arrangement of stationary patterns in the
(u, p) configuration space depends on the interaction length m of the coupling on

the ring. Steady states of (2.1) correspond to solutions to the system

FU,p,d) =0 (2.2)
where
F RYXRxR — RY, (U, p,d) — F(U, p,d), F(U, it,d)n = d(AnU)p+f (tn, p1).

We focus on the case 0 < d < 1, which allows us to exploit the anti-continuum limit
d = 0 when the system (2.2) is uncoupled. Setting d = 0 and choosing p € (0,1), we

select the solution of (2.2) for which u; lies on the upper stable branch v = wuy ()
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O=uw B=up O=o0

Figure 2.2: Different bifurcation curves depending on the number of symmetric con-
nections over a six element ring. (a) Nearest-neighbour connections lead to a typical
snaking bifurcation diagram, as is proven in Theorem 1, (b) Next-nearest-neighbour
connections on a six element ring introduce a further symmetry for which the ele-
ments indexed by 2,3,5,6 bifurcate together near y = 0, as proven in Theorem 2.
(c) In the case of all-to-all coupling, the system is invariant with respect to any per-
mutation of the nodes on the ring and so the bifurcation curves form a small closed
curve that bifurcates from the homogeneous state (dotted curve) near the origin, as
proven in Theorem 4. Squares marking the end of the curves in panels (a) and (b)
represent the set of exceptional bifurcations which are not proven in this chapter.

and the remaining nodes w; with 7 # 1 lie on the lower stable branch u = 0 of
the zero set of f(u,p); see Figure 2.1 for an illustration of the zero set of f(u, ).
We are then interested in describing the connected component of the solution set
{(U,p,d) : F(U,u,d) = 0} that this solution belongs to and understand how this

connected component changes as the interaction range m varies.

For m = 1 and each fixed value of 0 < d < 1, we will show that solutions are
arranged in a “snaking” pattern (see Figure 2.2(a)): starting with a configuration
where one node is set to uy(u) and all other nodes are set to zero, we show that
the solution branch exhibits fold bifurcations at which the number of nodes that are
close to u, (u) increases until all nodes are equal to u, (p). Snaking has first been
conjectured in Pomeau (1986) for spatially extended systems modelled by partial

differential equations (PDEs) on the real line and was first investigated rigorously in
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the seminal work Woods and Champneys (1999); see also (Coullet et al., 2000) for
related work. Since then, snaking for PDEs in one and two space dimensions has been
analyzed extensively, and we refer, for instance, to (Avitabile et al., 2010, Beck et al.,
2009, Burke and Knobloch, 2006, 2007, Chapman and Kozyreff, 2009, Kozyreff and
Chapman, 2006, Lloyd et al., 2008) and the reviews (Dawes, 2010, Knobloch, 2015).
Many of these investigations were motivated by the observation of snaking patterns
in experiments and models, including in ferrofluids Groves et al. (2017), Lloyd et al.
(2015), Richer and Barashenkov (2005), optical systems Chong et al. (2009), Gomila
et al. (2007), Firth et al. (2007), and vegetation models Meron (2018), to name
but a few. Similarly complex bifurcation structures of localized solutions have also
been observed in spatially discrete systems posed on integer lattices in Chong et al.
(2009), Chong and Pelinovsky (2011), Kusdiantara and Susanto (2019), McCullen
and Wagenknecht (2016), Papangelo et al. (2017), Kusdiantara and Susanto (2017),
Taylor and Dawes (2010), Yulin and Champneys (2010, 2011) and were explained in
part by Bramburger (2020), Bramburger and Sandstede (2020a,b). While the latter
works have explained the bifurcation structure of localized solutions on “regular”
graphs, such as the integer lattices, little is known about how graph structure and
connection topology influence the connections of localized solutions in parameter

space.

Motivated by these previous investigations, we explore here the role of different
finite interaction lengths and the effect of boundaries on snaking patterns in lattice
systems. Focusing on ring lattices allows us to address these questions together.
We will provide analytical results for two distinct coupling regimes, namely sparse
coupling (with nearest-neighbour and next-nearest-neighbour coupling) and all-to-
all coupling. We will prove that the resulting bifurcation curves differ significantly

as illustrated in Figure 2.2: sparse coupling leads to snaking curves with many
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fold bifurcations (the number will increase as the number of nodes, N, increases),
while all-to-all coupling will always result in a curve with six saddle nodes and two
symmetry-breaking bifurcations near g = 0 and g = 1 from the branch of equilibria
at which all nodes are equal to the unstable state u_(u). We also provide illustrative
examples in the case of almost all-to-all coupling where additional symmetries in
the system result in entirely unique bifurcation curves that would be difficult to
predict. We conjecture that sparse coupling will lead to snaking curves that exhibit
| & ] saddle nodes for each m with 1 < m < [£] —2 (thus excluding almost all-to-all

coupling).

2 Main results

Recall that we are interested in the solution structure of the system

Up = d(AnU)p + flup, ), 1<n<N\. (2.3)

First, note that system (2.3) is equivariant with respect to the dihedral symmetry

group Dy, generated by the actions

C(Ul,UQ, Ce ,UN) = (UQ, . ,uN,ul)
(2.4)

KU1, Ug, Ug, .., UN_1, UN) = (U, UN, UN_1, ..., U3, Us)

which define rotations and flips of the ring, respectively. Clearly (¥ =1 and x? = 1,
where we use 1 to denote the identity element that acts trivially on vectors in R .
Our interest in what follows will lie in solutions of (2.3) that are invariant with respect
to the action of k. Notice that the action of x on rings with N even leaves exactly

two elements fixed, while when N is odd only the element at index 1 is fixed. We
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4

s Xk

Figure 2.3: Action of the flip x on odd and even element rings. On the left is a ring
of N =5 elements, for which the flip leaves only the element at index 1 fixed, while

the right presents a ring of N = 6 elements, for which the flip leaves the elements at
index 1 and 4 fixed.

refer the reader to Figure 2.3 for a demonstration of these two cases with N = 5, 6.
Finally, in the case of all-to-all coupling, system (2.3) is equivariant with respect to
the symmetric group Sy of permutations on N elements, which is a strictly larger
class of symmetries than those for all other classes of coupling functions considered

in this chapter.

Here the function f is assumed to be bistable, satisfying the same properties as in
Bramburger and Sandstede (2020b). We summarize these properties in the following

hypothesis; see also Figure 2.1.

Hypothesis 1. The function f: R x R — R is smooth and satisfies the following:

(i) The function f is odd in u so that f(—w,p) = —f(u, n) for all (u,p).

(i1) The set of roots of f(u,u) is as shown in the left panel of Figure 2.1. In
particular, for each € (0, 1), the function f(u, 1) has exactly three nonnegative
zeros, namely uw =0 and u = ug(p) with 0 < u_(pu) < uy(p), and these satisfy
Ju0, 1), fulug (), p) <0 < fulu—(p), p)-

(i1i) At = 0, the zeros u = 0 and u = +u_(u) collide in a generic subcritical
pitchfork bifurcation.

(iv) At =1, the zeros uw = uy(u) collide in a generic saddle-node bifurcation at

u=1.
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Our assumption (iv) that the saddle-node bifurcation at g = 1 occurs at u = 1 is
for convenience only as this can always be achieved through an appropriate change
of variables. We also note that all of our analysis can be applied to bistable functions
for which the bifurcation at = 0 or ;= 1 is instead a transcritical bifurcation, as
was shown to be true in Bramburger and Sandstede (2020b). To precisely state our
results we instead focus on functions satisfying Hypothesis 1 with the prototypical

example being the cubic-quintic nonlinearity

flu,p) = —pu + 2u® — u. (2.5)

This type of nonlinearity appears naturally from the study of optical solitons in
cubic-quintic nonlinear Schrédinger lattices Chong et al. (2009), Chong and Peli-
novsky (2011) and it serves as a simple solid example for analysis that gives rise
to snaking localized patterns. Throughout this chapter, we detail our results on
localized pattern formation in the lattice system (2.3) with functions f satisfying
Hypothesis 1 based on the value of m. In the statement of our proofs we will adopt
the notation Bs(X) to denote an open set of all points within distance § > 0 from

the set X. All proofs will be left to Section 3.

2.1 Sparse coupling

We begin with the case of “sparse” coupling, i.e. m < |[N/2]|. In particular, we
will focus on the cases of m = 1,2 to show that localized solutions grow around the
ring in the form of a snaking bifurcation curve with the region of activation growing
symmetrically around the ring as one ascends the diagram, as is illustrated in panel

(a) of Figure 2.2. Since we are interested in solutions which are invariant with respect
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to the action of x, we can restrict our attention to the index set

I:{1gnggJ+1} (2.6)

for any fixed N > 2. Indeed, an element U € R¥ satisfying kU = U is uniquely iden-
tified by elements with indices belonging to I. The reader is referred to Figure 2.3,
where we see that when N =5 we have [ = {1,2,3} and the elements at indices 4, 5
are identical to those at 3,2, respectively. Similarly, from Figure 2.3, when N = 6
we have I = {1,2,3,4} and the elements at indices 5,6 are identical to those at 3,2,

respectively.

Hypothesis 1 implies that any nonnegative solution of (2.2) with d = 0 must
have u, € {0,us ()} when p € [0,1]. We use k to specify nodes that are activated

at uy(u). Then, for each 0 < u < 1 and k € I we define the elements U® (1) =

(@ (10) Yner and VO (1) = {0 (1) }ner by
ﬂg“) (n) = - (2.7)

and

(2.8)

]|
e
S

I
i

—
E
S

Il

T

0 n>k

for all n € I and p € [0,1]. Notice that when k = | N/2] + 1 we have that U is a
uniform state with all entries given by wu, (u). From the discussion above, we have

that these elements can be extended to s-invariant solutions of (2.2) by having w,

for n ¢ I be defined by the relation kU = U.
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The elements (2.7) and (2.8) are pairwise distinct when p € (0, 1), but Hypothe-

sis 1 gives that lim, o+ u— (1) = 0 and lim,_,;_ u_(p) = u4(1), and so the patterns

(2.7) and (2.8) satisfy

U*D0)=v®(©), k=2..., gJ +1
v (2.9)
o1y =v®a), k=1,..., bJ

at the parameter boundaries u = 0, 1. We can therefore define the connected set

Loparse = | (J {00 (), 1), (VP (), 1)} < RY x [0,1], (2.10)

kel 0<u<l1

which represents the union of the curves traced out for p € [0,1] by the patterns
(2.7) and (2.8) of (2.2) when d = 0. We will also define the exceptional set &£, given
by

€= {V(0)}u (V1)) (2.11)

representing the endpoints of the curve I'yyase. We present the following theorem,
for which Figure 2.2(a) provides an illustration of the results for (N,m) = (6, 1).

The proofs for m = 1 are left to Section 3.1 and m = 2 are left to Section 3.2.

Theorem 1. Assume that [ satisfies Hypothesis 1. If N >4 and m =1 or N > 7
and m = 2, then for each d. > 0 there exists d, > 0 such that for each 0 < d < d,
the set Bs, (Dsparse) \ Bas. (€) contains a unique, nonempty, continuous branch of k-
symmetric solutions of the steady-state system (2.2). Furthermore, this branch is
smooth and C'-close to Dsparse for each d, depends smoothly on d, and its limit as

d — 07 is contained in Tsparse-
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2.2  Almost all-to-all coupling

Notice that in the statement of Theorem 1 we were required to take N > 7 when
m = 2 to obtain the snaking bifurcation curves of localized solutions similar to those
with m = 1. This is because when N is even and m = L%j — 1, new symmetries
are introduced into the model. This has the effect that the resulting bifurcation
diagram is markedly different than the usual snaking diagram for sparse coupling,
while also being distinct from the fully symmetric case of all-to-all coupling covered
in the following subsection. It appears that many of these bifurcations curves must
be understood on a case-by-case basis for varying IV, and so instead of attempting
to exhaustively document all of these cases, we opt to illustrate with two specific

examples. The cases detailed here will take N = 6, 8, representing the smallest ring

sizes where these atypical bifurcation diagrams can be observed.

Let us begin with N = 6. Much of the bifurcation structure in the case when
(N, m) = (6,2) is similar to that of the case when N > 7 and m = 2, with the fol-
lowing exception: the connection from the continued solutions of U™ (u) to V@ (1),
defined in (2.7) and (2.8), respectively, near (d, 1) = (0,0) is not present. This con-
nection is replaced by a connection from the continued solutions of UM (1) to the

branch continued from the solution W3 (1), given by

Wy = Yu_(pn) n=23 (2.12)
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for each p € [0, 1]. Since the solution W23 (1) satisfies

lim W@ () = (7(1)(0) and  lim W(23)(u) — U(3)(1),

p—0t+ pu—1-

we may define the connected set

oo = |J AV, 1), (@0, ), (WE) ), (O, ), (VP 1)} € RS x [0,1]. (2.13)
0<p<1
Using again & defined in (2.11), this leads to the following theorem whose results are

presented visually in Figure 2.2(b). The proof is left to Section 3.3.

Theorem 2. Assume that f satisfies Hypothesis 1 and that (N, m) = (6,2). Then for
each 6, > 0 there exists d, > 0 such that for each 0 < d < d. the set Bs,(I'¢ 2)\ Bas, (€)
contains a nonempty, continuous branch of k-symmetric solutions of the steady-state
system (2.2). Furthermore, this branch is smooth and C'-close to Tgy for each d,

depends smoothly on d, and its limit as d — 07 is contained in T'g 5.

Turning now to the case (N, m) = (8,3), we are required to define two more
patterns which correspond to s-invariant solutions of (2.2) with d = 0. Consider the

elements W2 (1) and W® (1), given by

_(24)

Wy () = (2.14)

|
N
H_
=
S
I
N
W
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@®=u.(v & = u.(u) O =

Figure 2.4: The bifurcation diagram on a ring with (N, m) = (8, 3) for small d > 0.
The number of neighbour connections induces an added symmetry, thus leading to
the above bifurcation diagram which bears little resemblance to that of the case
(N,m) = (8,1), (8,2) featured in Theorem 1. Squares marking the end of the curve
represent the set of exceptional bifurcations, continued from &, which are not proven
in this chapter.
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and

W (1) = Qu_(n) n=3 (2.15)

respectively, for each 1 € [0, 1]. Here the values in the superscript detail which terms
are at u_(u) when the subscript is —, while the element V_VJ(FM) () connects the two
elements with — subscripts. We refer the reader to panels (b) and (c) of Figure 2.6
below for visual depictions of these elements extended by s symmetry to the entire
ring. Notice that we have the following connections:

lim W2 (1) = lim 0D(p)

u—0t u—0t

lim W& (1) = Lim W ()
pn—1- pn—1-

(2.16)
lim W (u) = lim WJ(FM)(M)

n—0t u—0t

lim W% (u) = Lim UW(p).

p—1- pn—1-

These connections allow one to define the connected set

Tsgi= [ J AVD, 0, @D, ), (W, ), WY, ), (W, ), (@D, ), (V) p)} € RE x[0,1].
0<p<1

(2.17)

This leads to the following theorem whose results are represented visually in Fig-

ure 2.4. The proof is again left to Section 3.3.

Theorem 3. Assume that f satisfies Hypothesis 1 and that (N,m) = (8,3). Then for
each 6, > 0 there exists d, > 0 such that for each 0 < d < d. the set Bs,(I's 3)\Bas, (€)
contains a nonempty, continuous branch of k-symmetric solutions of the steady-state
system (2.2). Furthermore, this branch is smooth and C'-close to I's3 for each d,

depends smoothly on d, and its limit as d — 07 is contained in T's 3.



23

2.3 All-to-all coupling

Let us now consider the case of all-to-all coupling, i.e. m = |5 ]. In this case (2.2)

becomes
N

a3 (w5 = ) + (s ) =0, (218)

j=1
so that every element is coupled to every other element, thus representing a complete
graph with N vertices. The symmetry group associated with (2.18) is therefore given
by the group Sy of all permutations of the vectors U = (uy, us, ..., uy) € RY, which
is larger than the dihedral group Dy. For each k = 1,...,|N/2], we will construct
solutions whose first k elements are identical and whose last N — k elements are
identical: such solutions admit the isotropy group Sy x Sy_i, defined by the set of all
permutations of the first & elements of a vector in R together with all permutations
of the last N — k elements of the vector. Note that the fixed point space of S, X Sy_x
in RY is the two-dimensional space of all vectors whose first k& elements are identical

and whose last N — k elements are identical.

Generic symmetry-breaking bifurcations from homogeneous equilibria with isotropy
group Sy to equilibria with isotropy Sy X Sy_ were investigated in Elmhirst (2004),
Dias and Rodrigues (2006) in the context of sympathic speciation (see, for instance,
Stewart et al. (2003), Golubitsky and Stewart (2015) for further background). Gener-
icity requires in particular that the linearization at a homogeneous equilibrium
at the bifurcation point has a zero eigenvalue in precisely one of the two com-
plementary Sy-invariant subspaces given by {U € RY : u; = ... = uy} and
{U € RY : uy + ... +uy = 0} but not in both simultaneously; see (Elmhirst,
2004, §2). Unfortunately, the bifurcations occurring in (2.18) at (d, u) = (0,0) and
(d,p) = (0,1) are not generic as the zero eigenvalue has multiplicity N, and we

therefore need to analyse the resulting bifurcations occurring in (2.18) here.
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Figure 2.5: We illustrate the solution branch for symmetric all-to-all coupling and
the different patterns along the branch. The dotted curve corresponds to the branch
of Sy-symmetric equilibria at which all nodes are equal to the unstable state u_(u).

For each &k = 1,...,|N/2] and each 0 < p < 1, we define the Sy X Sy_j-

invariant vectors AL (1) = {al), (1)}, B®(u) = {07 (1)}, CL (1) = {22, (1)}, and

DW () = {dv(n)} by

_(k
al) (u) =

_(k
A () =

u(ft)

(2.19)

(2.20)

(2.21)
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and

d () = - (2.22)

see Figure 2.5 for an illustration. From Hypothesis 1 we have that for any £k the
vectors (2.19)—(2.22) are Sy X Sy_g-invariant solutions of (2.2) when d = 0. Fur-

thermore, we have the following connections:

lim A% (u) = lim CW(p)

u—0+ u—0+
lim fl(_k)(/ub) = lim flgf)(,u)
p—1- p—1-

lim AP (u) = lim B®
Jim AL () = lim BE(p)

(2.23)
lim B®(n) = lim D®(u)

p—1- p—1-

lim C_'J(rk)(u) = lim D®(y)

u—0t u—0t
lim C*(p) = 1im C™ ()
p—1- p—1-

for each k. We therefore introduce the connected curve

(ks _ ~ (k _
= U AP0, ), (BO (), 1), (CL 1), ), (D), )} < RY x [0,1),
0<p<1
(2.24)
for each k = 1,...,|N/2]. We present the following result, whose proof is left to

Section 3.4.

Theorem 4. Assume that f satisfies Hypothesis 1. For each k =1,...,|N/2| and
6, > 0, there exists d, > 0 such that for each 0 < d < d, the set Bs, (%)) contains
two unique, distinct, nonempty, and continuous branches of S, X Sn_i-symmetric
solutions of the steady-state system (2.18), which emerge from and terminate at the
homogeneous branch of solutions to (2.2) given by u, = u_(pu) forn=1,..., N at

p=="4+0(d?) and p = 1—(84)2+0O(d®), respectively. Furthermore, these branches
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are smooth and C-close to %, for each d, depends smoothly on d, and its limit as

d — 0% is contained in T%;.

We note that the results of Theorem 4 do not include an exceptional set, meaning
that the theorem completely characterizes the entire bifurcation curve of localized
solutions in the presence of all-to-all coupling. We refer to Figure 2.5 for an illus-
tration of the result with a ring of N = 6 elements. Interestingly, we see that this
curve of solutions does not originate at the origin (U, 1) = (0,0) in RY x [0, 1] when
0 < d < 1, but instead bifurcates from the homogeneous branch of solutions at
a positive value of . For more details on this bifurcation from the homogeneous

branch, we refer the reader to Lemma 14 below.

3 Proofs

In this section we will prove the various theorems from the previous section detail-
ing the existence and bifurcation structure of steady-state solutions to (2.3). As

discussed in the introduction, we can define the function

F: RYXRxR — RN, (U, p, d) — F(U, ut,d), F(U, pt,d)p, := d(Ap U)o+ f (s, 1),
(2.25)

to see that the steady-state system

d(ALU)y + f(up, 1) =0 (2.26)

corresponding to (2.3) is given by F(U,u,d) = 0. Note that F is smooth in its

arguments, and upon taking d = 0, solving F(U, i, 0) = 0 with x4 € (0,1) reduces to
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taking u,, € {0, £uy(p)} for each n =1,... N per Hypothesis 1.

From the assumption on the non-degeneracy of the roots of f, it follows that
for p belonging to any compact interval of (0,1) these solutions may be continued
regularly into d > 0 using the implicit function theorem. The challenge is therefore
to understand the cases where i is close to zero or one. In these cases, the Jacobian
of F at d = 0 will have a null space of dimension at least one, and Lyapunov—
Schmidt reduction allows us to reduce the equation F (U, u,d) = 0 to a reduced
equation F¢(U¢, u,d) = 0 defined on the null space. As we will see below, the
reduced equation F¢(U€, u,d) = 0 is, to leading order, quasihomogeneous, and we
now explain what this means and how it helps us in our analysis. Given exponents
ai, as,as > 1, and focusing for ease of notation on the case where i is close to zero,
we introduce the coordinate transformation (U, pu,d) = (v™ U, v i, v*d), where
0 <v<«1and (UC, i, ci) now lies on the unit sphere. This change of coordinates is
invertible away from the origin (U°, i, d) = 0 or, alternatively, for v > 0. The key is

that for an appropriate choice of ay, as, as there is a constant b > 1 so that

PO, v d) = o (FO fud) + O0)) . |0 fd)] = 1.

Hence, all zeros of F¢(U¢, ji, d) must lie near zeros of F¢(U¢, fi, d), and we can there-
fore focus on the desingularized equation F¢(U¢, i, d) = 0 with arguments on the unit
sphere: if the set of zeros of the desingularized equation consists entirely of regular
zeros and generically unfolded bifurcations, then it persists robustly for 0 < v < 1,
and no additional roots can appear for v > 0. In practice, we will use a directional
blowup in our proofs below by setting d = 1 or i+ = 1 and will not consider the
other directional blowups that together parametrize the entire sphere as they do not
contribute additional solutions. We refer to (Kuehn, 2015, §7) for references and

additional details on geometric blowup.
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Throughout the proofs we will make use of the following. Through two indepen-
dent p-dependent coordinate transformations of the u variable near (u, ) = (0,0)
and (uy(0),0), respectively, we can bring the Taylor expansion of f(u,u) at (0,0)
into the form

flu,p) = —pu+ 0’ + O(pPu + p?® + ) (2.27)

and achieve that u,(0) = 1. Using a similar change of coordinates near (u,pu) =

(1,1), we can bring the Taylor expansion of f(u,u) at (1,1) into the form

flup) = f(A+a,1— i) = o —a® = b+ O(ji° + fri® + @), (2.28)

for some constant b. These changes of coordinates will greatly simplify the analysis

in what follows.

3.1 Nearest-neighbour coupling

Throughout this subsection we will consider N > 4 and take m = 1, representing
nearest-neighbour connections in the system (2.1). Here we prove Theorem 1 with
m = 1, while the case of m = 2 is left to the following subsection. Per the discussion
at the beginning of this section, we need only continue the connections in I'gparse \ €

near = 0, 1. We begin with the following lemma which continues the patterns near

w=0.

Lemma 1. Fizm =1 and 2 < k < [§] + 1, then the following is true for (2.26).
There are constants dy, i1 > 0 and a smooth function u; : [0,d1] — [0, 1] such
that for each d € (0,d|, there is a pair of k-symmetric solutions Uj(u,d) and
Vi(u,d) of (2.26) that bifurcate at a fold bifurcation at p = p(d) and exist for

all € [w(d), u1). These solutions are smooth in (u,d), and for each fized p, we
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have Uy(p,d) — UFD(u) and Vi(u,d) — VN (u) as d — 0F. The function p(d)
satisfies py(d) = %d% +O(d).
Proof. We will fix k € {2,..., 5] 4+ 1} and construct symmetric solutions of (2.26)

near the pattern

_ _ 1 n<k
U®(0) = V®(0) =

0 otherwise

for (4, d) near zero. We reduce patterns to the index set I, defined in (2.6), using the
aforementioned x symmetry. To solve F(U, i1, d) = 0, we note that F(U*)(0),0,0) =
0 and that the linearization of F is given by
_ fu(1,0)v, n<k
(Fu (U™ (0),0,0)0), = Lo
0 n>k.
Writing Ut := Ul,<x and U® := Ul,>k, and using that f,(1,0) # 0, we can apply
the implicit function theorem to conclude that F (U, i, d) = 0 restricted to the index
set 1 < n < k has a unique solution U (u, y1, d) € RF=! for each U¢ € RL21=F+1 and
(i, d) near zero. Furthermore, this solution depends smoothly on its arguments, and

so we have

UR U, pd) =1+ O(|p| + |d] [U°]])- (2.29)

To solve (2.26) for the indices n > k, we introduce the scaling
w=v? d =144, u, = v g, (2.30)

for n > k with |v| < 1. Substituting these expressions into (2.26) for each n > k,
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we see that (2.26) restricted to the index set I\ I, becomes

n=*k: 0=v3d—1u+a})+ O

n>k:  0=v"""3(di,_y —,) + O FH,

where we recall that we have introduced a change of variable to bring the system to
the normal form (2.27). Upon dividing by the leading factors in v, we arrive at the

system

n==k: O—Cf—ﬂk—i-ﬂi—i-(’)(y) (2.31)
n>k: 0=du,_— U, + O)
for which we can see that at the index n = k a fold bifurcation takes place at
(i, d, V) = (\/ig, %5, 0). Extending this fold bifurcation to the full system for the
indices n > k into v > 0 now follows as in the proof of (Bramburger and Sandstede,

2020b, Lemma 3.2). As this method underpins many of the proofs that follow, we

will include the details to complete this proof.

First, by setting v = 0 we can parametrize the fold bifurcation at index n = k by

(g, d)(s) = (s,5(1 — s?)), s€]0,1].

Notice that this parametrization connects (0,0) to (1,0) as s increases through the
interval [0, 1]. Furthermore, the fold bifurcation takes place when s = \/Lg, giving
dg = %3 Continuing with v = 0, the remaining n > k indices in (2.31) can be

written as the matrix equation
(—I+ d(s)Z)ﬁwk = J(s)ak(s)él

where I denotes the identity matrix, Z is a matrix with ones along the diagonal

above the main diagonal and zeros elsewhere, U,y is the vector of @, with n > k,
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and é; is the vector with 1 in its first entry and zeros elsewhere. Since || Z]] <1 and
d(s) € |0, %] for all s € [0, 1], it follows that the matrix (—1 + d(s)Z) is invertible
for all s € [0,1]. Therefore, for each s € [0,1] we can uniquely solve for Uy, in

terms of (@, d)(s) which parametrize the fold bifurcation. This extends the fold

bifurcation into the indices n > k for v = 0.

The persistence of the fold bifurcation at ¥ = 0 into 0 < v < 1 can first be
obtained by writing the right-hand-side of (2.31) compactly as G (U ¢ d,v). Note that
the branch constructed above, denoted (U, d)(s) satisfies G(U¢(s), d(s),0) = 0 and
the derivative G(gcd)(ffc(s), d(s),0) has full rank for all s € [0,1]. We can therefore
apply the implicit function theorem and use persistence results for fold bifurcations
to conclude that the branch persists for sufficiently small v > 0. Moreover, the
unique fold bifurcation takes place at d = cisn(y) with CZSH(O) = %g This completes

the proof of the lemma. O

We now turn to the continuation when p = 1. Recall that from (2.28) we have
that upon changing coordinates we can bring the Taylor expansion of f(u, ) about

(1,1) into the form

This leads to the following result which continues the connections in I' near u = 1

and completes the proof of Theorem 1 when m = 1.

Lemma 2. Fizm =1 and 1 < k < |, then the following is true for (2.26).
There exist constants ds, 1o > 0 and a smooth function w, : [0,ds] — [p2, 1] such
that for each fized d € (0,ds], there is a pair of k-symmetric solutions U,.(u,d) and

Vi(p,d) of (2.26) that bifurcate at a fold bifurcation at p = p,.(d) and exist for all



32

W€ o, pr(d)]. These solutions are smooth in (u,d), and for each fixved p, we have
Ur(p,d) = UR(u) and V. (p,d) — V) (u) as d — 0*. The function p,(d) is given
by pr(d) =1 —d + O(d2).

Proof. We again restrict to the index set I and extend the solutions by symmetry
ton > |N/2] + 2. As the branch passes near p = 1, the cell u changes from
u_(p) to uy(p), while the remaining cells stay near 0 or uy (). We have that

F(U®(1),1,0) = 0 and that the linearization of F about this solution is given by

(fU<U(k)(1), 1,0)1})” — fu(O, 1)Un n>k
0 n<k.

Writing U° := Ul,~) and U¢ := U|,<k, and using that f,(0,1) # 0, we can apply
the implicit function theorem to find that F (U, i, d) = 0 restricted to the index set
n > k has a unique solution U%(U¢, ju,d) € (*°(I|,>x) for each U¢ € R* and (u,d)
near (1,0). This solution depends smoothly on its arguments, and in particular, has

the expansion

U(U, p,d) = O(|p — 1] + |d]|U°)). (2.32)

To solve (2.26) on the index set n < k, we introduce the scaling
pw=1-1% d=1%d, u,= 1+ va,,

where 1 <n < k and |v| < 1. Expanding F (U, u,d) = 0 restricted to the index set
n € {1,...,k} in powers of v and dividing by the leading factor in v, we arrive at

the finite system

n=k: 0=—-d+1—-+0®W)
(2.33)
n<k: 0=1-a2+0(v)

where we used (2.32) to simplify the equation with n = k using the connection to the
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element at index n = k + 1. We now see that at the index n = k, a fold bifurcation
takes place at (i, d, ) = (0,1,0). Extending this fold bifurcation to the full system
on the indices n > k and into v > 0 follows as in the previous lemma and is omitted.

This completes the proof of the lemma. n

3.2 Next-nearest-neighbour coupling

In this subsection we provide analogous results to the nearest-neighbour bifurcation
branches, but with m = 2, representing next-nearest-neighbour connections. The
results of this subsection therefore complete the proof of Theorem 1 with m = 2.
We will consider N > 7, since N = 4,5 and m = 2 represent all-to-all connections,
and N = 6 with m = 2 has an extra symmetry that can be exploited, as presented

in Theorem 2. We present the following result, analogous to Lemma 1 above.

Lemma 3. Fixm =2 and 3 < k < L%J + 1, then the following is true for (2.26).
There are constants dy, iy > 0 and a smooth function w; : [0,dy] — [0, 1] such
that for each d € (0,dy|, there is a pair of k-symmetric solutions Uj(u,d) and
Vi(u,d) of (2.26) that bifurcate at a fold bifurcation at p = p(d) and ezist for
all i € [(d), u1). These solutions are smooth in (u,d), and for each fized p, we
have Uj(p,d) — U*D(u) and Vi(u,d) — V) (u) as d — 0F. The function p(d)
satisfies p(d) = 3d3 + O(d).

Proof. Fix m =2 and 3 <k < [ 5| + 1. Then, following as in Lemma 1 to continue
the elements with n < k into d > 0 near p = 0 using the implicit function theorem.

We again get the asymptotic expansion (2.29), and for the indices with n > k we
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introduce the scaling
p=1%  d=vd, u,=v"T g, (2.34)

That is, uy = Vi, Upy1 = Vigy1, Upro = V20pro, Uprs = V2,3, and so on. Putting
these rescaled variables into (2.26), expanding in powers of v, and dividing off the

leading power in v brings us to the equations, analogous to (2.31),

n==k: 0=2d — iy + @ + O(v)

n=k+1l: 0=d—ip+a,, +OW) (2.35)

n>k+2: Ochﬂn_2+cZﬂn_1—ﬂn—|—O(y)

where we have used the fact that at index n = k we are connected to the elements
at index k — 1,k — 2, both of which are equal to 1 at (u,d) = (0,0). Similarly,
since m = 2, the element at index n = k + 1 is only connected to one element (at
n =k —1) that is equal to 1 at (u,d) = (0,0). The proof is now the same as that of

Lemma 1. O

Let us now finish the case of bifurcations near u = 0 by considering the case

k = 2. We present the following result.

Lemma 4. Fizm = k = 2, then the following is true for (2.26). There are constants
di, 1 > 0 and a smooth function py : [0,d1] — [0, p1] such that for each d € (0,d,],
there is a pair of k-symmetric solutions U;(p, d) and Vi(p, d) of (2.26) that bifurcate
at a fold bifurcation at p = p(d) and exist for all p € [ (d), pa]. These solutions are
smooth in (u,d), and for each fived i, we have Uj(u,d) — UD (1) and Vi(p,d) —

V@ () as d — 0F. The function p(d) satisfies p(d) = g%d% + O(d).

Proof. Following as in the proof of Lemma 3 up to (2.35), we now arrive at the



35

equations

n=2: 0=d—1iy++v(is— 3y + O1?)

n=3: 0=d— s+ + vy — 4is) + O(?) (2.36)

n>4:  0=diy o+ diy_1 — i + O(v)
where now, since m = 2, we have that the elements at indices n = 2,3 are both
connected to the single element at n = 1 that equals 1 at (u,d) = (0,0). Note
that the equations at indices n = 2,3 agree at the lowest order in v, but differ at
O(v). This comes from the symmetry imposed by our assumption that the solution
is invariant with respect to the action of x, which enforces that uy = us and thus
eliminating one of the connections at n = 2. In contrast, we have exactly four self-
interactions at index n = 3 in (2.36) at order v since the element at index n = 3
has no neighbours that have a symmetric restriction imposed on them. From here

the proof now follows as in (Bramburger and Sandstede, 2020b, Lemma 3.3), but we

include the details to keep this manuscript self-contained.

Let us introduce the new variables (dy, v2,v3), given by

~ 1
d:—+Vd0, a2:_+V%U2, 713:

V3

n=2: 0=dy+ 30} L +0(v?)
n=3: 0=dy+3v:—2+0(32)

n==4: 0:%—114—1-(’)(1/%)
n=>5: 0:%+%§1~L4—ﬂ5+0<yé)

n>6: 0= 20, o+ 325l — Uy + O(v)

after dividing off the leading factor of v in the equations for n = 2,3. The equations

for indices n > 4 can be solved uniquely for all bounded (dy, vo, v3) and sufficiently
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small » > 0, and therefore we focus exclusively on the equations for the indices
n = 2,3. Setting v = 0 we find that a fold bifurcation takes place in the equation at
index n = 2 at (do,v2) = (45,0). Furthermore, we can solve the equation at n = 3
uniquely for vz for (do, v2, V) in a neighbourhood of this fold bifurcation, leaving only
the equation at n = 2. Then, as in the proof of Lemma 1, the fold bifurcation at

n = 2 with v = 0 can be shown to persist into 0 < v < 1, thus concluding the proof

of the lemma. 0

We now turn to the continuation when p = 1, which will similarly follow the

proof of Lemma 2.

Lemma 5. Fizm = 2 and 1 < k < |L], then the following is true for (2.26).
There exist constants ds, 1o > 0 and a smooth function w, : [0,ds] — [p2, 1] such
that each fized d € (0,ds], there is a pair of k-symmetric solutions U,(u,d) and
Vi(p,d) of (2.26) that bifurcate at a fold bifurcation at p = p,.(d) and exist for all
W€ g, pr(d)]. These solutions are smooth in (u,d), and for each fixved p, we have
Ur(p,d) = UR(p) and V. (p,d) — V) (u) as d — 0F. The function p,(d) is given
by 11 (d) = 1 —2d + O(d2).

Proof. This proof is almost the same as that of Lemma 2 with (2.33) replaced by

n=k 0=-2d+1—a+0®W)
n=k—-1: 0=-d+1-a}_,+0) (2.37)
n<k—-2: 0=1-a2+0(®).

The subsequent analysis proceeds in the same way as Lemma 2. O]
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3.3 Almost all-to-all coupling

Let us begin with the proof of Theorem 2, which features (N, m) = (6,2). With the
exception of the connections involving curves continued from W3 (1), the analysis
is the same as in the proof of Theorem 1. Hence, we will focus exclusively on
the connections involving W3 (p). There is only one such connection near p = 0,
which is illustrated for small d > 0 in Figure 2.6(a). We prove this with the following

lemma.

@®=u.(p & = u(n O=0

Figure 2.6: Atypical bifurcations near ;= 0 for N = 6,8 and m = [ N/2| — 1. Panel
(a) contains an illustration of the proof of Lemma 6. Panels (b) and (c) illustrate the
bifurcations near ;4 = 0 when N = 8, as presented in Lemmas 8 and 10. In all images
black circles represent elements continued from u, (1) into d > 0, shaded grey circles
are continued from u_(u), and white circles are continued from 0. Connections are
represented by lines connecting the circles.

Lemma 6. Fiz (N,m) = (6,2), then the following is true for (2.26). There are
constants dy, pu; > 0 and a smooth function p; : [0,dy] — [0, 1] such that for each
d € (0,dy], there is a pair of k-symmetric solutions Uy(p,d) and Vi(u,d) of (2.26)
that bifurcate at a fold bifurcation at = (d) and ezist for all p € [p(d), pa]. These
solutions are smooth in (u,d), and for each fized p, we have Uy(p, d) — UD (1) and
Vilp, d) — W (1) as d — 0*. The function p(d) satisfies ju(d) = %d% + O(d).
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Proof. This proof is handled in exactly the same way as the other proofs for bifur-
cations near p = 0, and so we will only seek to highlight why we have a different
connection when N = 6 and m = 2. Using the implicit function theorem, we can

solve (2.26) at the index n = 1 in a neighbourhood of (d, 1) = (0,0) to get

ur = u (U p, d) = 1+ O(|ul + [d]|U°]),

where U°® = (ug, u3, uy) since we have imposed us = ug and ug = ug by symmetry.
It then remains to solve (2.26) for the indices associated with U¢, i.e. n = 2,3,4.

Specifically, we are required to solve

d(u1 +us + ug — 3U2) + f(UQ, ,u) = O,
d(u1 + Uo + Uy — 3U3) + f(’LL3, ,u) = O, (238)

Qd(UQ + us — QU4) + f(U4, ,u) = O,

where we have simplified the equations using the symmetric restrictions us = u3 and
ug = ug. One can see that the resulting equations are invariant with respect to the
action (ug,us) — (us,us), and therefore we may restrict ourselves to the symmetric
subspace that has uy = ug. Upon imposing this restriction we may then proceed as

in the previous proofs to obtain the desired result. O

Near ;2 = 1 we find that the branch continued from W? (1) connects to U®) (1),
summarized in the following lemma and illustrated in Figure 2.7(a). The lemma is

stated without proof since it is identical to the previous lemmas.

Lemma 7. Fiz (N,m) = (6,2), then the following is true for (2.26). There exist
constants da, s > 0 and a smooth function p, : [0,ds] — [pa, 1] such that for each
fized d € (0,dy], there is a pair of k-symmetric solutions U,.(u,d) and V,(u,d) of

(2.26) that bifurcate at a fold bifurcation at p = p,(d) and exist for all p € [ua, p.-(d)].
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@®=u.(n

Figure 2.7: Atypical bifurcations near y = 1 for N = 6,8 and m = [IN/2| — 1. Panel
(a) contains an illustration of the proof of Lemma 7. Panels (b) and (c) illustrate
the bifurcations near = 1 when N = 8, as presented in Lemmas 9 and 11. Shading
and connections are the same as in Figure 2.6.

These solutions are smooth in (11, d), and for each fized ju, we have U, (u,d) — U (1)
and V,(p,d) — W) () as d — 0F. The function p.(d) is given by p,.(d) = 1 —
2d + O(d2).

Turning now to the case of (N, m) = (8, 3), we remark that much of the analysis is
similar. Recall that the set I's 3 is characterized by following along solution branches

at d = 0 given by the following sequence:

V() = U0 () = WED () = WED () = W () = U () = VO ().

The connections between U and V elements are handled as in the proof of Theorem 1,
while the connections between any of the W elements are summarized in the following
lemmas. We refer the reader to Figure 2.6 for illustrations of the connections near
1 = 0 and to Figure 2.7 for illustrations near ;x = 1. The lemmas are listed according
to the order of the sequence above, while the proofs are omitted since they are similar
to much of the work performed in this section. Together these results complete the

proof of Theorem 3.
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Lemma 8. Fiz (N,m) = (8,3), then the following is true for (2.26). There are
constants dy, iy > 0 and a smooth function py : [0,dy] — [0, 1] such that for each
d € (0,dy], there is a pair of k-symmetric solutions U(p,d) and Vi(u,d) of (2.26)
that bifurcate at a fold bifurcation at p = py(d) and exist for all u € [p(d), u1]. These
solutions are smooth in (u,d), and for each fized p, we have Uy(p,d) — UM (u) and
Vi(p, d) = W (1) as d — 0F. The function p(d) satisfies pu(d) = %dé + O(d).

Lemma 9. Fiz (N,m) = (8,3), then the following is true for (2.26). There exist
constants da, iz > 0 and a smooth function i, : [0,ds] — [pa, 1] such that for each
fized d € (0,dy], there is a pair of k-symmetric solutions U,.(u,d) and V,(u,d) of
(2.26) that bifurcate at a fold bifurcation at p = pu,(d) and exist for all p € [ua, p.-(d)].
These solutions are smooth in (u,d), and for each fixred p, we have U,.(u,d) —
WSM)(M) and V.(u,d) — WJ(FM)(M) as d — 0. The function p.(d) is given by

).

Njw

p(d) =1—2d+O(d

Lemma 10. Fiz (N, m) = (8,3), then the following is true for (2.26). There are
constants dy, p; > 0 and a smooth function py : [0,dy] — [0, 1] such that for each
d € (0,dy], there is a pair of k-symmetric solutions U(p,d) and Vi(u,d) of (2.26)
that bifurcate at a fold bifurcation at p = py(d) and exist for all u € [ (d), u1]. These
solutions are smooth in (u,d), and for each fized p, we have Uj(u, d) — WJ(FQ?’) (1) and
Vi(p,d) — W (1) as d — 0. The function pu(d) satisfies pu(d) = \%d% + O(d).

Lemma 11. Fiz (N,m) = (8,3), then the following is true for (2.26). There exist
constants da, gz > 0 and a smooth function p, : [0,ds] — [pa, 1] such that for each
fized d € (0,dy], there is a pair of k-symmetric solutions U,.(u,d) and V,(u,d) of
(2.26) that bifurcate at a fold bifurcation at p = p,(d) and exist for all p € [ua, p-(d)].
These solutions are smooth in (u,d), and for each fixred p, we have U,.(u,d) —
W (1) and V,(uu,d) — UM () as d — 0F. The function p,(d) is given by p,(d) =
1—2d+ O(d?).
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3.4 All-to-all coupling

Let us now consider the case of all-to-all coupling. That is, m = L%J, and so every
element is connected to all other elements. Then, our interest in Sy X Sy_j-invariant

solutions means that the system (2.18) reduces to solving the two equations

d(N — k)(vy —v1) + f(v1, 1) = 0, (2.39a)

dk(vy —v9) + f(va, ) =0 (2.39b)

where v; denotes the values of the vector in RY at the first k indices and v, the values
of the last N — k. As stated at the beginning of this section, we clearly have that for
w belonging to any compact interval of [0, 1] we can continue a solution of (2.25) at
d = 0 with u, € {0,uq(p)} for alln = 2,..., N regularly into d > 0 with the implicit
function theorem. Moreover, from the form of (2.39), we may restrict F to a Sj X
Sn_j-invariant subspace to guarantee that solutions which are Sy x Sy_j-invariant
at d = 0 persist into d > 0 with the same symmetry. Hence, to prove Theorem 4
we again need only check continuation into d > 0 of the connections between the
elements A¥ (1), B® (1), ¢ (1), and D® (1) near pn = 0,1 (see Figure 2.5 for

visual demonstration).

We begin with the following lemma which details the continuation into d > 0 of

the connections between Ai’“) (1) and B® (p), and C_’J(rk) (1) and D™ (1), near p = 0.

Lemma 12. For any N > 2 and k =1,...,|N/2|, the following is true for (2.26).

1) There are constants duy, ptay > 0 and a smooth function py : [0, dg] — [0, fie)
such that for each d € (0,dy), there is a pair of Sy X Sy_x-symmetric solutions
Uap(pt, d) and Vap(p, d) of (2.26) that bifurcate at a fold bifurcation at p = p,(d)

and exist for all p € [p(d), pap). These solutions are smooth in (u,d), and for
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each fized pu, we have Ugp(p, d) — flg{g)(,u) and Vy(it,d) — B®) (1) as d — 0%,
The function py(d) satisfies p(d) = 3¢ %dg + O(d).

2) There are constants deq, fica > 0 and a smooth function p; : [0, deq] — [0, fed]
such that for each d € (0,d.q], there is a pair of Sy X Sy_k-symmetric solutions
Uea(p, d) and Vg(p, d) of (2.26) that bifurcate at a fold bifurcation at pn = p(d)
and ezist for all p € [(d), pea). These solutions are smooth in (u,d), and for
each fized p, we have Ugq(p,d) — C’Srk)(,u) and Veq(p, d) = D® () as d — 0*.

The function p(d) satisfies p(d) = 34/ %d% + O(d).

Proof. We will only prove the first case in the lemma since the second can simply
be obtained by exchanging v; and vy in (2.39) in what follows. In this notation,
the functions A% (1) and B® () correspond to solutions of (2.39) with d = 0 as
well as (v1,v2) = (us(p),0) and (uy(p),u—(p)), respectively, for all p € [0,1]. For

convenience, we will denote

Fi(vi,va, g, d) = d(N — k)(va — v1) + f(v1, 1)
(2.40)

Fo(vr,vg, p, d) = dk(vy — va) + f(v2, 1)

to emphasize the connection of the system (2.39) with the function F that we defined
in (2.25). Importantly, solutions of F; = F, = 0 represent Sy X Sy_j-invariant

steady-state solutions of (2.25).

In the present scenario, we recall that u,(0) = 1 and restrict ourselves to a
neighbourhood of the solution (v, vq, u,d) = (1,0,0,0) to (2.39). From the previ-
ous discussion, this represents a S X Sy_j-invariant neighbourhood of the solution

(U, p,d) = (flf)(O),O, 0) to F in (2.25). Then, since

%(1,0,0,0) = £u(1,0) # 0, (2.41)
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the implicit function theorem guarantees the existence of a unique smooth func-
tion v} (vq, i, d) satisfying v1(0,0,0) = 1 and F;(v;(ve, pt,d),ve, u,d) = 0 for all
(v2, 1, d) in a neighbourhood of (0,0,0). Hence, the Taylor series of v](ve, i, d)

about (vq, i, d) = (0,0,0) is given by
v (va, pr,d) = 14 O(|p] + [d] + [ve]]d]). (2.42)

The analysis now reduces to solving Fa(vy, vg, i, d) = 0 with v; = v (ve, ,d) in a

neighbourhood of (v, u, d) = (0,0,0).
As in the previous lemmas of this section, let us introduce the re-scaled variables
u=r% d =144, Uy = Vs, (2.43)
for |v| < 1, so that (2.42) becomes
vl (vg, i, d) = 1+ O(V?). (2.44)
Then, putting vy = v} (ve, i, d) into F» and expanding using (2.42) and (2.27) gives
Fo (v} (vg, 1, d), va, p, d) = 13 (kd — 0y + 53) + O(W4). (2.45)
Hence, solving F(vi(ve, p, d), va, i1, d) = 0 is equivalent to solving
0=kd — 0y + 73 + O(v) (2.46)

after dividing off 3. It is therefore clear that the above expression experiences a

(D9, d,v) = (\*/g ﬁ,o), (2.47)

fold bifurcation at
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for which we may follow as in the proofs of the previous lemmas to demonstrate the

persistence of this fold into sufficiently small v > 0. This completes the proof.  [J

Let us now turn to the bifurcation near ;1 = 1. The following lemma details the
persistence of the connections between A® (11) and AF (1), and €% (1) and € ()

into d > 0.

Lemma 13. For any N > 2 and k =1,...,|N/2|, the following is true for (2.26).

1) There exist constants dgq, ftaa > 0 and a smooth function p, : [0, de] — [Haa, 1]
such that for each fixred d € (0,d,,], there is a pair of Sy X Sy_g-symmetric
solutions Uga(p, d) and Vya(u,d) of (2.26) that bifurcate at a fold bifurcation
at p = p.(d) and exist for all p € [figa, pr(d)]. These solutions are smooth
in (u,d), and for each fived p, we have Uy (p, d) — A® (1) and Via(p, d) —
flgf)(u) as d — 0. The function p,(d) satisfies p,(d) = 1 — (N —k)d+O(d?).

2) There ezist constants de, fice > 0 and a smooth function i, : [0, de] = [fee, 1]
such that for each fized d € (0,d..], there is a pair of Sy X Sy_g-symmetric
solutions U..(u,d) and Ve(u,d) of (2.26) that bifurcate at a fold bifurcation
at p = p,(d) and ezist for all p € [fice, s (d)]. These solutions are smooth
in (u,d), and for each fized u, we have Ug(p,d) — C_*(_k)(u) and Vi.(p,d) —
C_'(f)(,u) as d — 0F. The function p,(d) satisfies pi,(d) = 1 — kd + O(d?).

Proof. Since we are interested in Sy x Sy_g-invariant solutions of (2.26), we may
again proceed as in the proof of Lemma 12 and reduce to solving the equations (2.39).
As in Lemma 12, we will only prove the first statement since the second follows
from simply interchanging v; and vy in what follows. The difference is that now
we focus a neighbourhood of the solution (v, vq, u,d) = (1,0, 1,0), corresponding

to a S X Sy_g-invariant neighbourhood of the solution (U, y,d) = (fl(f)(l), 1,0) of
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Figure 2.8: We illustrate the bifurcation diagrams of S x Sy _g-symmetric solutions
for all-to-all coupling for fixed 0 < d < 1 and 1 < k < | N/2] outlined in Lemma 14
for p near zero (left panel) and in Lemma 15 for p near one (right panel). The dotted
curve corresponds to the family of Sy-symmetric equilibria (where v; = v3), and the
solid curve reflects the branch of Sy X Sy_p-symmetric solutions (with vy # vs),
which bifurcates from the branch of Sy-symmetric solutions in a symmetry-breaking
bifurcation and also undergoes a fold bifurcation; arrows indicate the direction of
increasing ¢ (left) and s (right) that parametrize these branches.

(2.26). Since we have

OF;
o, (1,0.1,0) = £,(0,1) £0, (2.48)

we may apply the implicit function theorem to obtain a smooth function v} (v, i, d)
defined in a neighbourhood of (v, pu,d) = (1,1,0) satisfying v5(1,1,0) = 0 and

Fa(vi,v5(v1, 1, d), p, d) = 0. Solving
Fi(vy, v3(vy, p, d), pr,d) =0 (2.49)

in a neighbourhood of (v, u,d) = (1,1,0) then proceeds as in the lemmas of the

previous subsections and is therefore omitted. O

Next, we investigate the patterns A® (1) and C™ (1) near =0 for 0 < d < 1
and prove that they disappear through a collision with the branch of Sy-symmetric
equilibria at which v; = vy = u_(u). We state this lemma for the system (2.39) and

refer to the left panel in Figure 2.8 for an illustration of the bifurcation diagram.
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Lemma 14. For each N > 2, k = 1,...,|N/2|, and ¢ > 0, there is a constant
0 > 0 with the following property. There is a unique branch of positive S X Sn_p-
symmetric equilibria of (2.26) near (u,u) = (0,0), and this branch is smooth and
given by
, (cos ¢ + sin @) cos psing
d =
(Ulav% 7M>(¢7 S) <SCOS¢7SSIH¢7 ]{ZCOS(ZS + (N _ k?) singb S

kcos® ¢+ (N — k)sin® ¢ A
heoso+ (N —F)smo © 00 )>

+0(s"),

fore< ¢ <5 —eand0 < s <9. Furthermore, the branch can also be parametrized

smoothly by (d, ¢) via

_ kcos¢+ (N —k)sing
~ (cos ¢ + sin ¢) cos ¢ sin ¢

d+ O(d*).

It bifurcates at p = pg,(d) = 2 + O(d?) from the Sy-symmetric branch vy = vy =
u_(p) (this bifurcation point is the same for each k), and it undergoes a unique fold
bifurcation at p = jua(d) for some 0 < ¢ < T with 0 < pga(d) < pgp(d). As ¢ — 0

and ¢ — %, the parameter d approaches zero, and the equilibria (vy,v2) approach

A(_k)(u((),s)) and C’Ek)(u(g,s)), respectively.

Proof. Recall that we need to solve the system (2.39) given by

d(N — k)(vy —v1) + f(v1, ) =0, (2.50a)

dk(vy —vg) + f(va, ) =0 (2.50b)

where v; denotes the values of the vector in RV at the first k& indices and v, the

values of the last N — k indices. Recall also that

flu,p) = —pu +u? + O(Pu + pu® + u®)
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First, when v = v; = vy, equation (2.50) reduces to f(u, ) = 0 which admits the
solution branch (u, ) = (u_(s), un(s)) for 0 < s < 1 with u_(0) = uu(0) = 0 and

un(s) > 0 for s > 0. Next, we subtract the two equations in (2.50) to obtain
dN (vy —v1) + f(v, p) — fvg, ) = 0. (2.51)
Defining v = (vy, v) and
1

g(v1, v, 1) 1= /0 fulva +7(v1 = v2), p)dr = —p+ 07 + 0109 + v3 + O(* + [v[*),

we can write (2.51) as
AN (v2 — v1) + f(v1, ) = fv2, 1) = dN(v2 — v1) + (v1 — v2)g(v1, v2, 1) = 0.
Since we already analysed the case v; = vy, we can divide by v; — vy to arrive at
—dN + g(v1,v2, 1) = —dN — p+ v} + 0105 + 05 + O(u* + [v]*!) = 0,
which we can solve for p as a function p(vy, ve, d) near (vy, vy, d) = (0,0,0) where
vy, v, d) = v2 4+ vy +v5 — dN + O(d® + |v]*).

It therefore suffices to solve (2.50b) which becomes

0 = dk(vy —ve) + f(va, p)
= dk(vy — v) — pu(v1, v, d)vg + v3 + 020 (u(v1, va, d)* + p(vy, ve, d)vs + vé)

= dk(vy — vy) + va(dN — v} — vyvy + O(d* + |v|*))
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and finally arrives at
dkvy + d(N — k)vg — v1va(v1 + va) + v.0(d* + v]*) = 0. (2.52)

To solve (2.52), we set v = (vy,v2) = s(cos¢,sing) with0 < s < 1land0< ¢ < /2

so that (2.52) becomes
d(kcos ¢ + (N — k) sin ¢) — s* cos ¢sin ¢p(cos ¢ + sin ¢) + O(d* +s*) =0  (2.53)

after dividing by s. Using the implicit function theorem, we can now solve this
equation for d as a function of (¢,s) with |s| < ¢ for some ¢ > 0 uniformly in

0 < ¢ < m/2 and obtain

(cos ¢ + sin @) cos psing ,
kcos¢ + (N —k)sin¢g °

d(p,s) = + O(sh).

Substituting the expressions for (v, vq,d) as functions of (¢, s) into the formula for
p(v1, vz, d) gives

_kcos®¢+ (N —k)sin® ¢ ,

1
(9, 5) = kcosp+ (N — k) sin ¢ S+ 0,

which proves the first part of the lemma. Inspecting the limits ¢ — 0 and ¢ — 7 for
each fixed 0 < s < §, we see that d converges to zero, p approaches s? + O(s?), and
(v1, v2) approach A®(1(0, s)) and C'(_k)(u(g, s)), respectively, as claimed. Similarly,
substituting ¢ = /4 into the expressions for (vq,vq,d, 1) shows that the branch

we constructed bifurcates from the branch of Sy-symmetric equilibria at (u,d) =

(3, 3)s” + (O(s1), O(s%)).

Fixing € > 0, we now restrict ourselves to values of ¢ with € < ¢ < 7 — €. For
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such values, we can solve for s as a function of (d, ¢) where

kcos¢+ (N — k)sing

82 — S(d7 ¢)2 = (COS (b + sin ¢) Ccos ¢Sin ¢

d+ O(d?)

so that u can be written as a smooth function of (d, ¢) via

kcos® ¢ + (N — k)sin® ¢
(cos ¢ + sin ¢) cos ¢ sin ¢

u(d,6) = ( " O<d>) d=: (i(6) + O(d))d.

It remains to prove that the branch has a unique fold for each fixed d, and it suffices
to prove this for fi(¢) since its folds are generic and therefore persist upon adding
the remainder term in d. We now outline the strategy for proving that ji(¢) has a
unique generic fold. Note that ji(¢) — oo for ¢ — 0 and ¢ — 7, and it therefore
suffices to show that i'(¢) increases strictly, which holds when f”(¢) > 0. The
second derivative i”(¢) is a fraction of trigonometric polynomials, and we can then
show that this derivative is indeed positive (we omit the tedious details). The fold
bifurcation occurs in the region 0 < ¢ < = since f/(%) = 3(N — 2k) > 0 (recall that

2

1<k < |N/2)). O

Finally, we describe the continuation into 0 < d < 1 of the connection between
B® () and D® (1) near p1 = 1. We comment that this lemma covers the connection
in the top-right corner of Figure 2.2(c) and that the results are also illustrated in

the right panel in Figure 2.8.

Lemma 15. For each N > 2 and k = 1,...,|N/2], there is a constant § > 0 with
the following property. There is a unique branch of Sy X Sn_i-symmetric equilibria

of (2.26) near (u,u) = (1,1), and this branch is smooth and given by

(v1,v2, u)(5,d) = (145, 1—s—Nd+O(s*+d*), 1 —s*—(N—k)(2s+ Nd)d+O(ds*+s*+d*))
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for|s| <6 and 0 < d < . Furthermore, this branch bifurcates at p = 1— NT%—l—O(d:i)
when s = =84 + O(d?) from the Sy-symmetric branch at which vy = vy = u_(})
(this bifurcation point is the same for each k) and undergoes a unique fold bifurcation
at p=1—k(N—k)d*+O(d®) when s = —(N —k)d+O(d*). Asd — 0%, the solution
(v1,v2) converges to B® (u(s,0)) for fived s > 0 and to D®(u(s,0)) for s < 0.

Proof. We consider the neighbourhood of the solution (vy,ve, u,d) = (1,1,1,0) to
(2.39). For simplicity, denote p = 1 — fi, v; = 1+ 0y, and vo = 1 + 0y. Using the

expansion (2.28) these new variables transform (2.39) to

{ﬁlwl,fa,ﬂ,d) — (N = k) (5 — 1) + i — 0 — bjioy + O + Ao + [51*) =0, (2.54a)

Fo(01, 0o, i, d) = k(D) — D2) + 1 — 02 — bt + O(fi + il G| + |32]?) = 0. (2.54b)

We can apply the implicit function theorem to equation (2.54a) and find a unique
smooth function i*(01,0s,d), defined in a neighbourhood of (91, 7,,d) = (0,0,0),
satisfying ji*(0,0,0) = 0 and F(0y, ¥a, fi* (01, 02, d),d) = 0, in the neighbourhood of

(0,0,0,0). Moreover, we have the expansion

ji* (01, D, d) = —d(N — ) (g — 1) + 92 + O(|d||0]* + |0]?), (2.55)

where © = (01, 92). Next, we subtract the two equations in (2.39) to obtain

Nd(UQ - vl) + f(vlnu) - f(v27ﬂ) =0. (256)

Defining

1
9(01, 02, fi) i_/ fulva+7(v1 —va), p)dr = —01 — T2+ O(| 1l + |3l |01 | + | ][ 52| + [ 0]%),
0
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we can write (2.56) in new variables as

Nd(vy=01)+ f (1401, 1= 1) = f (1402, 1= 1) = Nd(v2—01)+9(01, V2, 1) (01— 02) = 0.

Assuming ¥y # 09, we can divide by vy — ¥; to arrive at

Nd — g(vy, 02, 1) = Nd + 0y + 02 + O(|fa| + |a||o1] + |l |52] + |0]7) = 0.

We can further substitute the expression (2.55) for fi and find

Nd + 9y + 99 + O(d|5] + |5]*) = 0.

Using the implicit function theorem to solve for 7, as a function of (9y,d) in a

neighbourhood of (0,0) gives

U5 (91,d) = —Nd — 0, + O(d|ty| + |#1]?), (2.57)

and substituting this expression into (2.55) we finally find

i (01,d) = 93 + (N — k)d(20, + Nd) + O(dof + |9, > + d*). (2.58)

Hence, a fold bifurcation takes place at @, = 9}(d) = —(N — k)d + O(d?) when d
is near 0, and substituting 0] (d) into i*(01,d) gives the claimed expansion. Solving
the equation v, = vy for d near zero using the implicit function theorem provides
the existence and expansion of the symmetry-breaking bifurcation from the family

of homogeneous equilibria. This completes the proof. O
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4 Discussion

In this chapter, we characterized the branches of localized steady states of lattice dy-
namical systems on a ring with N nodes with symmetric sparse, almost all-to-all, and
all-to-all coupling. We found snaking branches with [ £ | saddle-node bifurcations on
each side for sparse coupling with interaction range m = 1,2 and figure-eight type
branches that start and end at homogeneous patterns for all-to-all coupling. The
case of almost all-to-all coupling for even N is more complicated due to additional

symmetries, and we provided a detailed analysis only for N € {6, 8}.

40 40 40

[ful] m=38 [l m=9 [[ul] m=10
30 30 30
20 20 20
10 10 10
0 ~ 0 0
0 05 B 1 0 05 B 1 0 05 B 1

Figure 2.9: Shown are the results of numerical continuation for d = 0.005 and N = 20
nodes with (from left to right) sparse coupling for m = 8, almost all-to-all coupling
m =9, and all-to-all coupling m = 10. Each branch starts at ;= 0.5 with a single
node at the upper stable branch of the zero set of f(u,u) = —pu + 2u — u® and the
remaining nodes at zero.

There are many questions we did not address in this chapter, and we now outline
a few of these. First, for sparse coupling, we do not know whether solution branches
terminate at a branch of homogeneous equilibria or pass near those branches. Nu-
merical continuation turns out to be complicated for small coupling strengths since
the Jacobian has N eigenvalues close to zero near the homogeneous branches for
0 < d < 1, which makes continuation difficult and allows for the possibility that

numerical solutions may jump onto different branches.
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Next, we will comment on different forms of coupling. Note first that, near the
anti-continuum limit, the precise form of coupling matters only near the pitchfork
at p = 0 and the fold at u = 1: the branches for 0 < g < 1 can always be
continued into 0 < d < 1 regardless of the coupling function, so the key task is to
track these branches near ;1 = 0, 1. We believe that our results for symmetric nearest-
neighbour and next-nearest-neighbour coupling can be extended to other values of m:
we conjecture that we will always find snaking curves that exhibit L%J saddle nodes
as long as the interaction range m is strictly less than L%j — 1, and we expect that
the methods we utilized here can be used to study this more general case. Figure 2.9
indicates that the case of almost all-to-all coupling (when m = |§] — 1) is more
complicated. The case of asymmetric or distance-dependent coupling coefficients is
also unclear. In the case of asymmetric coupling, our methods should be applicable,
though we expect that the specific details will be different. Distance-dependent

coupling is likely more complicated: for instance, the case of all-to-all coupling will

be different since the Sy symmetry is no longer present in this case.

Finally, we briefly discuss possible extensions to more complicated finite lattices.
Surprisingly, snaking was observed also on finite random graphs; see McCullen and
Wagenknecht (2016). The formal analysis in Kusdiantara and Susanto (2019) and
the complementary rigorous results in Bramburger and Sandstede (2020b) show that
the shape of branches near folds seems to be determined by a small number of motifs
where only a few nodes interact, whilst the states of all other nodes are essentially
irrelevant. It might be this underlying generic structure that leads to the universality
of snaking observed on random graphs in McCullen and Wagenknecht (2016). Using
computations to obtain summary statistics of snaking on random graphs would be a
feasible first step towards a more general description of snaking and branch structures

on general finite graphs.



CHAPTER THREE

Bifurcation from Homogeneous

Branches on Ring Lattices
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1 Introduction

Recall from Chapter 2 that our ring system follows

Uy = d(ApU)p + f(un, i), 1<n<N, U= (uyuy...,uy)€RY (3.1)

where
(ALD) —(2m + Dy + D770 Uny, 1<m< 5]
m n - N
—Nun—i—zjzluj, m = L%j
Specifically, we use the cubic-quintic nonlinearity f(u,,y) = —pu, + 2u> —u> where

0 < p < 1 and focus on nonnegative solutions where each u, > 0 at the anti-

continuum limit d < 1. We denote the two positive roots in wu, of f(un,u) as

up(p) =1+ VI —pandu(u) =+/1-IT—p

For convenience, we re-show the main bifurcation results from Chapter 2 in Fig-
ure 3.1. In this chapter, we build on the results from the previous chapter and focus
on investigating the connections of solution patterns near the lower-left and upper-
right regions, which are marked by squares in Figure 3.1. Specifically, we want to
understand whether the snaking curve terminates or bifurcates from other branches
in these regions. To do this, we utilize the fact that our lattice system respects the

symmetries of the dihedral group Dy.

Recall that the actions of our lattice group are ¢ and x, which define rotations
and reflections respectively. Notice that when N is odd, the action of x flips the ring
with respect an axis joining a vertex of the N-gon to the midpoint of the opposite

edge, leaving one node to be fixed; while when N is even, k reflects the ring with
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O=uw B=up O=o0

Figure 3.1: Different bifurcation curves depending on the number of symmetric con-
nections over a six element ring. (a) Nearest-neighbour connections lead to a typical
snaking bifurcation diagram. (b) Next-nearest-neighbour connections on a six ele-
ment ring introduce a further symmetry for which the elements indexed by 2,3,5,6
bifurcate together near = 0. (c¢) In the case of all-to-all coupling, the system is
invariant with respect to any permutation of the nodes on the ring and so the bifur-
cation curves form a small closed curve that bifurcates from the homogeneous state
(dotted curve) near the origin. Squares marking the end of the curves in panels (a)
and (b) represent the set of exceptional bifurcations which are not proven in the
previous chapter. This figure is reproduced from Figure 2.2 for ease of reference.

respect to an axis joining two opposite vertices, leaving two nodes to be fixed. The
action of ¢ does not depend on whether N is odd or even, and it always rotates
the ring in the counter-clockwise direction by a radian of Qﬁ” Figure 3.2 illustrates

examples of group actions on rings for these different cases.

S
Cr-Eor (Y
,,,,,, J

reflection reflection )
N odd N even rotation

Figure 3.2: Examples of group actions on rings with Dy symmetry. Diagram on the
left shows the action of reflection when N is odd, and the middle shows reflection
when N is even. The diagram on the right depicts a typical action of rotation, which
is independent of whether N is odd or even.
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We study the bifurcation problem of system (3.1) with N > 5. Note that the
cases N = 3 and N = 4 are excluded from our subsequent discussion since the
bifurcation results for the dihedral group are exceptional in these cases. Our work

examines the steady-state solutions

F(U, p,d) =0 (3.2)

where F(U, i, d),, = d(A,U)p—pn,+2u —u3. We define L(U, u, d) :== DyF(U, u, d),

which is the Jacobian of F(U, u,d) with respect to U.

We now apply the analysis from bifurcation theory to systems with symmetry.
For a summary introduction to this area, we refer readers to Chapter 4 in Hoyle
(2006). A representation of Dy, over some field F', is defined as a homomorphism
from Dy to the group of matrices GL,(F'), where n represents the dimension of
the representation. We consider the group of spatial symmetries, Dy, with a linear
matrix representation. Note that equation U = F(U, i, d) is equivariant under Dy,

which means we have the following equivariance condition on F(U, u, d)

YF(U, p,d) = F(yU, u,d), Vv € Dy.

In particular, U is a solution if and only if yU is a solution to the system for every
v € Dy. This implies that if U is an equilibrium solution satisfying equation (3.2),
then so is vU for all symmetries v € Dy. We define the orbit of the action of Dy
on U to be DyU = {yU : v € Dy}. The equivariance condition further implies that
fixed-point solutions on the same orbit of Dy have the same stability and existence
properties. In our subsequent discussion, all illustrations and results can be applied

to all other solutions that lie in the same group orbit.
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The isotropy subgroup associated with a stationary solution U to system (3.2) is
defined as
Yu={y€Dy:4U=U} C Dy,

which is a subgroup comprising group elements that fix U and thus specify the

symmetry of U.

In this chapter, we analyze bifurcations from the homogeneous branch using
equivariant bifurcation theory for dihedral symmetry group and prove that branches
of patterned states emerge from the homogeneous branches. Additionally, we prove
the interesting fact that the criticality of the branches of patterns bifurcating from
the homogeneous branch changes from supercritical to subcritical at a specific N-
dependent value of m, which indicates a relation to the degree of coupling. In the
limiting case as N — oo, we find that the change happens when m/N ~ 0.39 for the

lower-left and m/N =~ 0.41 for the upper-right region.

Our main results for the bifurcation problem in the lower-left and the upper-right
regions are summarized as follows. For convenience, let e = (1,1,...,1) € RY. We

first present results for the lower-left region.

There exist different bifurcation points on the homogeneous solution branch,
u_(p)e. The following Theorem 5 (i) states the locations of these bifurcation points,
indexed by j, for each given N and m. Figure 3.3 (a) presents a demonstration of

these bifurcation points on the bifurcation diagram.

Theorem 5. We assume N > 5. Consider the equilibrium solutions in configuration

space (Up, i1, d) where 0 < u, < 1 for 1 <n < N,0<p<<1land0<d<1. Let

N
1<m<|=| -1
<n=[3]
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(i) The bifurcation points along the homogeneous solution branch u_(p)e are

(Uﬁ”, uSﬂ) with

U9(d) = Vd m — icos <%) +0(d) | e

and

eV (d) = d (m — icos (%) - O(d))

where j € {0,1,2 L%J}

(ii)) We set j = 1 and assume that the null space of L( . ),ug),d) is 2-
dimensional. Then, there are two branches bifurcating from the homogeneous
solution branch at (Ui”,,u&”,d). For odd N, the patterns along the two dis-

tinct branches have isotropy subgroup Zs(k). For even N, the patterns along

the two distinct branches have isotropy subgroup Zs(k) and Zo(k().

We define

and YU = (sm(

At the bifurcation point (U U )(d) Y )(d), d>, we have the following lemma.

N

Lemma 16. Let N > 5,1 < m < EJ —-1,0<d< 1, andje{1,2,.... [ 5]}

Then dim (ker (L(U*( ,,u*]), d)>> > 2. If dim (ker (L(Uf ,,u*J), d))) = 2, then

ker (L (U(J e ,d)) = span (X(j), y(j)) _

*

Note that 7 = 0 is a special case where ker <L (U,Sj ), uﬁj ), d)) has only one basis,
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e. Figure 3.3 (b) shows examples of the bases X¥) and Y'¥) for j = 1 and j = 2.

(a)

A

|U]1*
homogeneous solutions at u_ (p)
j: — T
el
j: l’/ - ‘7 - 2
s
/,,
U
I"
/Jj =0
+ -

(b) =1 j=2
vy A L v X e XD
| ® X

.(1) | $ |
Xl XJ(\;)A
0 o 0 ‘ 27
1 , @\ 2@ -(2) | 32
RN $e e
1 < 1 | ¥
3 e N, » a2 N YA
1 ‘(1) Y“>2 Y“) & Y?@) e

Examples of XU & Y(J )

Figure 3.3: Example illustrations of bifurcation points indexed by j along the ho-

mogeneous solution branch, u_(u)e
0,1,...

points for j =

, and their corresponding bases. (a) Bifurcation
, L%J along the homogeneous branch, as stated in Theorem 5

(i). (b) Diagrams of the XU) and Y bases for ker (L (UE \ L ),d>), defined in
equation (3.3), showcasing examples for j =1 and j = 2.

We illustrate how the symmetry axes corresponding to the different isotropy sub-
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groups of solutions appear differently for cases when NN is odd or even in Figure 3.4.
We emphasize that when N is odd, there is only one Zy (k) isotropy subgroup, but
there are two distinct disjoint branches of solutions with this same group. Figure 3.4
does not distinguish between these different branches but only shows which symme-
try axis the solutions correspond to. Details regarding the distinction between the

different solution branches for N odd are discussed later.

T (k) Zz(/ﬁC)

SS
S
~
- ~
-

-
e
P
-

N odd N even

Figure 3.4: Difference in symmetry axes corresponding to the isotropy subgroups of
solutions, depending on whether N is odd or even.

We focus on the solution to the bifurcation problem corresponding to j = 1 at
<U>£1), ,u@). We are particularly interested in this case since it aligns with observa-
tions in numerical simulation. However, we expect our analytical techniques to be
generally applicable to the other values of j as well. For convenience, we denote X"

by X and Y by Y.

In the subsequent sections, our analysis will use the representation of our lattice

group on RY where actions are defined as

C(ug,ug, ..., un_1,uy) = (Un, Uty ..., UN_1)
KU, Ug, - o UN 2, UN—1,UN) = (UN_1,UN_2, - ., Usg, Uy, UN)
where ( refers to rotations and x refers to flips of the ring. When N is even, the

action of k on rings leaves exactly two nodes, u y and uy, fixed. When N is odd, only

the node uy is fixed. The correspondence between our lattice group representation
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and the canonical Dy group representation on C is discussed in Section 2.1.

We present the following lemma for specific values of m at the bifurcation point

(U @), (@), ).

Lemma 17. Let 0 < d < 1. dim (ker (L(Ui”,uﬁ”,d))) — 2 form = 1 when
N >5 and for m =2 when N > 7.

Assuming the existence of solutions near <U£1), ,ugl), d), we have the following

lemma, which tells us what form the solutions should take.

Lemma 18. Let N > 5 and1 <m < {gJ — 1. In the space where 0 < u, < 1
for1<n <N, 0<p<1and 0 <d< 1, assume there exist solutions to system
(3.2) in the e-neiborhood of the homogeneous solution (Uﬁl)(d),ugl)(d),d), denoted
by B, <U>£1)(d), uil)(d), d>. Then the solution takes the following form

U*(a(p,d)) = UD(d) + aX + O(a?)

where a € R.

We now demonstrate some examples of solution patterns to illustrate their ap-
pearance in the case of odd N in Figure 3.5. The figure shows that the two Zsy(k)
solution branches, which bifurcate from the homogeneous branch as mentioned in
Theorem 5 (ii), are distinguished by the sign of @ (a > 0 or a < 0). Therefore, Figure
3.5 showcases typical solution patterns and explains how their appearance differs on

these distinct branches when N is odd.

We present Figure 3.6 for the case of odd N and Figure 3.7 for the case of even

N to demonstrate the bifurcation diagrams of the branching from the homogeneous
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U*=U,+aX + O(a)

a>0 a <0
aX = (uia uy, . . o UN _g5 UN 15 u?\f) aX = (ufa U3y UN o5 UN 1, u?\f)
rrrrrr N y o
0 2
U\ (T
-a ~ - IN=—2
Pattern [J *: Pattern [J*:
1  UN is the max 1 U N is the min
(k) Zsy (k)
. 2 tﬁ.—-
,,,,,,,,,, N
N-2 N-1

UN > U] =UN—1 > U2 =UN—2 | UN < U] =UN—1 < U =UN_2

Figure 3.5: Examples of solution patterns in the neighborhood of the bifurcation
from the homogeneous solution corresponding to j = 1 when /N is odd. The solution
falls into two cases, depending on the sign of coefficient a. When a > 0, uy on
the reflection axis represents the maximum among all node values, and the solution
values associated with the nodes decrease symmetrically as one moves farther away
from uy. Conversely, when a < 0, uy on the reflection axis is the minimum, and the
values increase symmetrically as one moves away from uy.
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solutions in these different scenarios and detail how patterns appear in the corre-

sponding isotropy subgroups of solutions stated in Theorem 5 (ii).

We prove the following results on the bifurcation criticality at the lower-left

corner.

N
Theorem 6. Consider N > 5,1 <m < {TJ —1land 0 <d< 1.

(i) Assume that the null space of L (Ufl), ,uil), d) is 2-dimensional. Then the crit-

icality of the bifurcation at <U>£1), ,ug})) s dependent on N,m. Let

15 9 B(N,
A(N,m,d) = == = éﬁ +0(d)
where
. 2m+1)m
B(N,m)=m+ ~ — <—Nﬂ)
2 2sin (N)
—sin —ZW(ZH) + sin ”(47\1,“) — sin (%Tm)
- ) 5
N

When A(N,m,d) < 0, the bifurcation is supercritical; when A(N,m,d) > 0,
the bifurcation is subcritical.

. .m N -1

(ii) Let N — oo. Denote the ratio N by r. Recall that 1 < m < —5 | 1,
so0<r< % Assume that the null space of L (Uil),,u&l), d) s 2-dimensional.

Then the criticality of bifurcation at (Uﬁl),u§1)> changes from supercritical to

suberitical when r ~ 0.39.

We then present results for the upper-right region.

Theorem 7. We assume N > 5. Consider configuration space (un,u,d) where

N
0<l-u, <1lfor1<n<N,0<l-p<<landd<d<1. Let1<m< ng—l.
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UN 1s the min
UN 1s the max

ZQ(F&)

-
e

stable unstable homogeneous solution branch
U= (u_ (1), (1))

(a) supercritical

1 U N 1s the max
ZQ(K,)

-

U N 1s the min

-

homogeneous solution branch

Uzl e W)

stable unstable
(b) subcritical

Figure 3.6: Example patterns in the isotropy subgroup that bifurcate from the ho-
mogeneous solutions, demonstrating Theorem 5 (ii) for the case of odd N. (a) The
top depicts a supercritical bifurcation, while (b) the bottom depicts a subcritical
bifurcation. The axis of the reflection symmetry goes through the node N. The
difference between the two Zsy (k) branches is that for the first branch, uy is positive
and assumes the maximum value among all nodes, with node values decreasing as
one moves away from it. For the second branch, uy is negative, assuming the mini-
mum value, with node values increasing as one moves away from it. Patterns in the
group orbit of the isotropy subgroup are also solutions on the same branch.
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homogeneous solution branch
U= (u—(p),--. u-(n))

‘.—-----——----J
stable unstable
(a) supercritical

homogeneous solution branch
U= (u_(p),...,u_(p))

stable unstable
(b) subcritical

Figure 3.7: Example patterns in the isotropy subgroup that bifurcate from the ho-
mogeneous solutions, demonstrating Theorem 5 (ii) for the case of even N. (a) The
top depicts a supercritical bifurcation, while (b) the bottom depicts a subcritical
bifurcation. Patterns in the group orbit of the isotropy subgroup are also solutions
on the same branch.
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(i) The bifurcation points along the homogeneous solution branch u_(p)e are

(Uﬁ”, uSﬂ) with

and

where j € {0,1,2,..., L%J}

(ii)) We set j = 1 and assume that the null space of L(Ufl),uﬁl),d> is 2-
dimensional. Then, there are two branches bifurcating from the homogeneous
solution branch at <U£1),u£1),d>. For odd N, the patterns along the two dis-

tinct branches have isotropy subgroup Zs(k). For even N, the patterns along

the two distinct branches have isotropy subgroup Zs(k) and Zs(k().

Specifically focusing on the bifurcation point (Ufl)(d),ufkl)(d), d), we have the

following lemma and theorem.

N
Lemma 19. Let N > 5 and 1 <m < {EJ — 1. In the space where 0 < 1—u, <1
for1 <n <N, 0<1l—-—p<<land0 < d <1, assume there exist solutions to

system (3.2) in B, <U>£1)(d), ,uil)(d), d). Then the solution takes the following form
U (a(p d)) = UV (d) + aX + O(a?)

where a € R.

N
Theorem 8. Consider N > 5,1 <m < {TJ —land 0 <d < 1.

(i) Assume that the null space of L (U*(l), ,uil), d) is 2-dimensional. Then the crit-
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wcality of the bifurcation at <U>£1),,u£1)> 1s dependent on N,m. Let

1 1

AW myd) = 5 s T 2e i)

+ O(d)

where

SN ( (Qm;\;l)ﬂ')
sin (2)
sin

N
. 27 (m+1) T(4m+2) 2mm
Sin <—) ( ) + sin ( )
C(N,m) = - al

sin (W)

B(N,m)=-2m -1+ —————~

When A(N,m,d) < 0, the bifurcation is supercritical; when A(N,m,d) > 0,
the bifurcation is subcritical.
N —1
(i1) Let N — oo. Denote the ratio % by r. Recall that 1 < m < LTJ -1,

*1) (1)

so0<r < =. Assume that the null space of L ( s M ,d) 18 2-dimensional.

Then the criticality of bifurcation at (U,S ),ug > changes from supercritical to

suberitical when r ~ 0.41.

We prove Lemma 16 in Section 2.1, Theorem 5 in Section 3.1, Lemmas 17 and
18 and Theorem 6 in Section 3.2, Theorem 7 in Section 4.1, and Lemma 19 and

Theorem 8 in Section 4.2.

Figures 3.8 and 3.9 demonstrate numerically that patterned states emerge from
homogeneous branch near the lower-left region. Figure 3.8 shows an example where
the bifurcation is supercritical, while Figure 3.9 shows subcritical bifurcation occurs
at higher coupling degree. We verify numerically that these emergent patterned
states connect with the snaking branches of patterns in Figure 2.2. Details are

provided in Sections 3.3 and 4.3.
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Bifurcation Diagram with N=18, m =3 Example Pattern
0.8
7 L
0.6
6 0.4
0.2
5 L
0
=
N4
3 >4
2 L
| || === homogeneous branch
1 == solution branch
example solution point
0 3¢ bifurcation point from homogeneous branch

Figure 3.8: Numerical simulation on the rescaled system for N = 18, m = 3 near
the lower-left region. V' = (vy,vy...,0y) € RY is the rescaled variable with u, =
€vn, and X is the bifurcation parameter with g = Ae?, where 0 < ¢ < 1. The
numerical solution branch corresponds to the Zy(x) branch depicted in Figure 3.7a.
The asterisk shows the bifurcation point computed from the analytical result with
j = 1. An example of the patterns on the solution branch, where node values
have been normalized, is illustrated in the right panel, corresponding to the solution
point marked by the red circle. Any patterns in the same Zs(k) group orbit are
also solutions on the same branch, and these patterned solutions are equivariant
under Dy group symmetries. Numerically, we confirm that along the homogeneous
solution branch, 2 eigenvalues transition from negative to positive upon crossing
the bifurcation point in the positive direction of A\. This aligns with the analytical
prediction that the bifurcation is supercritical.

An additional interesting point is that during the calculation of eigenvalues along
the homogeneous branch, we observe repeated eigenvalues leading to bifurcation with
a higher-dimensional null space of L (U)Ej )(d), pd )(d), d) for specific values of N and
m at certain j. In exploring the effect coming from the Dy symmetry group in the
Laplace operator, we briefly discuss in Section 2.2 the irreducible representation of
dihedral group and use it to verify that the redundant eigenvalues comes from the

Laplace operator instead of the graph symmetries.
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14 Bifurcation Diagram with N=18, m =8 Example Pattern
0.8
12+ 06
0.4
10+
0.2
L 0
~ 8
-~
= &b
4+
2 _||==== homogeneous branch
= solution branch
O example solution point
0 3¢ bifurcation point from homogeneous branch
0 2 4 6 8 10

A

Figure 3.9: Numerical simulation on the rescaled system for N = 18, m = 8 near
the lower-left region. Details are similarly explained in the previous Figure 3.8.
V = (v1,v2...,0x5) € RY is the rescaled variable with u, = ev,, and X is the
bifurcation parameter with g = Ae?, where 0 < ¢ < 1. The numerical solution
branch corresponds to the Zy(k) branch depicted in Figure 3.7b. The numerical
continuation aligns with the analytical prediction that the bifurcation is subcritical.

2 Group and Operator Analysis

In this section, we present preliminary results on the group and operator of the
lattice systems. In particular, we will show how we can translate the group repre-
sentation of our lattice systems to the canonical representation of the dihedral group
on C. In addition, we observe higher dimensional null space of L (U, i, d) along the
homogeneous solutions at bifurcation points resulted from the Laplace operator in
the system. These results set the stage for the analysis of the bifurcation at the
lower-left and upper-right corners of the original system, which will be discussed in

details in Sections 3 and 4.
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2.1 Group Representation

Our symmetrically coupled ring system on N nodes respects symmetries of Dy.
We are interested in the bifurcation along the homogeneous solutions branch. In
the following, we will show how the group representation of the ring system at
these points relates to the canonical representation of Dy on C. As for canonical
representation, we specifically consider the standard action of Dy on C as described

on page 97 (5.1) in Golubitsky et al. (1988)

27i

pz=€eN 2z
(3.4)
Rz=zZ.
The corresponding canonical representation is
Dy={p,R| p"=R*=¢,RpR™" = p~ '), (3.5)

Before delving into specific group representations, we first calculate the location
of the bifurcation along the homogeneous branch. By the end of the calculation, we

will obtain the results presented in Lemma 16.

Bifurcation along Homogeneous Solutions Branch

5

We focus on system (3.1) with the nonlinearity f(un,pn) = —pu, + 2ud — ud.
Finding out where solution branches bifurcate from the homogeneous solutions is
essentially calculating p values at which the eigenvalue of the Jacobian corresponding
to the homogeneous solutions is zero. Given N, consider 1 < m < L%j, the Jacobian

at homogeneous branch is L(p) = dA,, + f'(u_(u), n)Iy where Iy is the identity

matrix. We then want to find the eigenvalues of L(y). In order to do so, we need to
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know the eigenvalues, denoted by A, of A,,. In other words, we want to find A € R
such that

A, U= X5 where ¥eRY. (3.6)

Discrete Fourier ansatz are
vk,j:ewfk, Wherewj:W, k=1,....,N, j57=0,1,...,N—1
Plugging in the Fourier ansatz into equation (3.6), we get

m
_2m6iwjk‘ + E eiwj(k+p) — )\jeiw]-k

p=—m

= —2m+ Z (e™P 4 e~ ™iP) = ),

p=—1

Notice that e™i? + e~™“i? = 2 cos(w;p) by trigonometric identity, so we can rewrite
Aj as
S S 2mjp
Ai=21—- ; =2 - —= .
y ( m+ZCOS(w]p)> ( m—i—ngcos( N ))

p=1

So then we can calculate the eigenvalues of L(u), which are
: 2mjp
dX; + f(u_(p), n) = 2d —m—l-ZCOS N —|—4<u—1—|—\/1—u>

since f'(u,p) = —p + 6u® — 5ut and us(p) = /1 +/1— pu.

To find the bifurcation points, we need to determine the values of p at which the

corresponding eigenvalues of L(u) become 0. This is equivalent to solving

dA; + f'(u—(p), 1) = 0,
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which is
“ 2mip
2d [ —m+ “np 4( . ):0.
( m+plcos( N ))+ ! + ]

Then, by solving for p, we identify the values of p at the bifurcation points for

j=0,1,...,N — 1, which are

. 1 3 —2 .
W =1 (e v 2D wher60j=d<‘m+z‘“’8( m)'
p=1

We define the corresponding homogeneous solution in U, taking on the value u_(u),

as UY) = u_ <u£j)) e.

As a sidenote, we briefly mention the general gradient system for the Laplacian

A,,. Recall that

—(2m 4+ Duy, + D00 Uy, 1<m< |¥
JNPR IICURS TR0 R 1)
N+ 5w, m=1%

N m

The real-valued function F,,(U) = Z (_mUz'Z“‘UiZUi +j> satisfies U’ =
i=1 =1

(AU), = =VE,(U). We note this as a brief comment about A, but will not

use this fact in our subsequent analysis.

Now, we can prove Lemma 16. For convenience, we restate the lemma with slight

rewording for ease of reference.

Lemma 20 (Restated). We here restate Lemma 16.

Let N >5,1<m< g -1,0<dx 1, cmdjE{l,2,...,L%J}. Then

dim (ker (L(U,Eﬁ,u&”,d))) > 2. If dim (ker (L(U,E”(d),u&j)(d),d))) — 2, then

ker (L (UY(d), u9'(d), d)) = span (X9, Y1)
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where

, 2mg 2mj 2mj

) — 277 R’ el
X (cos(N),cos(Q N),...,COS(N N)) .
, 2mj 21y 21y '
Y(])—<Sin<%),Sin(Q-%),...,Sin(N-%)).

Proof. Given N, m and d, first notice that for any j € {1,...,N — 1}, ¢; = cn—;
200\ _ s (2T —9)p

N N

that p = 4V for any j € {1,...,N — 1}. Hence, <U>£j)(d),;¢£j)(d),d> and

because COS( ) for any p € {1,...,m}. It follows

<U>£N_j )(d), ,LL&N_j )(d), d) correspond to the same bifurcation point. Also, note that

the basis

omj 217 271
(e’Tk> = (cos (ﬂk> 4 4sin <ﬂk)>
k=1,....N N N kel N

.....

(e () ()

-----

i27f(1]\\77—]') k)

so it spans the same space as the basis (e . Thus, we can limit the

index j to j € {1,2,..., %2} if Nis odd, and to j € {1,2,..., 5} if N is even.

Observe that after converting the complex basis into the real vectors in RY, we
find that the corresponding null space of L <u_ (,u&j )> e, ,ufkj ), d) has the following

two bases in RN

iy 27 21 2mj

i — 2 2. 22 . N.-—Z
Re (¢54) ((N>( N), ( N))

9mj . 2mg . 2mj . 2mj
I(Z k) - ) 9.2 sin(N-ZY) )
m (e~ o N (sm(N),sm( N)’ sm( N))

which are the X and YU in Lemma 16, respectively. Thus, we know that
ker (L(Ufj),ufkj),d)) is a space with at least two bases, XU) and YU), and so it

is at least 2-dimensional.
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Note that when N > 5, dim (span (X),Y@)) = 2. We can see this by show-
ing XU ¢ span (Y(j)). It suffices to only look at the last coordinate of X )
and Y0U), which are cos (N . 2ﬂ) and sin (N . 2ﬂ) Note that cos (N . Qﬂ) =1

N N N

and sin (N . 2%) = 0 always, so there exists no @ € R such that cos (N . 2%) =

asin (N - 2%]) Therefore, X9 ¢ span (Y)) and so span (XU, Y)) = 2.
Hence, if we know that dim (ker (L <u, (uﬁj)) e, MS}L d))) = 2, then
ker (L (u- (qukj)) e, V), d)) = span (X(j)7 y(j)) _

This proves Lemma 16. O

In the following discussion, we will specifically focus on the case j = 1 since
solutions with such an index align with the bifurcation observed in the numerical

simulations.
Group Representation at Bifurcation with respect to j =1

At the bifurcation from the homogeneous solutions corresponding to j = 1, we
define actions on the group of our lattice system living in R" in the following way:

C(ur,ug, ..., un—1,un) = (Un, U1,y ..., UN_1)

(3.8)

K/(Ul,UQ, ce ,UN_Q,UN_l,UN) = (UN—lqu—Qa s ,U27U1,UN)

where ( refers to rotations and s refers to flips of the ring. Clearly ¢V = 1 and
k? = 1, where we use 1 to denote the identity element that acts trivially on vectors
in RY. Notice that the action of x on rings with NV even leaves exactly two elements,

ux and uy, fixed, while when N is odd only the element uy is fixed.
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Recall that the j = 1 eigenvector of L(u) = dA,, + f'(u, u)In is (eizﬁwk>
We specifically choose this Fourier ansatz indexed by j = 1 because in the numerical
simulations, we observe that the point where the solution branch bifurcates from
the homogeneous solutions aligns with the bifurcation point predicted at this index.
In later section, Section 3.2, we will discuss the dimensionality of the null space of
L <U>£1)(d), ,uil)(d), d) for several specific coupling degrees m as examples. In Sec-
tions 3.1 and 4.1, we will present further details on the analysis of the homogeneous
solution branch and its bifurcation points, specifically in the lower-left and upper-
right corner regimes, respectively. Note that in RY, the elements that the group acts
on, corresponding to the j = 1 case, are linear combinations of the bases presented

in (3.7) with j = 1.

A general element in our lattice system at the j = 1 bifurcation can be represented
as aX + bY for a,b € R. We now show that there is a natural isomorphism between
the group representation of our lattice system and the canonical representation of

Dy in the following Lemma 21.

Lemma 21. Consider the group representation of the lattice system as defined in
(3.8). Then this representation is isomorphic to the canonical representation of Dy
as defined in (3.4). The isomorphism 0 : RN — C is defined by 0(aX +bY) = a + bi
for a,b e R.

Proof. First, we check ( agrees with p, which is the rotation. Let a,b € R be

arbitrary. Consider a general element aX 4+ bY in the lattice group. Applying action
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¢ to this element gives

C(aX+bY):C(acos <2N7T) + bsin (QNW) , 4 COS (2%) + bsin (2 . 2%) e
a cos (N%T) +bsin< %))
:(acos <N2W7T) + bsin (N%) , @ COS (%) + bsin (QNW) ,
acos(Q-%)—l—bsin(Q-Qﬁw),...,

acos ((N— 1)- %”) + bsin ((N— 1) %”) )

Note that for each k € {1,2,..., N},

0 cos ((k _ 1)%”) + bsin ((k - 1)%”)
o) () 3)
o) () 5) ()
(ol ()
(ool ()

Hence, ((aX +bY) = (a cos (%’) — bsin (%’T)) X+ (b cos (%r) + asin (%r)) Y. Then,

=¥ =¥

=¥

we consider p acting on a general element a + b7 in the canonical Dy group. Notice

that

pla+bi) = €% (a+bi)
= o (Z) e (2)]
cos (22) = s (22 s (22 s cos (2]

Therefore, we find that the coefficients, acos (QW’T) — bsin (QN”) and asin (%’r) +
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b cos ( ) for the two bases are in agreement between the actions ¢ and p.

s
N

Second, we do the same to actions k and R, which are the reflections in the two
group representations, and check that they agree. For a general element a.X + 0Y in

our lattice group,

ZIS’

k(0 X +bY)= (acos< ) 1 bsin (%”) - (2%) 1 bsin (2%”)
acos(N )+bsm(zv.2§))
:(acos <(N >+bsm <(N—1)-2W7T),
acos< )ersm((N—Q)-QWW),...
5] i) () (3)
a.cos <N2ﬁ) 1 bsin (N%ﬂ))

Note that last coordinate a cos (N : %’r) + bsin (N . QW”) = a. Additionally, when N

a COS

is even, we can also compute the value at the %th coordinate and find that

oo (- 2) 2 ) i (- ¥ 20 < st i o

So these are fixed under reflection and are independent of b. Then observe that for

any k€ {1,2,...,N — 1},

o cos <(N—k) . %ﬂ) + bsin ((N—k) . %)

2 2
=a cos (27r — %k) + bsin (27r — %k)
=@ Cos % — bsin %
N N N

On the other hand, in the canonical representation of Dy group, R acting on a
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general element a + bt gives

R(a + bi) = a — bi.

Therefore, we find that the coefficients, a and —b, for the two bases are in agreement

between the actions x and R.

In conclusion, the representation of the lattice system is isomorphic to the canon-

ical representation of Dy and §(aX + bY') = a + bi is an isomorphism. O

To this point, we see that the bijective map 6(aX + bY) = a + bi presents a
linear isomorphism between the group representation of our lattice system and the
canonical group representation of the dihedral group Dy on C. This shows how
we can linearly transform our group representation into the canonical Dy group
representation through a change of basis in the vector space. This translation will
come in handy when we apply bifurcation theory to understand our system in the

following Sections 3 and 4.

2.2 Repeated Eigenvalues and Irreducible Representations

In later Sections 3 and 4, we will specifically focus on the bifurcation from the
homogeneous solution branch with respect to j = 1 at the lower-left and upper-right
corner regimes. Before doing so, in this subsection, we will take a slight detour and

provide discussions related to the bifurcation with general j.

Specifically, we present a preliminary investigation into the dimensionality of the
null space of L (U, i, d) about the homogeneous solutions at bifurcation points with

generality, extending our analysis beyond the specific case of j = 1. Note that
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our previous analysis indicates that it suffices to concentrate on understanding the
eigenspace of the Laplace operator. This is because the nonlinearity affects only
the eigenvalues, altering them by a constant, without changing the eigenspace itself.

Hence, for now, our discussion focuses on A,,.

In examining Ay and Ay, we observe the following. When m = 1, the eigenvectors
of A, are

. 219
/Uk,j:elek7 Wherew‘]:%’ kzl""7N7 j:07177N_1

and the corresponding eigenvalues are

215
Aj=—2+2 — ]
j + cos(N)

Note that cos (2%]) = cos (W) So when N is odd, A; = Ay_; for

7 = 1,.. .,%. There is one 1-dimensional eigenspace and % 2-dimensional

eigenspaces. When N is even, A; = Ay_; for j = 1,.. .,% — 1. There are two

1-dimensional eigenspaces and % — 1 2-dimensional eigenspaces.

When m = 2, using symbolic calculation in MATLAB, we observe that
eigenspaces higher than 2-dimensional arise for some N. When N is odd, we
find that a 4-dimensional eigenspace exists when N is an odd multiple of 5 with
] = %, %, %, %. When N is even, we have not found a regular pattern. For
example, for N = 12, there is a 3-dimensional eigenspace with j = 2,6,10 and a

4-dimensional eigenspace with j = 3,4,8,9; for N = 18, there is a 3-dimensional

eigenspace with j = 3,9, 15.

These higher dimensional eigenspaces occur when eigenvalues are repeated among
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more than two distinct eigenvectors of the system. To determine whether they arise
due to the underlying symmetric structure, we analyze them from the perspective of

irreducible representations.

An irreducible representation is defined as follows. Consider a representation 6
of Dy over a field F', which is n-dimensional and maps the actions to a vector space
V = F". A subspace W of V is said to be Dy-invariant under the representation ¢
if

O(y)w € W, Vv € Dy,VYw € W.

The representation, 6, is irreducible if the only Dy-invariant subspaces are the origin,

{0}, and the whole space V.

For now, let us consider the canonical representation of the dihedral group Dy
over C, as given in (3.5). In this case, the matrix representation belongs to the
general linear group GL;(C). Since our lattice group respects symmetries of Dy,
the results from the widely studied dihedral group can be naturally applied to our
system. Specifically, we consider the projection of the eigenspace onto irreducible
representations. This leads to a unique canonical decomposition of a representation

into irreducible representations.

Notice that Dy is an ambivalent group with order 2N, with actions p* and Rp*

for 0 < k < N — 1. We first prove the following lemma.

Lemma 22. All irreducible representations of Dy are 1 or 2 dimensional.

Proof. Dy has a normal abelian subgroup, H = (p) (the cyclic group), of index 2.
According to Theorem 16 and its proof in Serre (1977), any irreducible representation

of Dy is induced by a representation of dimension 1 of this subgroup. We denote
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such 1-dimensional representation of H as (m, V). So then we may consider any
irreducible representation of Dy as acting on the space &;V; where each V; = ¢;V is a
1-dimensional vector space with g;’s to be a full set of representatives in Dy of the left
cosets of H. Recall that the left cosets of H in Dy are defined as gH = {gh : h € H},
and the right cosets of H in Dy are Hg = {hg : h € H} for each g € Dy. Note that
for our chosen H, the left cosets always agree with the right cosets. The action of
the full group is determined by the action of a representative of the nontrivial coset,
RH, indexed 2. So for any 1-dimensional space V', the representative either sends
V' to itself or to another 1-dimensional space, denoted by W. Hence, either V' or
V & W is invariant under the full group. Therefore, any irreducible representation

of Dy is 1 or 2 dimensional. O

The character, x(M), of a square matrix M is defined as its trace. According to
Section 5.3 in Serre (1977), when N > 2 is even, Dy has 4 1-dimensional irreducible

representations and their characters are

x(p") =1, x(Rp*) =1
X(P*) =1, x(Rp*) = -1
X(P") = (=1 x(Rp*) = (=1)*

X(0") = (=1)F, x(Rp") = (=1)**

CHONORG

N

In addition, there are 5. — 1 2-dimensional irreducible representations and we index

them by 1 < h < % — 1. The corresponding characters are

2mhk
7;\7 >, andxh(Rpk):OWhereOSkgN—l.

) =20

When N is odd, there are 2 1-dimensional irreducible representations with char-
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acters

(L) x(") =1,x(Rp*) =1

(2) x(p") =1 x(Rp*) = -1

and % 2-dimensional irreducible representations whose characters can be calcu-

lated by the same formula as for the even case.

According to Theorem 8 of Chapter 2.6 in Serre (1977), suppose V is a linear
representation, then we have a unique canonical decomposition of V' into direct sum
of irreducible representations, V =V, @ ... ® V,, and the associated projection p; of

V onto V; can be calculated by

Di = ;X[ Z Xi(7) ¥, (3.9)

Y€DN

where n; is the degree of irreducible representation, y; is the character of the irre-

ducible representation and ¥, is the matrix representation of action v € Dy.

Using MATLAB, we have checked values of N up to 120 and observed that none
of the irreducible representations appear more than once. We include our code and
its detailed explanations in Section 5. This result suggests that for our lattice system
with these values of N, the redundant eigenvalues do not arise from the symmetry
of the Dy group but from other underlying structures of the Laplace operator. This
insight opens up future directions, including proving this result for general N, an-
alyzing which irreducible representations appear in our matrix representation for
the Laplace operator in the lattice system, and ultimately figuring out why high-
dimensional eigenspaces of A,,, which are also the null spaces of L (U, p, d), occur

for certain values of N, m and j.



84
3 Bifurcation Analysis for the Lower-Left Corner
In this section, we present analysis of the main results on bifurcation at the lower-left
corner of the original system when (u,, i, d) near (0,0,0). Analysis for the upper-
right corner follows the same idea and will be presented in details in Section 4.
Results in this section illustrate that the patterned equilibrium states bifurcate from
the homogeneous solutions at the lower-left corner, and the criticality changes from

supercritical to subcritical while increasing m for each N. Specifically, proofs for

Theorem 5 and 6 as well as Lemmas 18 and 17 are presented.

3.1 Bifurcation from Homogeneous Solutions

Recall that the ring system is
Uy = d(ApU)p + f(un, i), 1<n<N, U= (uyuy...,uy)€RY
where

—@m A+ Duy + 37wy, 1<m < |§]

(AmU)n = N N
—Nup + 375 uy, m=[5].

In the region of lower-left corner when (u,, i, d) near (0,0,0), the nonlinearity
f (tn, 1) = —pun + u) + O(u).
Denote Z (U, ji,d) = d(AnU)p — pn, +ud + O(ud).

Now, we show where bifurcation occurs along the homogeneous solution branch
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at the lower-left corner, which proves Theorem 5 (i). To do this, we analyze the

rescaled system.
Rescaled Systems

In this parameter regime, we can rescale as u, = ev,, t = A2, d = 2. Then let

V = (v1,v2...,0x5) € RY, we have

F(V,\) =9, = (A, V) — EXv, + €03 + O(€°).

Since we are interested in studying the stationary solutions, we can set v,, = 0:

FV,\)=0 = (AnV)y— M, 402 +0() =0. (3.10)

To find spatially homogeneous equilibria, we can further rescale equation (3.10)

by v, = Vw,
VABLI), ~ (V) et (VA) w4 O() = 0
1
A

n

(ALW), —w, +w +O(e?) =0

Let A — oo. Then we get roots w, € {—1 + O(€?),0(¢?),1 + O(e?)} for the

decoupled system. Denote w_ = 1+ O(e?) and v_(\) = vV w_.

In numerical simulation, we choose ¢ = 0. When computing the solution branch,
we solve (A,,V), — A, +v3 = 0 for V and continue in the parameter A. For the

initial step, we pick a sufficiently large A, put in the corresponding initial guess of the
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solution in V" as (0,0, ..., \/X), and then converge the initial guess to a real solution

close-by using fsolve in MATLAB.

Bifurcation Points along Homogeneous Solutions Branch at Lower-Left

Corner

Next, we can find out all bifurcating points from the homogeneous solution
branch. This essentially involves finding the corresponding A values for which the

eigenvalue of the Jacobian matrix of IF(V, A) along the homogeneous solutions is zero.

Given N, consider 1 <m < [ ¥ |, we define the Jacobian of F(V,\) with respect

to V' at homogeneous branch solutions V' = v_(\)e as
L(A) = DyF (v_(Ne,\) = A, + 2+ O(e%)) Iy
where Iy is the identity matrix. We are interested in finding the eigenvalues of L(u).

Recall from Section 2.1, we have shown that the eigenvectors of A,, are

‘ 27] N
vk,j:e““jk, Wherewj:%, k=1,...,N, j—O,l,...,\‘gJ

with the corresponding eigenvalues to be

=2 (o e ().

p=1

So we can calculate the eigenvalues of I.()\), which are

A+ (A4 0(e?) =2 (—m + icos (#)) + 2\ + O(é%).

p=1
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When eigenvalue is 0, A\ = m — Z cos (%) +O(€®). These are the \ values
p=1

at the bifurcating points from the homogeneous solution branch.

Since the ring system is equivariant with respect to the dihedral group, we can
use equivariant bifurcation theory for Dy symmetry to understand the bifurcation
from the homogeneous solutions. Our analysis is based on the following results on

Dy group from Chapter 5 in Golubitsky’s book Golubitsky et al. (1988).

Theorem 9. Consider the ODE system with the form

dz
o +g(z,0) =0.

where map g : C x R — C commutes with Dy. Then the normal form is
9(z,0) = pla, B,0)z + q(, 8,6)2"

where z =x +iy € C, o = 2z and B = 2N + ZV=1. Consider N > 5 and assume
p(0,0,0) =0 and ps(0,0,0) # 0.

Then, from the trivial solution branch z = 0, the following bifurcation branch ezists,

with the equation

pa<07 07 0) 2

0= — A S 3.11
pg(0,0,0) ( )

Additionally, assume that p,(0,0,0) # 0. Then, the directions of branching from
z = 0 in the bifurcation diagram for g(z,0) = 0 are as illustrated in Figure 3.10 for
odd N and Figure 3.11 for even N.
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Zo(R
2N
Zs(R)
(x <0) %2<§)
- = ++ - = ++
> >
—p5(0,0,0) > 0, —pa(0,0,0) <0 O —p5(0,0,0) > 0, —pa(0,0,0) >0 O
(a) —pa(0,0,0) < 0, supercritical (b) —pa(0,0,0) > 0, subcritical

Figure 3.10: Illustrations of the criticality of bifurcation from the homogeneous
solution branch, z = 0, with Dy symmetry when —ps(0,0,0) > 0, for N > 5
being an odd number. There are two distinct bifurcation branches, Zs(R) with
x > 0 and Zs(R) with z < 0. The branching directions are dependent on the sign of

—Pa(0,0,0). — means stable eigenvalues and 4+ means unstable eigenvalues.
Zs(R) Z3(R)
Zs(Rp) Zo(Rp)
—p5(0,0,0) > 0,-pa(0,0,0) <0 O —p5(0,0,0) > 0, —pa(0,0,0) >0 O
(a) —pa(0,0,0) < 0, supercritical (b) —pa(0,0,0) > 0, subcritical

Figure 3.11: Illustrations of the criticality of bifurcation from the homogeneous
solution branch, z = 0, with Dy symmetry when —ps(0,0,0) > 0, for N > 5 being
an even number. There are two distinct bifurcation branches, Zy(R) and Zy(Rp).
The branching directions are dependent on the sign of —p,(0,0,0). — means stable
eigenvalues and + means unstable eigenvalues.

Specifically, there are two branches of solutions in isotropy subgroups that bifur-
cate from the branch z = 0. When N is odd, the two branches are Zo(R) with x > 0

and Zo(R) with © < 0. When N is even, the two branches are Zs(R) and Za(Rp).

Note that in Theorem 9, the condition p(0,0,0) = 0 ensures that it is a bifurcation
problem for g(a,d). The condition ps(0,0,0) # 0 corresponds to the genericity
hypothesis of the equivariant branching lemma, allowing the equivariant branching

lemma to be applied. In addition, p,(0,0,0) # 0 is assumed so that the branching
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direction can be determined.

We then briefly comment on the role of g. If we assume that ¢(0,0,0) # 0, then
the only local solution branches to the system g(z,d) = 0 that bifurcate from z = 0
are those shown in Figs. 3.10 and 3.11. The stability of the bifurcation branch is
determined by whether ¢(0,0,0) > 0 or ¢(0,0,0) < 0. If we do not know whether
q(0,0,0) # 0, then the existence results in Theorem 9 still hold, but there might

exist other bifurcation branches not described in the theorem.

3.2 Verification of Genericity Hypotheses

In Section 2.1, we have shown how the group representation of our ring lattice can
be mapped to the canonical representation of Dy. This fact allows us to apply the
results from Theorem 9 to our ring system. In this subsection, we show how we
can understand the criticality of bifurcation in the lower-left corner using the theory.
Specifically, we present proofs for Theorem 6. In the process, we also prove Lemmas

18 and 17.

Note that in order to apply Theorem 9 to the bifurcation problem in our system,
we require the conditions that ps(0,0,0) # 0, p,(0,0,0) # 0, and also that the
null space of L ()\(1)) about the homogeneous solution at the bifurcation point is
2-dimensional. This subsection will first provide a discussion on the dimensionality
of the null space of IL (/\(1)) for certain values of m, and show that we can obtain the
2-dimensional condition in Theorem 9 when dim (ker (IL ()\(1)))) = 2. Then, we will
verify the conditions p,(0,0,0) # 0 and ps(0,0,0) # 0 in the theorem by presenting

explicit calculations.
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Recall that in Section 2.1, we have proved the isomorphism between the group
representation of our lattice system, (3.8), and the canonical group representation of
Dy, (3.5). Hence, if we assume that the null space of LL ()\(1)) is 2-dimensional, after
performing the following verifications, we can then obtain the results for Theorems 5

(ii) and 6 according to Theorem 9.
Dimension of ker (L (\)) for Certain m Values

As mentioned in the previous Section 2.1, we specifically focus on the bifurcation
corresponding to 7 = 1 because our numerical simulation coincides with it. Here,
we want to verify under what conditions of N and m the null space of L ()\(1))
is 2-dimensional. Notice that according to the previous calculation, for a general
N >5and 1 <m < L%j, the eigenvectors of the eigenproblem with respect to

7=0,1,..., N — 1 at the bifurcation are

(cos (Qﬂk>> and (sin (@k>) ,
N k=1,..,N N k=1,..,N

which are obtained by converting the complex ansatz (ei%’ﬂ into real vec-
k=12,..,N

tors. The corresponding eigenvalues are A\U) = m — Z cos (%) + O(€).

p=1
Note that, as discussed in the proof of Lemma 16 presented in Section 2.1, we
can restrict the index j to be within the set {O, 1,2,..., L%J } since 7 and N — j for
7 =1,..., N — 1 provide redundant solutions with the same eigenspace. However,
for convenience in our subsequent discussions, we continue to use 7 =0,1,..., N —1.

Any argument that holds for j € {0,1,..., N — 1} will automatically be valid for

je{0,1,.... 5]}

In order to check the dimensionality of null space of L (/\(1)), we need to find
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out if there are \U) = A with j # 1. Notice that when j = 0, A\© = m —
Z 1 + O(e*) = O(¢?), which is independent of N and m. For any fixed N and m,

A =m — Zcos( )—1—0( ) > O() = A since 0 < 2 < 2% < 7 which
implies that cos (2”’) < 1. Hence, AV #£ X0 50 we can omit the case j = 0 in the

following discussion.

Given N and m, we define a difference function between the eigenvalue with

j =1 and the eigenvalue with the general j as

m

. 2 = 2
D(j) = AV - \0) = Zcos ( ij) Zcos ( 7UD)

sin <—m(2;\7+1) > sin (—ﬂ(%]\lﬁl) )

2sin (”—]\?) 2sin (%)

sin <—”j<2jvn“)> sin (Z) — sin (“”g*”) sin (%)

Note that for 1 < 7 < N -1, 0 < & < % < 7. So the denominator
2sin ( N) sm( ) # 0. When finding out whether a specific A\U¥) = X1 we only

need to check whether the numerator D4(j) of D(j) is zero.

When j = N — 1, DA(N — 1) = 0, which confirms our previous observation that
AN=1 = X1 Recall that, as shown in Section 2.1, although the bifurcation point
corresponding to 7 = N — 1 collides with that of 7 = 1, the direct sum of their
eigenspaces remains 2-dimensional. So for now, it suffices to verify whether there
exists A0 = X\ for j =2.3,..., N — 2, and if so, then we check the dimensionality

of the space spanned by their eigenvectors.

We first discuss the all-to-all and almost all-to-all cases and demonstrate that

dim (ker (]L (/\(1)))) > 2 for these two scenarios.



92
Consider j € {2,3,...,N — 2}.
(a) All-to-all case

Recall that the all-to-all case refers to when m = L%J for any given N. When N

is odd, m = % and we have

DA(j) = sin () sin (%) — sin () sin (%) =0
forj=2,3,...,N —2.

N
2

D*(j) = sin (%) in () s (W) o (%)
= cos () sin (7 ) sin () +sin () sn (57
— (14 cos (7)) sin <%> sin ()

Again, sin (£) # 0 and sin (%) # 0 since 0 < j < N. So D(j) = 0 only if

When N is even, m = 5 and

cos (mj) = —1, which is when j =3,5,..., N — 3.

Therefore, in the case of all-to-all coupling, when N is odd, AU = A1) for integer
j=2,3,...,N —2. When N is even, \0) = \() for odd integer j = 3,5,..., N — 3.

(b) Almost all-to-all case

N _

> — 1, L.e., every

The almost all-to-all case refers to when N > 6 is even and m =
node is connected to every other node except for the one at the furthest opposite

end.
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In this case,

D) =sin (S Jin () s (55 ) ()
— — cos (77) sin (%) sin (%) —sin (%) sin <%)
= (=1 — cos (7j)) sin (%) sin (%) :

Similarly as before, D4(j) = 0 only if —1 — cos (7j) = 0, and this is when j is an odd
integer. Hence, in the case of almost all-to-all coupling, A?) = XV for odd integer

j=305... N-3.

In order to conclude that, for both all-to-all and almost all-to-all cases, the null
space of IL ()\(1)) is more than 2-dimensional — regardless of IV is even or odd — we only
need to show that the space spanned by the eigenvectors is at least 3-dimensional.
It suffices to focus on the case where j = 3. Note that one of the eigenvectors

corresponding to this case is

(= (54).0

.....

and for any N > 5, this vector cannot be represented as a linear combination of the

two eigenvectors with respect to j = 1, which are

(o), e ()

----------

To quickly see this, we can use a proof by contradiction. Assume that for any
N > 5, there exist ¢q, cs € R such that cos (%’Tk) = ¢} COS (ZW’T/{) + ¢9 8in (%’rk), where
k= 1,2,...,N. Notice that when £ = N, we have cos (%k) = coS (%rk) =1

and sin (%k) = 0, implying that ¢; = 1 and c; = 0. Therefore, we should have

cos (%k) cos (%’rk) for all &.
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However, considering & = 1, we find that for N > 6, cos (%”k) < cos (%’Tk)
because the cosine function strictly decreases in the domain (0, 7|. For the remaining
case where N = 5, we can explicitly show that cos (%’rk) < 0 < cos (%’rk) Thus, for
any N > 5, cos (%k) Z# cos (%k) when k = 1, which results in a contradiction. In
conclusion, for all N > 5, there are no ¢, co € R such that cos (%/{:) = (1 COS (%k) +

cosin (¥k) for all k =1,2,..., N, which is what we aimed to prove.

Hence, the null space of IL ()\(1)) is more than 2-dimensional, and so we cannot
apply Theorem 9 for all-to-all and almost all-to-all coupling cases. Consequently, we

exclude these two cases from the subsequent analysis on the criticality of bifurcation.

We then focus on the following cases where m = 1 and 2 and prove Lemma 17.
For ease of reference, we restate the content of Lemma 17 here.
Lemma 23 (Restated). We restate Lemma 17.

Let 0 <d < 1. dim (ker <L(U§1),/L£1),d)>> =2 form =1 when N > 5 and for

m =2 when N > 7.

Proof. (a) N >5m=1

When m = 1, for any given N > 5, A\U) = 1 — cos (2%) + O(€?) for integer j.

Consider continuous function f(z) = cos (%) on bounded domain [1, N — 1]. Note

E(N — 1) = cos (W) ~ cos (%”) (1),

that

The derivative

/ 2 2
f(x)= —NW sin <N7Tx> :
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Since sin (%”m) > 0 when z € (1,%) and sin (%’rw) < 0 when z € (%,N— 1),

f'(z) < 0, which means f(z) decreases monotonically, on (1, %), and f'(x) > 0, which

means f(z) increases monotonically, on (%, N — 1). Hence, for any z € (1, N — 1),

f(z) # f(1), which implies that there is no j € {2,3,..., N —2} such that AU) = \(),
Therefore, the null space of IL (/\(1)) is strictly 2-dimensional when m = 1.
(b) N>T7,m=2

When m = 2, for any given N > 7,

- 21y Ay
A9 =2 — cos (%) — cos (%) + O(€%)
2myg 21y
=3 — cos <%) — 2 cos® <%) + O(€)

according to the double-angle identity 2 cos? (g) =1+ cos(0).

Again, we consider the difference function between the eigenvalue for j = 1 and

those for other general j, this time specifically for m = 2. We have

j 2my 2mj 2 2
Dy(j) = AD 2O = cos (%‘7) + 2 cos? (%‘7) — cos (%) — 2cos? (%) )

Since we know AN=D = A1) Dy(1) = Dy(N — 1) = 0. Consider 1 < j < N — 1, the

derivative of Dy(j) with respect to j is

‘. omsin (252) (1 4 4 cos (2L
D2<j)__7rln(N)(N (N))

The sign of D,(j) is determined by the signs of the multipliers in its numerator.

When 1 < 5 < %, sin (2%) > (; when % <jJ < N —1,sin (2%) < 0. To simplify
1

cos™1(—-2 cos™H(—=
the notation, let a; = #N and ay = (1 — #) N. When 1 < j < ay,

21 21
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1—1—4608(%) > 0; when a1 < j < ao, 1—1—4008(%) < 0; when ay < j < N — 1,

1+ 4cos(%2) > 0. Hence, Dy(j) < 0 on (1,a1) and (¥, as), and Dy(j) > 0 on

(a1, %) and (az, N —1). So function Ds(j) has a local maximum at 5. Note that

N 2 2
D, (?) = cos () + 2cos® (1) — cos <N7T) — 2cos® (WW)
2 2
=1—cos (NW) — 2cos? <N7r) .

For N > 7, cos (%r) > cos (%W) > Cos(

N 2 2
Do (E) <1 - cos (?ﬂ') — 2cos? (?7?) < 0.

Therefore, on (1, N — 1), Dy(j) first monotonically decreases on (1,a;) and then

_ 1
7T)—§,SO

Wl

monotonically increases on (al, %) After reaching a local maximum D, (%) <0, it
then again monotonically decreases on (%, Clg) and finally monotonically increases

on (ay, N — 1). Thus there exists no j € {2,3,..., N — 2} such that A?) = \().

In conclusion, the null space of L ()\(1)) is strictly 2-dimensional when m = 2. [

To prepare for the upcoming calculation, recall that if dim (ker (]L ()\(1)))) =2,

then the space ker (IL ()\(1))) is spanned by bases

27 2 2

X = (cos <N) , COS <2N) y ..., COS (NW>)
. 2T . 2T . 27

Y— (Sln (W) , SIn <2N) ye. ., SIN <NW))

We denote the bifurcation point from the homogeneous branch solution correspond-

— _ m 2
ing to j = 1 a5 (\.,v.) where A, = A+ O(e) for X = m — 3 cos (%) .
p=1

v, = <\/X+O(e2))ewhere®:(1,1,...,1)GRN.
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Proof of Theorem 6 (i)

We now present proofs for Theorem 6 (i). This process also verifies the conditions
Pa(0,0,0) # 0 and ps(0,0,0) # 0, which are required by Theorem 9. Therefore, by
the end, we will be able to directly use the branching results from the theorem. To

begin, we make the assumption that the null space of IL (\,) is 2-dimensional.

We first prove for the result in Lemma 18. In our current context, the restatement

of the lemma is as follows.

Lemma 24 (Restated). We here restate Lemma 18.

N
Let N > 5 and1 <m < {EJ — 1. Assuming there exist solutions to system

(3.10) in B, (vi, As). Then the solution takes the following form
U*(a (M, €)) = v.(€) + aX + O(a?)

where a € R.

Proof. In order to apply the results of Theorem 9 to determine the criticality of
bifurcation, we need to find the normal form for our system. To do so, we first
simplify the notation. Let w = w — v,, and n = A — .. Then, applying the Center
Manifold Theorem on our system, we have that for fixed k > 1, there exists h € C*
such that

We () = {v* b+ () W € Be(0) C EC}

where (0, 0) =0, fzw(O, 0) =0and 0 < n < 1. Note that w € span(X,Y’) so we can

write w = aX + bY for a,b € R.

Let F(V,n) = F(V,\). Apply spectral projection onto the center manifold, so
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then

Ufi_f — P°F (m +aX+bY+B(aX+bY,n),n> ;

which is the normal form of our system near the branching point along the homoge-

neous branch at the lower-left corner.

Notice that a X +0Y = w = 2z = x + iy. We consider the case when b =y =0

and denote h(a + b,n) = h(aX + bY,7), so then we have
P°F (ve +aX + h(a,n),n) = —p(a®,a" ", n)a — g(a®, ™" m)a™~ (3.12)

where h : E° x (—no,m) — E" with h(0,0) = he(0,0) = 0 and h(a,n) =
O (la* +1|n]). Ph(a,n) =0 for all a,n.

We have thus far obtained results presented in Lemma 18. O

To use the branching results from Theorem 9, we want to compute —p,(0, 0, 0)

and —p,(0,0,0). Note that in the following computations, we restrict to N > 5.

Lemma 25. For N > 5, it follows from equation (3.12) that —p,(0,0,0) = 2+O(€?).

Proof. Note that

_p(07 0777) = PCDG (F<U* +aX + h(a7n>777)) ’CL:O
=P° (‘FV(U* +aX + h(a’an)777)(X + ha(aﬂl))) |a:0
= pP° (‘FV(U* + h(oaﬁ)ﬂ?)(X + ha(07n>))

— P°Fy(v. + h(0,n),))X  since Phy(0,7) =0 Vn
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So
_pn((); 07 0) = DnPCfV<U* + h(07 77)7 U)X’nzo

= P (Fvy (0., 0)[X, by (0,0)] + Fry (s, 0))

To compute —p,(0,0,0), we first need to compute h,(0,0).

Note that F(V,n) = F(V,\, + 1) = 0 when V = v*(n) = (x/j\ +n+ (9(62)> e
and v, = v*(0) = (\/X—F 0(62)> e. According to the Center Manifold Theorem,

v*(n) € WE (v.,n) for all n. Hence, there exists a unique a = a*(n) with
vt (n) = ve £ a*(n) X + h(a®(n), n).

Further notice that P“v*(n) = 0 for all n. Thus, a*(n) = 0 for all . We then have
v*(n) = v« + h(0,n). Therefore, h(0,n) (\/)\ +n—VA+ O(e )) e, and so

 (0,0) = (2% + O ))

We then can compute P°Fyy (v., 0)[X, h,(0,0)].

Since Fyy has no dependency on 7, we may consider function F; : RY — R

where F;(V) = v} + O(€?). For A, B € RY, we can calculate that
Dy F;(V)A = 3viA; + O(€?)

and
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Using this information, we can compute

Fuv (s, 0)[X, 11 (0,0)] = (6 (\/i + (’)(62)> e; X (% - (9(62)) ej)j

=3X + O(€%).

So
P Fyv(vs,0)[X, hy(0,0)] = P (3X + O(e?)) =3+ O(e*).

We are left to compute P°Fy,(v,,0), which can be calculated directed:
PC.FVW(U*, 0) = PCDan(—nV) =-1 + 0(62).
Therefore,

—p,(0,0,0) = P (Fyv(v.,0)[X, hy(0,0)] + Fyp(vs,0)) = 2+ O(?).

Lemma 26. For N > 5, it follows from equation (3.12) that

15 9 A
—pa(0,0,0) = —— — = 2
Pa(0,0,0) = =7 = 53— 55 + 0(<)
where
Y —m 1 sin(27rm + )
2 2 sin (%)
and




Proof. Notice that

p(a®,a™"1,0) = p(0,0,0) + a’pa(0,0,0) + O(|al* + |a|V 1)

= a*p,(0,0,0) + O(|al?)
So g(a,0) = a®pa(0,0,0) + O(]al*). We then have
~pa(0,0,0) = = £000a(0,0) = <P DIF(v. + aX +h(a,0),0)lumy
To find —p,(0,0,0), we then need to compute D3F (v, + aX + h(a,0),0)|s=0:

D.F(v. + aX + h(a,0),0) = Fy(vs + aX + h(a,0),0)[X + hy(a,0)]

= D2F(v. +aX + h(a,0),0) = Fyy(v. +aX + h(a,0),0)[X + hy(a,0)]?

+ Fy(ve + aX + h(a,0),0)he(a,0)
— D3F (v, + aX + h(a,0),0)|aco = Fyvv(vs, 0)[X + ha(0,0)]?
+ 2F v (v,,0)[X + ha(0,0), haa(0,0)]
+ Fyrv (s, 0)[X + ha(0,0), haq (0, 0)]

+ .FV(U*, O)haaa(oa O)
Since hy(0,0) =0 and P¢hgq,(0,0) = 0,

P° (D3F(vs + aX + h(a,0),0)]e0)

P Fuyy(vy, 0)[X]? + 3P Fyv (v, 0)[X, haa(0, 0)]

- <6ZX4+3< ((\/_+0 )XjDihj(O’ODjl N>+O<€2)> | X |2

.....

— <62X4+18\/_ZX2D2 00>|;|2 +0(e”)

101
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using P¢ = (X, ) = ¢ and equation (3.13). It follows that

| X

«(0,0,0) (ZX4+3\/_ZX2D2 (0,0) ) !;P +0(é%). (3.14)

So to compute —p,(0,0,0), we need to first find out h.,(0,0). To simplify the

notation, let H := hy,(0,0). Then

2

2
a a
h(a,0) = Sha(0,0) + O(laf*) = S H + O(lal).

Note that when 1 = 0, one trajectory of solutions is
V() = v, + a(t)X + h(a(t), 0)
which then gives

d
—V =aX + aaH + aO(a?).

dt
but also
d
%V F(vs +aX + h(a,0),0)
a a®
= Fy(vs,0) (aX + ?H) + Efvv(v*,O)[XP + O(a®).
Hence

2

2
aX + aaH + aO(a*) = Fy(vs,0) (CLX + %H) + %]:VV(U*, 0)[X]* + O(a®).

Because @ = O(a?) when 1 = 0, applying P", the spectral projection onto the stable
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and unstable manifolds, gives

2

O(a®) = P <.7—"V(v*, O)G;H) + ph (%]’VV(@*, 0)[X]2) +0(d®).

Therefore,

P"Fy (v.,0)H = —P"Fyy (v, 0)[X]*. (3.15)

Notice that

Fv(vs,0) = A, + (—)\* + 3113) In +O()

AL (—)\ 43 (\fx + 0(62))2> Iy + O(&)

= A 4+ 20y + O(€%)
- - 21p L .
where A\ = m — ZCOS N ) Note that P" commutes with Fy and H ¢
p=1

span(X , Y), the center space, so
P"Fy (s, 0)H = Ay H + 20H + O(€?). (3.16)
According to equation (3.13), we have

Fov(ve, 0)[X] = (6VX- X?) +0O(e).

o
where X; = cos (%) for j =1,..., N. To simplify further, we use the trigonomet-

215 217
ric identity 1 4 cos(2¢) = 2 cos?(¢), which gives 1 + cos (2%) = 2 cos® <%) =

2X32. So

i
where X = <cos (%)) is the eigenvector of A,, corresponding to the
j=1,..,N

.....
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- 4
eigenvalue \y = 2 (—m + ZCOS (%)) . Notice that P" commutes with Fyy
=1

and neither e nor X® is in span(X,Y’), the center space, so
P"Fyy (v, 0)[X]? = 3VA (e + X@) + O(e). (3.17)
Plugging equations (3.16) and (3.17) into equation (3.15), we get
A H +2)H + O(e :—3\/_(<e+X )+ O(e). (3.18)

We can consider H = cye + o X @ for some ¢y, c2 € R and plug this expression of H

into equation (3.18):
2coe + (Ao +21) X = —3v2e — 3VAX ). (3.19)

Solving (3.19) for ¢ and ¢y, we can find that

3 3\
=€ — ~

haa(0,0) = H = —

Plugging h,,(0,0) back into equation (3.14), we yield

N —
22\ 1
+(0,0,0) X4 X2 (e, X)) —— 1 06?). (320
(Z 321 ]<@J+)\2+2>\ j |X|2+ (6) ( )

We utilize the following identities
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15 9 A
—9a(0,0,0) = —— — = - 2
Pa(0.0.0) = = =55 T O
where
- " 21k
A=m— —_
S ( o )
k=1
1 sin <(2m];[i—1)7r>
—m+§ B ZSin(%)
- m 4rk " 2k
and Ao +2\ =2 (—m+ZCos (T)) + 2 <m— Zcos (T))
k=1 k=1
—sin <2”(m+1)> + sin (”(47]:;”)) — sin (Z2)
N sin ()

Hence, by Lemma 25 and Lemma 26, applying Theorem 9, we obtain results in

Theorem 6 (i).

Additionally, we also know that the branching directions from the homogeneous
solutions at the lower-left corner fall into the following cases in Figure 3.12 for odd N
and Figure 3.13 for even N. Specifically, Theorem 9 tells us there are two branches of
isotropy subgroups of solutions bifurcating from the homogeneous solution branch.
When N is odd, there are two Zs(k) branches, and when N is even, there are one

Zs(k) and one Zs(k() branches.
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2 (k)
(a>0) (Zd2>(’(§:))
K
(a <0) (a2<( 0))
-~ ~
—py(0,0,0) > 0,—pa(0,0,0) <0 N —py(0,0,0) > 0,—-pa(0,0,0) >0 M
(a) —pa(0,0,0) < 0, supercritical (b) —pa(0,0,0) > 0, subcritical

Figure 3.12: Illustrations of the criticality of bifurcation from the homogeneous
solution branch for the lattice system at the lower-left corner with N > 5 being
an odd number. There are two distinct bifurcation branches, Zy(x) with a > 0 and
Zs(k) with a < 0. The branching directions are dependent on the sign of —p,(0, 0, 0).
— means stable eigenvalues and + means unstable eigenvalues.

Zs (k) Zso (k)

2y (k) Z2(KC)

—- ++ —— ++

~
~
—py(0,0,0) > 0,—po(0,0,0) <0 M —py(0,0,0) > 0, —po(0,0,0) >0 T
(a) —pa(0,0,0) < 0, supercritical (b) —pa(0,0,0) > 0, subcritical

Figure 3.13: Illustrations of the criticality of bifurcation from the homogeneous
solution branch for the lattice system at the lower-left corner with N > 5 being
an even number. There are two distinct bifurcation branches, Zs(x) and Zs(k().
The branching directions are dependent on the sign of —p,(0,0,0). — means stable
eigenvalues and + means unstable eigenvalues.

In short, the branching direction depends on the sign of —p,(0,0,0). For
simplicity, we set ¢ = 0 and explicitly compute when N = 16,17,18,19 for
1 <m< {%J — 1 (all cases except for almost all-to-all and all-to-all cou-
plings). The prediction shows that as m increases, —p,(0,0,0) transitions from
negative to positive, indicating a shift in the branching direction. For odd N, the
change is from the scenario depicted in Figure 3.12a to that in Figure 3.12b; for
even N, the shift is from Figure 3.13a to Figure 3.13b. We checked numerically

and confirmed that the numerical observations align with the analytical predictions.
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Specifically, we find that the smallest m when —p,(0,0,0) becomes positive for each
N is (N,m) = (16,6), (17,7), (18,7), (19, 7).

Criticality in Limiting Case N — oo

We assume that the null space of L (\,) is 2-dimensional and then study the
A 1

limiting case as N — oo. For m = 1,2, we can compute that lim = = ,
N—oo )\2 + 2\ 6

so lim —p,(0,0,0) = =3 + O(€?).
N—o00

N -1
Whenm:{T

J -1, A}gr(l)o YD) = o0 and so ]\}gr(l)o —a(0,0,0) = 0.

After these initial observations, we proceed to provide proofs for Theorem 6 (ii).

m N
Let r = N We focuson 1 < m < {TJ —1lso0<r< % An interesting
question to ask is as N — oo, at which ratio r the branching direction switches,

i.e., —pa(0,0,0) changes sign. Note that when m = 1, lim r = 0 and when m =

N—oo

N-—-1 1

{TJ -1, A;im "= 5,80 We already know as N — 00, —p, (0,0, 0) is negative at
—00

r = 0 and positive at r = % To see when the direction changes, we are left to find

out when lim —p,(0,0,0) crosses zero. To do so, we rewrite —p,(0,0,0) in terms

N—oo
of r and get
__ 1 9 A 2

_pa(0> 07 O) 4 9 )\2 + 25\ (E )

where
5= 2r N sin (%) — sin (27?7’ + le) + sin (%)
N 2sin (%)
g 20\ 4 2\ _ g
N 423 — sin (27r + 27) + §1n (247rr + 2%) —sin (27r)
i (%)

SO

: 15 9  27r —sin(27r)
lim —pa(0,0,0) = —— — =— _
Noeo P ( ) 4 2sin (4nr) — 2sin (27r)

+ O(€).
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Then we have

Jim —p,(0,0,0) = 0 = 16sin(277) — 5sin(4rr) — 1277 = O(e?). (3.21)
—00

1

Since the domain of r is [O, 5} , we seek to determine how many distinct values of

r within this domain satisfy equation (3.21). The following lemma establishes that

there exists only one such r for 0 < r < % where the equation holds.

Lemma 27. Let f(r) = 16sin(27r) — 5sin(4nr) — 12xr. f(r) has a unique root on

(0.3)-
Proof. The first and second derivatives of f(r) are
f'(r) = 32w cos(2mr) — 207 cos(4mr) — 12w

and

f"(r) = —64n*sin(27r) + 807 sin(47r).

We first focus on 0 < r < 1. Note that on (0,%], f”(r) > 0 and also since

f'(0) = 0, we know that f’(r) > 0 on (0, ] and thus f(r) is monotonically increasing

on this domain. Then on (%, ﬂ, 1 (%) >0, f” (%) < 0 and f”(r) is monotonically
decreasing, so there exists ' € (&,1) such that f”(r') = 0, and f”(r) > 0 for
re (%,r’), f"(r) < 0forr’ € (7”, %) So f'(r) increases monotonically on (%,r’) and

then decreases monotonically on (r’,1). Since f'(§) > 0 and f' (1) >0, f/(r) > 0

11

on (g, ﬂ , which means f(r) is monotonically increasing. Hence, f(r)is monotonically

increasing on (O, i) and since f(0) = 0, so there is no root on (O, i)

We then focus on § < 7 < 3. Note that f”(r) < 0 on this domain, so f'(r) is
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monotonically decreasing. Since f’ (i) > 0, f (%) < 0 and f (i) >0, f (%) < 0,

f(r) has a unique root on (0, %)

1) and a unique root on [4 1), so f(r) has

In conclusion, f(r) has no root on (0, 4

a unique root on (0, %) ]

Lemma 27 tells that as N — oo, when r increases from zero, the switch of
branching direction happens only once. Using Maple, we can calculate that the
solution to 16sin(27r) — 5sin(47r) — 12ar = 0 for 0 < r < L is 7 ~ 0.3932. So

ignoring the € effect, as N — oo, we expect that the bifurcation criticality switches

from supercritical to subcritical at around r ~ 0.3932.

We thereby obtain the results for Theorem 6 (ii).

3.3 Connecting Original System with the Rescaled System

To show that the emergent patterned states from the homogeneous solution branch
are connected with the branches of patterns in Figure 2.2, we verify by numerical

simulations.

For a selected pair of (N, m), we run numerical continuation with the following

steps in MATLAB to verify that the branches are connected:

(1) Set d < 1, an initial x(® and an integer k € {1,2,..., N} denoting the num-
ber of nodes to be set with nonzero values for the initial guess. Then use
(a,...,a,0,0,...,0,0,a,...,a,a), a vector of length N with k elements taking

on value a = \/1+ /1 — u® and N — k elements taking on 0, as the initial
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guess to convert to a near-by solution, U® to d(A,,U), + f(un, u¥) = 0 using
fsolve.

(2) Use (U 1) as the starting solution and use numerical continuation to con-
tinue the solution branch of the full system in terms of p. Stop until the solution
in (U, p) gets close to the lower-left region, i.e., u, and g both become close to

0. Denote the end solution as (UM, u(V) where UM = <ug1), M, ,u%?).

™ o )
(3) Let AO = % and VO = (ulﬁ, %,...,%). Use (V@ X)) as the initial

solution and continue the solution branch in the rescaled system for the lower-
left region in terms of A. To check the goodness of the initial solution, compute

3 5
the residual vector r,, = (AmV(O))n—)\(O)USIO)—i—Q <v£0)> —d <v7(10)> for1 <n < N.

Figures 3.14 and 3.15 illustrate an example when continuing on a system with

(N,m) = (16, 3). The initial parameters are d = 0.01, u® = 0.5 and k = 15.

Bifurcation Diagram N = 16, m = 3 (Full System) Start Pattern )
= pranch
O start 08
O end
5 L B 0.6
0.4
4+ 0.2

U2
w

0 Il Il Il Il
0 0.2 0.4 0.6 0.8 1

,u

Figure 3.14: Numerical continuation on the original full system for N = 16,m = 3
until near the lower-left region where (u,, p, d) is close to (0,0,0). The start and end
solution patterns are illustrated in the right panel with normalized node values.



111

Bifurcation Diagram N =16, m = 3 (LLC Rescaled) Example Pattern

8 1
0.8
7 L
0.6
6r 0.4
0.2
5 L

=== homogeneous branch

|| == branch

O example solution point

3¢ bifurcation point from homogeneous branch

0 2 4 6 8
A

Figure 3.15: Numerical continuation on the rescaled system at the lower-left region
where (u,, i, d) is near (0,0,0), starting at solution taken from the full system.
The L?-norm of the residual vector at the initial solution is 7.4143e-07. Detailed
explanations are similar to those in Figure 3.8.

Note that when computing the homogeneous solutions and the predicted bifur-
cation points in Figure 3.15, we explicitly include all the higher-order terms. Specif-
ically, to find the homogeneous solutions, we consider the rescaled system with all
terms fully expressed F(V, A\, d),, = (A, V) —Av,+2v3 —dv? | and so the homogeneous

solution v, satisfies —Av, + 2v3 — dv? = 0. Solving for v,, yields that homogeneous

solution v, (A, d) = v_(A, d)e where v_(\, d) = /Y2,

Then to explicitly solve for the bifurcation points, we consider the Jacobian

L(V, A\, d) = A, + (=X + 602 — 5dvl) Iy. Recall that the eigenvalues of A,, are

e 27 jp ‘ N
>\j:2 (—m—l—ZCOS (T)) fOI‘] :0,1,2,..., \‘EJ .
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corresponding to the discrete Fourier ansatz

2717
N Y

Vg = €% where w; =

N
k=1,...,N, j:0,1,...,bJ.

So we can compute the eigenvalues to (v, (), d), A, d) along the homogeneous branch
ve(A, d), which are A\; — A+ 6v_(\, d) — 5dv_ (A, d)?. Setting the eigenvalue to 0 and

solving for A then give us the associated A values at the bifurcation points, indexed

by j:

Ao (@) = a2 2 fax; +1

4d

where j =0,1,2,...,[§].

The asterisk marked on Figure 3.15 corresponds to the bifurcation point along

homogeneous solutions, (v,(A(d),d), \P(d),d), with index j = 1.

4 Bifurcation Analysis for the Upper-Right Cor-

ner

In this section, we follow the similar ideas as in Section 3 and present analysis of the
bifurcation at the upper-right corner of the original system when (u,, i, d) is near
(1,1,0). Specifically, this section illustrate proofs for Theorems 7 and 8 as well as

Lemma 19.
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4.1 Bifurcation from Homogeneous Solutions

Our original ring system is
Uy = d(ApU)p + f(un, i), 1<n<N, U= (uyuy...,uy)€RY

where

—(2m + Du, + Z;n:—m Un+j, I<m< L%J

(AmU)n - N N
—Nu, + ijl (0 m=|5].

In the region of upper-right corner when (u,, y1, d) is near (1, 1, 0), the nonlinearity

fun, ) = F(U+ i, 1 = 1) = o — @ + O, + ;).

Denote .Z (U, i, d) = d(AnU), + o — @2 + O(fitty, + 13).

We now prove for Theorem 7 (i). To do this, we analyze the rescaled system
for the upper-right region. Note that after the calculations for the verification of
the genericity conditions we present later, Theorem 7 (ii) can be naturally obtained

based on Theorem 9, similar to the discussion in the previous Section 3.1.
Rescaled Systems

In this parameter regime where (u,,u,d) is near (1,1,0), we use the scaling

Uy = €U, ji = €N, d = e and let V = (v, vy...,vy5) € RY,

F(V,\) =0, = e(Ap(@+ V), + X — 202 + O(e%).
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To find stationary solutions, we solve
FV,\D)=0 = (AV)u+A—024+0(e)=0 (3.22)
since A,,e = 0.

The spatially homogeneous equilibria v, are approximately v/ + O(e), corre-

sponding to solutions u(y) in u, forn =1,..., N. We define v+ (\) = £V A+ O(e).

Similar to the discussion in Section 3.1, when simulating numerically, we can set
¢ = 0 and solve (A, V), + A —v2 = 0 for V while continuing in the parameter \.
As for the initial step, we pick a sufficiently large A, put in the corresponding initial
guess of the solution in V as (v, VA, ..., v\, —v/A), and then converge the initial

guess to a real solution close-by using fsolve in MATLAB.
Bifurcation Points along Homogeneous Solutions Branch

We then want to find all bifurcating points along the homogeneous solution
branch near the upper-right region. Define the Jacobian of IF(V, \) with respect

to V' at homogeneous branch solutions as
L(A) = DyF (V(A),A) = A + (—2v, + O(e)) Iy
where [y is the identity matrix.

Plugging in the homogeneous solution vy (A)e, we have

L) = A F (NX + O(e)) Iy.
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Recall that eigenvalues of A,, are

< 21 N
Aj =2 (—m—i—ZCos (%)) for j=0,1,2,..., {EJ
p=1
with the corresponding eigenvectors defined as
‘ 21 N
Uk j = ik, where w; = %, k=1,....N, 757=0,1,..., \‘EJ

Hence, to find the A value when the eigenvalue of the Jacobian along the homogeneous

solutions is zero, we should solve for

A F 2V + O(e) = 0.

Notice that A; < 0 with A; = 0 only when j = 0, so we choose the “4” sign, which

corresponds to homogeneous solutions v*(\) = —v/A+O(¢). Then solving for A gives
us
1 - 2mgp ’
() — 22 — | = 0P
AU _4)\j+0(6)—< m+pglcos< N )) + O(e).

We again focus on the case corresponding to j = 1, which aligns with the nu-

merical simulation. Recall that if the null space of L (\,) is 2-dimensional, then it is

spanned by bases:

x = (cos (57 N
y - (sin(z—ﬂ)ﬁin (Q‘%)""’Sin (NQ_W))

We denote the corresponding bifurcating point from the homogeneous branch
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solution as (A, v,) where

2
s I R - 2mp
A =A+0(e) with A= (m g cos( N )>

p=1

4.2 Verification of Genericity Hypotheses

We assume the null space of L (\,) is 2-dimensional. We then apply the bifurcation
results of the dihedral group to understand the bifurcations and their branching

directions from the homogeneous solutions.

Here, we present proofs for Theorem 8. Our proof strategies follow a similar
approach as presented in Section 3.2, relying on the results of Theorem 9. As before,
we will obtain the conditions p,(0,0,0) # 0 and ps(0,0,0) # 0 that are required
by the theorem in the process. Therefore, the branching results presented in the

theorem will automatically follow by the end.
Proof of Theorem 8 (i)

In presenting proofs for Theorem 8 (i), as before, we first derive results for Lemma
19. Recall from Section 3.2 that the spectral projection onto the center manifold of

the system F(V,n) = F(V,\) with n =X — A, is
P°F (v, +aX + h(a,n),n) = —p(a®,a” " n)a — q(a®,a™ ! n)a™"  (3.23)

where a € R, h : E¢ x (—no,n) — E" with h(0,0) = h,(0,0) = 0 and h(a,n) =
O (|a* + In|). P°h(a,n) = 0 for all a,n. This yields Lemma 19.
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Then, our goal is to compute —p,(0,0,0) and —p,(0,0,0) so that we can use the

results from Theorem 9. In the following computations, we restrict to N > 5.

Lemma 28. For N > 5, it follows from equation (3.23) that —p,(0,0,0) = %jt(’)(e).

Proof. The proof follows the same approach as Lemma 25. Recall that

—py(0,0,0) = P (Fyv(vs,0)[X, hy(0,0)] + Fypy(vs,0)) .

So we need to compute h,(0,0) in order to compute —p,(0,0,0). Note that

FV,n) = F(V,\s +1n) = 0 when V = v*(n) = (—\/5\+n+(’)(e)> e and v, =
v*(0) = <—\/i + (’)(e)) e. Following the same argument as before, we have

i (0,0) = (—% + 0(6)) .

We then compute P¢Fy v (vs,0)[X, h,y(0,0)]. Since Fyy has no dependency on 7,
we may consider function F; : RV — R where F;(V) = —vi 4+ O(¢). For A, B € R,
we can calculate that

Dv]:J(V)A = —QUjAj + O(E)

and

DY F;(V)[A, B] = —24,B; + O(e). (3.24)

Using this information, we can compute

Fo (02, 0)[X, h(0,0)] = (—QXj (—% + (9(6)) ej)j

1
= ﬁX + O(e).

-----
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So

P Fyv (v, 0)[X, hy(0,0)] = P¢ (%X + O(E)) = % + O(e).

Note that P°Fy, (v, 0) = 0. Therefore,

—py(0,0,0) = P (Fyv (v, 0)[X, hy(0,0)] + Fyy(vs,0)) = —= + O(e).

Lemma 29. For N > 5, it follows from equation (3.23) that

1 1
_pa0707O:_ = _+O€
( ) VN 20 + 4V (©
where
. (2m+1)w
_ s e
A=om41——~ N/
sin (%)
and
_ —2sin <27r("]\1,+1)> + 2sin ”(47\1,”)) — 2sin (%Tm)
20 +4V\ = e :
i (%)

Proof. The proof follows the same approach as Lemma 26. Recall that
1
—Pa(0,0,0) = G PDoF (v + aX + 1(a,0),0) oo
where

D3 F(v, +aX + h(a,0),0)]az0 =Fvvv(vs, 0)[X + ha(0,0))
+ 2fvv(’U*, 0)[X + ha(O, 0), haa(O, 0)]
+ ‘FVV(U*’ 0)[X + ha(oa 0)7 haa(oa O)]

+ Fv (v, 0)haaa (0, 0).
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Since hy(0,0) =0 and P¢hgq,(0,0) = 0,
P° (D3F(vs + aX + h(a,0),0)]az0)

= P Fyyy(v.,0)[X]? + 3P Fyy(vs, 0)[X, haa(0,0)]

_ (3 <X, (—2X;D3h;(0,0) + O(e))._, N> * O(€)> |X]?

N
1
= (—6 E X;Dzh](0,0)> W + O(E)
j=1

using P¢ = (X, ) x> and equation (3.24). It follows that

(0,0,0) ( ZX2D2 ) ﬁ + O(e). (3.25)

So to compute —p,(0,0,0), we need to first find out h.,(0,0). To simplify the
notation, let H := h,,(0,0). In the proof of Lemma 26, we have derived the following

relation

P"Fy(v,,0)H = —P" Fyy (v, 0) [ X]2. (3.26)

Note

Fv(vs,0) = A,y — 2005 + O(e)
= A, —2 (—ﬁ) In + O(e)

= A+ 2V A Iy + O(e)

= - 2mp
h A=m — — d h
where V) = m pEZl cos ( N >, and so we have

P"Fy (0., 0)H = Ay H + 2V NH + Oe). (3.27)
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Then according to equation (3.24),

Fov(v,,0)[X]? = (—2X?

-----

o
where X; = cos (%) for j = 1,..., N. Further simplification by the trigonometric

identity gives

where

,,,,,

is the eigenvector of A,, with the eigenvalue

= 4
/\2:2(—m+ E cos(%)).
p=1

Because P" commutes with Fyy and neither @ nor X is in span(X, Y), we have
P Fyy (v, 0)[X]2 = =& — XP + O(e). (3.28)
Plugging equations (3.27) and (3.28) into equation (3.26) yields
AnH +2VNH + O(e) = e + X + O(e). (3.29)
We consider H = cye + ¢, X for some cg, ¢, € R and plug this into equation (3.29):
2V Ao + (Az + 2\/§> X =t XO, (3.30)

Solving (3.30) for ¢ and ¢y, we can find that

1 1

= ——=e+ _ X3,
2VA A 42V

haa(0,0) = H




121

Plugging h,,(0,0) back into equation (3.25), we yield

> 1 X 1 .
ai0,0,0) = (ZX (75 W e )>|X12+O()' (33

Jj=1

We utilize the following identities

X2 Zjvzl cos? (4£2)

so equation (3.31) can be simplified as

1 1
«(0,0,0) = ——— — =+ O(e
where
— n 2k
9 — _ el
\/X 2<m Zcos( N ))
k=1
. 2m~+1)m
REIC
=2m R —
2 sin (%)
" 7k i 27k
and 2\ +4A =4 ( m+;cos <T)> +4 <m— ;cos <T)>
2sin <2W(m+l)> + 2sin ”(47]7\1,”)) — 2sin (2’"”)
sin (%)

Hence, using Lemma 28 and Lemma 29, we derive the results presented in Theo-

rem 6 (i) by applying Theorem 9. Similar to the previous Section 3.2, the branching
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directions from the homogeneous solutions at the upper-right corner fall into the

cases depicted in Figure 3.12 for odd N and Figure 3.13 for even N.

We again observe that the branching direction depends on the sign of —p, (0,0, 0).
As before, we set € = 0 and explicitly compute for N = 16,17,18,19 with 1 < m <
L%J — 1. The predictions again show that as m increases, the bifurcation
switches from supercritical to subcritical, which is the same as discussed in Section
3.2. Here, we have again checked numerically and confirmed that the numerical
observations align with the analytical predictions. Specifically, we find that the
lowest value of m for which —p,(0,0,0) becomes positive for each N is (N, m) =

(17,7),(18,7),(19,8), and for N = 16, we find that —p,(0,0,0) < 0 for any m =
1,....6.

Criticality in Limiting Case N — o

Assuming that the null space of LL (\,) is 2-dimensional, we now present proofs for
Theorem 8 (ii). According to Equation (3.11) in Theorem 9, the branching equation

in terms of x corresponding to z = x + iy is

S (3.32)

Let r = % and h = .. We then plug the expressions for p,(0,0,0) and p,(0,0,0)

presented in Lemma 28 and 29 respectively into %, and Taylor expand with

respect to h = O:

1a(0,0,0)  27r — 3sin(27r) 4 sin(47r)
B - h). ,
p7]<07 Oa 0) —4 Siﬂ(2ﬂ'7’) + 2 Sin(47rr) T O( ) (3 33)

Finding when the criticality changes in the limiting case N — oo is equivalent to
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finding the root in r for

cr) 27r — 3sin(27r) + sin(47r)
)=
—4sin(27r) + 2sin(47r)

where € (0, 3). Further notice that —4sin(27r) + 2sin(4nr) < 0 for all r € (0, 3).
Hence, it suffices to find the root of f(r) = 27r — 3sin(27r) + sin(47r) on r € (0, 3).
Before solving for such root, we first prove that there is a unique root within the

domain, and so then we know the criticality of bifurcation changes only once when

N — oo. We show this by the following lemma.

Lemma 30. Let f(r) = 2mr — 3sin(27r) + sin(4nr).  f(r) has a unique root on

(0,3)-

Proof. The proof follows the same strategies as Lemma 27. Note that the first and

second derivatives of f(r) are
f'(r) = 27w — 67 cos(2mr) + 47 cos(4nr)

and

f"(r) = 127% sin(277) — 1672 sin(d7r).

We first focus on 0 < r < §. Note that on (0,%], f”(r) < 0 and also since

f/(0) = 0, we know that f'(r) < 0on (0, %] and thus f(r) is monotonically decreasing

on this domain. Then on (%, (%) <0, f7(3) > 0 and f”(r) is monotonically
increasing, so there exists r’ € (%,i) such that f”(r") = 0, and f”(r) < 0 for
re(5.0), f'(r)>0forr’ € (r,1). So f'(r) decreases monotonically on (g,7’) and

then increases monotonically on (r’, 7). Since f' (1) < Oand f’' () <0, f'(r) <0 on

(%, }L], which means f(r) is monotonically decreasing. Hence, f(r)is monotonically
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decreasing on (O, %) and since f(0) = 0, so there is no root on (O, i)

We then focus on § < 7 < 1. Note that f”(r) > 0 on this domain, so f'(r) is
monotonically increasing. Since f' (1) <0, f'(3) > 0and f (1) <0, f (%) >0, f(r)

has a unique root on (0, %)

1

In conclusion, f(r) has no root on (0, %) and a unique root on |1, 3), so f(r) has

a unique root on (0, %) O

Lemma 30 tells that as N — oo, when r increases from zero, the switch of
branching direction happens only once. Using Maple, we can calculate that the
solution to 277 — 3sin(27r) + sin(47r) = 0 for 0 < r <  is &~ 0.4077. So ignoring
the € effect, as N — oo, we expect that the bifurcation criticality switches from

supercritical to subcritical at around r =~ 0.4077.

We hence obtain the results for Theorem 8 (ii).

4.3 Connecting Original System with the Rescaled System

We now numerically verify that the emergent patterned states from the homogeneous
solution branch in the upper-right region are connected to the snaking branches of
patterns illustrated in Figure 2.2. The workflow is similar to that described in Section

3.3, albeit with different computational details.

For a selected pair of (IV,m), we run numerical continuation with the following

steps in MATLAB to verify the connection of the branches:

(1) Set d < 1, an initial x(® and an integer & € {1,2,..., N} denoting the num-
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ber of nodes to be set with nonzero values for the initial guess. Then use
(a,...,a,0,0,...,0,0,a,...,a,a), a vector of length N with k elements taking
on value a = /1 + \/m and N — k elements taking on 0, as the initial
guess to convert to a near-by solution, U, to d(A,,U), + f(upn, u®) = 0 using
fsolve.

Use (U, ) as the starting solution and use numerical continuation to con-
tinue the solution branch of the full system in terms of p. Stop until the solution
in (U, n) gets close to the upper-right region, i.e., u, and p both become close

to 1. Denote the end solution as (UM, y™M) where U = <u§1), ugl), . ,ug\l,)>.

(0) 1—pM (0) u(ll)fl uél)fl u%)—l (0) y(0)
Let A = == and VIV = | =o— = ... . Use (VI A)) as the
initial solution and continue the solution branch in the rescaled system for the
upper-right region in terms of A. To check the goodness of the initial solution,
compute the residual vector

r, = AOd+d(A, V), —4 (1) d+ A0 -8 (1) @25 ()" @~ (1 ©)° d*

for1<n<N\N.

Figures 3.16 and 3.17 illustrate an example when continuing on a system with

(N,m) = (16,4). The initial parameters are d = 0.05, (¥ = 0.4 and k = 1.

When computing the homogeneous solutions and the predicted bifurcation points

in Figure 3.17, we explicitly include all the higher-order terms. Specifically, to find

the homogeneous solutions, we consider the rescaled system with all terms fully

expressed

F(V,\,d), = M+ d(A,V ), — 402d + Mvpd® — 8vd? — 5vtd® — vdd,
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Figure 3.16: Numerical continuation on the original full system for N = 16,m = 4
until near the upper-right region where (u,, i, d) is close to (1,1,0). The start and
end solution patterns are illustrated in the right panel with normalized node values.

and so the homogeneous solution v, satisfies

A — 402 + Av,d — 8vd — Svid? — v2d® = 0.

Solving for v,, yields that homogeneous solution v.(A, d) = v_(A, d)e where

v_(\,d) =

“1+V1—dVX
- .

Then to explicitly solve for the bifurcation points, we consider the Jacobian

L(V,\,d) = dA, + (—8v,d + Ad* — 24v2d* — 2003d* — 5upd*) Ly.
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Bifurcation Diagram N =16, m = 4 (URC Rescaled) Example Pattern
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Figure 3.17: Numerical continuation on the rescaled system at the upper-right
region where (u,, i, d) is near (1, 1,0), starting at solution taken from the full system.

The L?-norm of the residual vector at the initial solution is 7.3035e-09. Detailed
explanations are similar to those in Figure 3.8.

Recall that the eigenvalues of A,, are

)\j:2 (—m—l—ZCOS (%)) for j=0,1,2,..., {EJ
p=1

corresponding to the discrete Fourier ansatz

Vg = €% where w; = ==

So we can compute the eigenvalues to (v, (), d), A, d) along the homogeneous branch
v, (A, d), which are dX\;—8dv_(\, d)+Ad*—24d*v_ (A, d)*—20d3v_ (A, d)*—5d*v_ (A, d)*.

Setting the eigenvalue to 0 and solving for A then give us the associated A values at
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the bifurcation points, indexed by j:

Ao = 25— 2y/dA, + 1

Ad?

Wherej:0,1,2,...,L%J.

The asterisk marked on Figure 3.17 corresponds to the bifurcation point along

homogeneous solutions, (v,(A(d),d), \V(d),d), with index j = 1.

5 Code

We here present the MATLAB code for isotypic.m, as mentioned in Section 2.2.
For a given N, representing the number of nodes, the code computes the projection
of the linear representation of the Laplace operator in the ring lattice system onto
the irreducible representations of the dihedral group Dy, using equation (3.9). It
then computes the dimension of the projection space by calculating the trace of the
projection matrix. Ultimately, the function returns a vector that records the dimen-
sion of the projection onto each of the irreducible representations. By comparing the
dimensions of the projections with the dimensions of the irreducible representations,

we find that no irreducible representation appears more than once for N up to 120.

function ndim = isotypic(n)

ndim = [];

if rem(n,2)==
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/A n 15 even

v = zeros(1l,n);

v(n) = 1;

A = circulant(v); 4 rotation forward e.g.
1->2,2->3...

R = zeros(n); / reflection

R(n,n) = 1; R(n/2,n/2) = 1; J when even, last and
middle mnodes are fized
for 1 = 1:n/2-1

R(1,n-1)

]
N
-

R(n-1,1)

]
—
-

end

/i one-dimensional representations

ni = 1;

Pi = zeros(n);
for j=0:(n-1)
Pi = Pi + A~j + A"j*R;
end
Pi = ni/(2%n)*Pi;

ndim = [ndim, trace(Pi)];

Pi = zeros(n);
for j=0:(n-1)
Pi = Pi + A"j - A"j*R;
end
Pi = ni/(2%*n)*Pi;

ndim = [ndim, trace(Pi)];




else

Pi = zeros(n);
for j=0:(n-1)
Pi = Pi + (-1)"j*(A~j + A" j*R);
end
Pi = ni/(2*n)*Pi;

ndim = [ndim, trace(Pi)];

Pi = zeros(n);
for j=0:(n-1)
Pi = Pi + (-1)"j*(A"j - A"j*R);
end
Pi = ni/(2*n)*Pi;

ndim = [ndim, trace(Pi)];

/4 two-dimensional representations
ni = 2;
for k=1:(n-2)/2
Pi = zeros(n);
for j=0:(n-1)
char = 2%cos(2*pix*xj*k/n);
Pi = Pi + A" j*xchar;
end

Pi = ni/(2%n)*Pi;

ndim = [ndim, trace(Pi)];
end
/ n 15 odd

v = zeros(1l,n);

130
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v(n) = 1;

A = circulant(v); 7 rotation forward e.g.
1->2,2->3...

R = zeros(n); % reflection

R(n,n) = 1; 7 when odd, last mnode is fized
for 1 = 1:(n-1)/2

R(l,n_l)

]
—
..

R(n-1,1)

]
—
-

end

4 one—-dimensional representations

ni = 1;

Pi zeros (n) ;
for j=0:(n-1)

Pi = Pi + A~j + A"j*R;
end

Pi = ni/(2*n)*Pi;

ndim = [ndim, trace(Pi)];

Pi = zeros(n);
for j=0:(n-1)
Pi = Pi + A”j - A"j*R;
end
Pi = ni/(2*n)*Pi;

ndim = [ndim, trace(Pi)];

/4 two-dimensional representations

ni = 2;
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for k=1:(n-1)/2
Pi = zeros(mn);
for j=0:(n-1)
char = 2%cos(2*pix*xj*k/n);
Pi = Pi + A" j*char;
end
Pi = ni/(2%n)*Pi;
ndim = [ndim, trace(Pi)];
end

end

ndim = round(ndim) ;

if sum(ndim) “=n

disp(’dimensions donot_ match’)

end
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This chapter is based on work presented in Tian and Moriano (2023).

1 Introduction

Many complex systems, such as critical infrastructures, biological networks and social
groups, exhibit network structures consisting of nodes and edges that capture their
connectivity Amaral and Ottino (2004). Extracting different features from these net-
works is useful to better understand their structure and function Newman (2003),
Girvan and Newman (2002). Among different properties of networks, many real net-
worked systems demonstrate community structures, or clusters, which are groups of
nodes that have higher probability of sharing links with other nodes within the same
group than with nodes in different groups. These communities typically represent
essential functional or behavioral units in the networks Girvan and Newman (2002),
Fortunato (2010), Fortunato and Hric (2016). Therefore, it is important to under-
stand the conditions under which they persist. Community robustness describes how
much network perturbation a community structure can tolerate while still being able
to recover its original structure Fortunato (2010), Karrer et al. (2008). The commu-
nity robustness problem is of practical interest because we want to understand how
well the components in networks can sustain their basic functionalities when facing
errors or attacks (Barabasi and Pésfai, 2016, Chapter 8). Usually, network perturba-
tions are used to model either random failures or deliberate attacks in real networked

systems Schaeffer et al. (2021).

Studying the robustness of communities in networks confronts two main chal-
lenges. First, although community structure in networks can provide insights into

the organization of nodes based on their connectivity, there is no universal definition
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of community. This makes the detection of communities itself an ill-posed prob-
lem, and hence, in practice, discovering community structure often depends on the
methods and application Fortunato and Hric (2016). Second, community robust-
ness involves network perturbations, and there are various ways a network can be
modified. Studies so far have focused on edge rewiring and node or edge removal
as the network perturbation schemes for studying a system’s ability to sustain basic
functionality when some components fail Karrer et al. (2008), Wang and Liu (2019),
Albert et al. (2000), Amancio et al. (2015), Wang et al. (2017), Carissimo et al.
(2018), Mozafari and Khansari (2019).

However, real networked systems, such as communication, citation, or social
networks, often increase connectivity over time, so it is important to consider the
scenario of an increasing number of edges Leskovec et al. (2005). Added edges can
also simulate errors or attacks Albert et al. (2000), Holme et al. (2002), Borgatti
et al. (2006). For example, when simulating errors, added edges can simulate false-
positive edges (i.e., edges that are present in data erroneously but do not actually
represent the real relations). This is one type of measurement error commonly found,
such as in online community, communication, and collaboration network data Wang
et al. (2012). Similarly, added edges can also simulate deliberate attacks intended
to destroy the established community structure to quickly disrupt the functionality
of the system as in the case of a Distributed Denial of Service attack Zargar et al.
(2013), Osanaiye et al. (2016). Therefore, there is a need to understand the effect of

network densification on community robustness.

Here, we conduct a systematic study to understand the impact of edge addition
on the robustness of communities. We focus on both the synthetic Lancichinetti-
Fortunato-Radicchi (LFR) benchmark graphs Lancichinetti and Fortunato (2009b)

and empirical networks to investigate the limits of the robustness of the initial com-
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munity structure as the network is perturbed through edge addition. We study two
scenarios of edge addition, namely random and targeted addition. Random addi-
tion selects from the set of all nonexistent edges, and this process is analogous to a
random error in the system Wang et al. (2012), Borgatti et al. (2006). Targeted addi-
tion selects only from the nonexistent, cross-community edges, which we propose to
use to simulate attacks. We compute the effects on community robustness by using
Normalized Mutual Information (NMI) Fred and Jain (2003), which is a community
similarity measure often used in network community analysis, and by using element-
centric clustering similarity Gates et al. (2019) to control for biases when comparing
clusters. We specifically select four community detection algorithms commonly used
in community detection benchmarking studies Lancichinetti and Fortunato (2009a),
Emmons et al. (2016): Infomap, Label Propagation, Leiden, and Louvain. We also
demonstrate and compare community robustness results by using the same set of
community detection algorithms on empirical email network data, in which the edge

density increases over time.

Our results suggest that the chosen clustering algorithm strongly affects commu-
nity robustness under edge addition. Specifically, in both synthetic and empirical
networks, we observe that for different types of community detection algorithms, the
similarity measures between communities in the original and the perturbed networks
decay with distinct rates while more and more edges are being added. Additionally,
in synthetic experiments on LFR benchmark graphs, we observe that with a smaller
mixing parameter, which means that initial communities are more loosely connected
to each other, the communities tend to be more robust. Synthetic experimental re-
sults also align with the expectation that targeted edge addition tends to destroy the
original community structure more rapidly compared with random addition, so com-

munities are less robust with targeted addition. In experiments using empirical data,
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we observe that the choice of community similarity metrics, NMI or element-centric
clustering similarity in particular, also affects the results on community robustness.
This stems from the fact that, on certain occasions, different similarity metrics can
produce varying measures for the same pair of community structures, indicating

different levels of resemblance between them.

2 Methods

2.1 LFR benchmark

The LFR benchmark graphs Lancichinetti et al. (2008), Lancichinetti and Fortunato
(2009b) are commonly used in network community studies to create graphs with
ground-truth partitions. The advantage of using an LFR benchmark is that the
degree and the community size both follow power-law distributions, which more
closely resemble the properties observed in many real-world networks Lancichinetti
et al. (2008), Newman (2003), Palla et al. (2005), Clauset et al. (2004), Guimera et al.
(2003). The exponents of degree distributions are controlled by parameter «, and
the exponents of community size distributions are controlled by parameter 5. We
take the typical values of the exponents observed in real networks, i.e., « = —2 and
f = —1 Lancichinetti et al. (2008). Other parameters required for generating LFR
benchmark graphs include the average degree (k), maximum degree maxk, minimum
community size minc, maximum community size maxc, and the mixing parameter
1, which represents the fraction of nodes that each node shares edges with across
different communities. The lower the p, the higher the ratio between the number
of internal and external connections. This leads to higher modularity, which is a

quality function commonly used to express the strength of communities in studies of
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communities Fortunato (2010). Thus, the smaller the y, the stronger the partition.

Although we use LFR benchmark graphs for the synthetic experiments, our
method is generally applicable to any type of benchmark graph that provides ground-
truth community labels, such as the Girvan-Newman benchmark Girvan and New-
man (2002) and the stochastic block model Holland et al. (1983). We generate the
LFR benchmark graphs by using the publicly available implementation Fortunato
(2021) of the algorithm described in Lancichinetti and Fortunato (2009b). We con-
duct experiments on 1000 nodes and then on 10000 nodes to study the effect of
perturbations at different scales. We also examine the effect of the strength of the
initial community by varying the mixing parameter, ;. The specific parameter values
used for generating the LFR benchmark graphs are listed in Table 4.1.

Table 4.1: Synthetic experiment parameters.

Parameter Description Value
N Number of nodes 1000, 10 000
maxk Max degree for LFR 0.1N
(k) Average degree for LFR 25
minc Min community size for LFR 50
maxc Max community size for LFR 0.1N
Q@ Degree distribution exponent for LFR -2
6] Community size distribution exponent for LFR -1
1 Mixing parameter for LFR 0.01,0.1,0.2,0.3,0.4,0.5
h Times of initial number of edges added up to 10
S Number of steps to add edges 50
r Number of realizations per step 50

2.2 Community detection

Community detection is the task of assigning nodes in a network into clusters based
on topological similarity Fortunato (2010). Nodes within the same community are

more densely connected compared with the ones across distinct communities. Various
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community detection algorithms have been developed to find clusters in networks.
These algorithms are based on different methodologies to achieve their optimal clus-
tering solutions. In this work, we use four algorithms based on three popular meth-
ods of community detection: information-theoretic-based algorithm Infomap Rosvall
and Bergstrom (2008), message-passing-based algorithm Label Propagation Ragha-
van et al. (2007), and modularity-based algorithms Leiden (partly based on smart
local move algorithm and improved from Louvain) Traag et al. (2019) and Lou-
vain Blondel et al. (2008). These chosen algorithms have low enough computational
complexity Yang et al. (2016), Traag et al. (2019) to accomplish our experiments
in reasonable run time. For Infomap, Label Propagation, and Louvain, we use the
publicly available package Fortunato (2021) implemented by Lancichinetti and For-
tunato (2012). The package for Leiden is publicly available on GitHub Traag (2020)
and described in the original paper Traag et al. (2019). We use the undirected
and unweighted implementations for all four algorithms to ensure consistency with
the LFR benchmark graphs we generate. Rigorous analysis of these four clustering

algorithms is presented in previous work Emmons et al. (2016).

The community detection algorithm is an essential component for studying com-
munities because, although the benchmark graphs have ground-truth labels of the
communities, few empirical networks have ground-truth partitions. Moreover, the
temporal evolution of the networks makes it more difficult to obtain ground-truth
clustering information at all times. Notably, although graph embeddings have be-
come popular for downstream tasks, they have not been developed thoroughly enough
to efficiently achieve good graph clustering results; their hyper-parameter tuning is
cumbersome when attempting good performance Tandon et al. (2021). By compari-
son, traditional community detection algorithms require no parameter tuning but can

provide relatively good clustering results in a reasonable run time. For these reasons,
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we use the four well-developed community detection algorithms for our experiments.

2.3 Community similarity

To measure similarity between communities, we use NMI Fred and Jain (2003) and
element-centric clustering similarity Gates et al. (2019) as the metrics. Without loss
of generality, suppose that C'; and Cy are partitions on the same set of N nodes.

The NMI score of the two partitions is defined as

IC1] |Cal P, j)
_2;2?’ i,7)log (Pl( P ))
NMI(Cy,Cy) = 15— o : (4.1)

> Py(i) log Py (i +ZP2 ) log Py (5)
=1

C

where Py (i) = (Gl Py(j) = | ,and P(i,j) = M for Cy; € Cy, Cy; € Cy as the

clusters of partition C and Csy, respectively. We use the scikit-learn implementation

of NMI Pedregosa et al. (2011) in our experiments.

In addition to NMI, we also compute the similarity between communities by
using element-centric clustering similarity, which better copes with issues such as
bias in randomized membership, bias in skewed cluster sizes, and the problem of
matching Gates et al. (2019). Although NMI tends to favor more clusters, element-
centric clustering similarity overcomes such bias in the number of clusters. We report
the experimental results computed in this metric using the CluSim package Gates
and Ahn (2019) along with the default parameter. Both NMI and element-centric
clustering similarity range from 0 to 1, where a higher value means more similarity

between partitions.
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2.4 Experimental procedure

We experiment on several computer-generated networks and empirical temporal net-
works to examine the robustness of their community structures. The empirical
networks are real-world data, and we have no control over their intrinsic network
properties. The ground-truth communities and the interpretability of the cluster-
ings found by detection algorithms on these data are often unclear Peel et al. (2017),
so in the studies on clusterings in networks, synthetic networks often serve as handy
examples for tests. Here, we illustrate the details of the experimental procedures
for synthetic and empirical networks. The tests on synthetic and empirical networks
are designed differently because the synthetic network is stationary without natural
perturbations, whereas the empirical data does not have ground-truth community
labels and requires further cleaning to work as comparable examples. Our code is

publicly available at: http://github.com/Moyi-Tian/CommunityRobustness.

2.4.1 Experiments on synthetic networks

Suppose the initial network is G = (V, E), where V' = {1,2,..., N} is the set of
N nodes, and E = {e;; : i,j € V} is the set of M edges. Let E° be the set of
edges in the complement graph of G. The benchmark graph provides each node
a community label denoted by ¢; for ¢ € V. The graph partition is then C' =
Ukeuiev{ci} {Uje\/{j L= k’}} We also define a set for nonexistent edges across
different communities denoted by EY,,.. = {e;; € E°: ¢; # ¢j,i,5 € V'}. To start, we
choose a community detection algorithm and specify parameters h, s, and r € Z,,
where h is how many times the initial number of edges is added up, s is the number
of steps to add edges, and r is the number of realizations per step. The parameters

we use for the synthetic experiments are listed in Table 4.1.
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We illustrate the effects of edge addition on community structures through two
different network perturbations: random addition and targeted addition. Let t €
{0,1,2,...,s}. For the random addition approach, we select £, C E° uniformly

at random. For targeted addition, we choose FE, C Ef .  uniformly at random,

inter

where |E,| = L%J t. Notably, the random addition is analogous to the case in
which random errors or random additional connections appear. Conversely, targeted
addition simulates the case in which much of the information about the community
structure is known, and there is an intention to break the current partitions through

increasing connectivity. In each of these edge-addition configurations, we create a

new graph, G' = (V| E'), such that £ = F U E,,.

We then apply the specific community detection algorithm on G’ to yield an
associated graph partition, C’. We repeat the previous steps for r-independent times
at each t: specifically r realizations at every single step t over the total s steps.
Suppose the chosen community similarity metric is S. We then calculate the metric
score Si(C, C}) for each realization, k, where C), is the associated graph partition,

and report the average Sppg = 2 > 1, Sk(C, Cy).

2.4.2 Experiments on empirical temporal networks

Temporal email networks are natural candidates for empirical experiments and are
comparable to the synthetic experiments. The email conversations between users in
these networks naturally emerge at their sent time, which can be directly considered

as additional edges over time steps.

Unlike the benchmark graphs, empirical networks do not have ground-truth com-

munity labels, so we must first identify a reliable community partition on the initial
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graph before the start of network perturbation. In doing so, we apply the fast consen-
sus algorithm Tandon et al. (2019), which is based on the idea of consensus clustering
Lancichinetti and Fortunato (2012). Because established community detection algo-
rithms produce nondeterministic partitions, consensus clustering was proposed for
more stable and accurate results after iterations among multiple clustering results
given a prespecified clustering method. There are two parameters we must specify
as inputs for the fast consensus algorithm: the number of partitions, np, and the
clustering method. The default value for np in the fast consensus algorithm is set
to be 20, which is also the value used for tests demonstrated in the original paper
Tandon et al. (2019). We also found that np = 20 balances performance and run
time. This choice of the value is specified in Table 4.2. For the clustering method,
we choose it to be consistent with the one used for community detection in the later

perturbed networks.

In addition, there are other issues that must be addressed before testing on email

networks with time stamps associated with edge emergence.

First, the problem is finding appropriate empirical network examples on which
we can perform experiments comparable to the synthetic case. Specifically, the
empirical network should have a temporally growing number of edges on a fixed set
of nodes, and the growth within the recorded time frame should be on the comparable
scale as the synthetic experiment, where we add edges up to 10x. The problem is
that temporal email networks always expand in the number of edges and in the
number of nodes. If we look at the graph on the set of all users who appear within
the given time frame, then we usually find that only a tiny fraction of edges, or
sometimes none, are added until the end of the recorded time. This is because
there are always new users joining the networks, occasionally even at the very end.

For some networks, there is also a co-occurring issue that many users are not very
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active and do not contribute many new communications (i.e., edges) over time. This
is why, rather than using the entire network datasets as obtained, we instead first
identify appropriate subnetworks extracted from the original email data and then
use them as examples for our empirical experiments. There are different ways to
select subnetworks from the original ones. When the entire network is small enough,
choosing subnetworks based on an exhaustive search may be possible. However, due
to the size of our original empirical datasets, checking all possible combinations of
nodes and the growth in density of their induced subnetworks will be computationally
expensive. Therefore, our approach is to search over a family of subnetworks induced
by the first n nodes showing up in time with n swept from 1 to N where N is the total
number of users present in the full dataset. We then look at the growth in density
for each of these subnetworks and select an appropriate one as the example to use.
More details of our subnetwork selection and the corresponding network properties

are described in Section 3.2.

Second, email networks usually have multiedges emerging in time because several
emails can be sent between the same pair of users, but the synthetic networks we test
on have no multiedges. Here, we align our empirical experiment with the synthetic
case by preprocessing the network data so that there are no repeating edges. We
do so by removing the edges that arrived later and already showed up once at a
previous time from the edge list. In this way, we consider an edge to represent an
existing relationship between users, thereby omitting the number of conversations

that occurred.

Third, we must also identify which network should be treated as the initial net-
work. The empirical networks always start with zero edges, but it is not meaningful
to use the null graph because then no communities will ever exist at the initial time.

Also, the community detection algorithms take in only the edge lists and so only the
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nodes incident to the edges present in the list are assigned with community labels.
So, to use the algorithms, we must ensure all nodes appear in the edge lists. There-
fore, in our empirical experiment, we choose the initial network by picking the first
one without any isolated nodes when growing the network in time. This is achieved
by adding edges one at a time according to their associated time stamp and checking

at which time every node is at least incident to one edge.

In our empirical experiments, we use np for fast consensus, and we also have
parameters s and r. Here s refers to the number of steps with respect to time, and
r is the number of realizations per step. Table 4.2 lists the parameter values for the

empirical experiments.

Table 4.2: Empirical experiment parameters.

Parameter Description Value
np Number of partitions (fast consensus) 20
S Number of steps 50
Number of realizations per step 10

As previously mentioned, we preprocess and identify suitable empirical networks
for our experiment. The experimental procedure is as follows. Suppose that we have
a precleaned empirical network dataset (without multiedge) with V' ={1,2,..., N}
to be the set of nodes and M to be the number of edges. Recall that edges appear
in time one by one, so there are M associated time stamps. At time stamp ¢ €
{1,2,..., M}, we denote the emergent edge pointing from node v4(i) to node v;(i) by
€, (i) (i), Where v (), v,(7) € V. Using these notations, the dataset can be presented
as an edge list {€,,(1),0,(1)s €v,(2),06(2)s - - - » Cvg(8),0e () - - - » Cos (M) ,0p(M) }- L hen we grow the
network until the time stamp ¢y = min {ts P Urcicr, 10s(@), (i)} = Vi1 <t < M},
which is the first time when there are no isolated nodes. The initial network is
chosen to be Gy = (V, Ey), where Ey = {ey () : 1 < @ < to}. Before each

experiment, we specify a clustering method and parameters, np, s,r € Z, (s is upper
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bounded by M — t3, and our preprocessing should provide an appropriate dataset
that M > t;). We first apply fast consensus on Gy using np as the hyperparameter
for the number of partitions and the chosen method for the clustering algorithm.
The consensus algorithm yields np initial partitions Cp,, for 1 < w < np. Then
we simulate on the evolved networks over time. Specifically, for 1 < p < s, let
t, = to + LM%J p. The new graph G, = (V,E,) at time step p is constructed
such that E, = {ey )@ 1 1 <1 < tp}. Use the chosen clustering method to find
partitions of G, for r times independently and denote the corresponding clustering
results as C,, for 1 < ¢ <r. For each 1 < p < s, we report the average community

similarity metric score: Sypg, = == > 0P D a1 S(Cow, Cp g)-

np-r

3 Results and Discussion

This section describes the computational results from the synthetic experiments on
LFR benchmark graphs and the empirical experiments on subnetworks obtained from

temporal email networks.

Note that while more edges are added to the initial network, it is likely that
the community structure evolves over perturbation. However, our focus is not on
tracking changes in the community structure itself but on understanding the limits of

the robustness of the initial community structure under edge-addition perturbation.
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3.1 Synthetic networks

We test on LFR benchmark graphs with 1000 and 10 000 nodes and report the results
calculated with the NMI metric. The results for the same series of experiments using
the element-centric clustering similarity metric are presented in Section 5.1. We also
include the associated plots of standard deviation for all synthetic experiments in

Section 5.3.

Figures 4.1 and 4.2 show how the four different community detection algorithms—
Infomap, Label Propagation, Leiden, and Louvain—perform when the LFR bench-
marks with 1000 and 10 000 nodes are perturbed under uniformly random edge addi-
tion. Recall that in this setting, the edges added at each step are selected uniformly
at random from all the nonexistent edges in the initial network, while multiedges are

prohibited. This is analogous to random errors in real-world networks.

LFR benchmark graphs with lower p values (i.e., stronger initial partitions) have
higher NMI values compared with the ones with higher u after 10x the original
number of edges are added. Note that adding edges is essentially a process of bal-
ancing the fraction of intercommunity edges with that of intracommunity edges.
Hence, this observation aligns with our intuition because when a community parti-
tion is stronger, it requires more edges to be added until the established community

structure becomes less clear, meaning that the community structure is more robust.

The modularity-based algorithms, Louvain and Leiden, have relatively higher
NMI scores vs Infomap and Label Propagation. For example, if we look at the
1 = 0.3 curves in Figure 4.1, then Louvain and Leiden need about 6.3 x the original
number of edges to be added until the similarity scores drop 50%, whereas Infomap

and Label Propagation only need about 1.1x and 0.9x, respectively. This indicates
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Figure 4.1: Mean NMI over the percentage of edges added uniformly at random on
LFR benchmark graphs with 1000 nodes. Communities detected by (a) Infomap,
(b) Label Propagation, (c) Leiden, and (d) Louvain. Average degree is 25. Edges
are added up to 10x the original number over 50 independent steps and are selected
without producing multiedges. For each algorithm, we average NMI between the
ground-truth partition and new partitions of the perturbed network over 50 inde-
pendent runs at each step. The maximum amount of edges we add is about 25% of
all nonexistent edges.
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Figure 4.2: Mean NMI over the percentage of edges added uniformly at random on
LFR benchmark graphs with 10000 nodes. Communities detected by (a) Infomap,
(b) Label Propagation, (c¢) Leiden, and (d) Louvain. Same parameter values are used
as with the 1000-node case. The maximum amount of edges we add is about 2.5%

of all nonexistent edges.
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that Louvain and Leiden are better at detecting community structures that are
similar to those initial ones in the LFR benchmark graphs after a large number of
edges is added. The exact reasons are unclear, but a plausible explanation is that
the algorithms have different behaviors due to their assumptions and methodologies
when performed on graphs with different intrinsic network properties. Specifically,
we observe that our method of appending edges shifts the degree distribution from

the initial power-law distribution to a distribution closer to the binomial.

In our experiments, Infomap and Label Propagation end up only finding one
giant community for the entire network after about 1x or 2x the original number
of edges are added. According to the original Infomap paper Rosvall and Bergstrom
(2008), this flow-based method excels at identifying movement patterns, whereas the
modularity-based method is better at detecting structure in networks with pairwise
relations but not many flows. The rapid drop in NMI for Infomap could result from
our perturbation methods focusing on adding connections between nodes because
this focus more directly alters the topological structure of the graph rather than
representing any flow of patterns. For Label Propagation Raghavan et al. (2007),
the authors explicitly state that their method only detects a single community for
the giant connected component in those homogeneous networks without community
structures, such as the Erdds-Rényi model. A reason for the rapid drop in NMI for
Label Propagation could be that as we fix the number of nodes and keep adding edges
selected uniformly at random among the nonexistent edges (with restriction to the
cross-community ones for the targeted case), the perturbed graph gradually becomes
more and more homogeneous, which gets closer to the structure of an Erdds-Rényi

random graph while growing in its density.

Figures 4.3 and 4.4 demonstrate the results on LFR benchmark graphs under

targeted edge addition for 1000 nodes and 10000 nodes, respectively, which means
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that we restrict the new edges to be across distinct communities in the initial net-
works. Because the appended edges are forced to connect different communities, the
targeted addition should be able to destroy the original community structure quicker
than random addition, which is similar to the purpose of attacks on real networks.
As expected, the targeted edge addition has relatively lower NMI values for all four
algorithms vs the previous results with random edge addition. For example, if we
again look at the ¢ = 0.3 curves with 1000 nodes in Figure 4.3 but for targeted ad-
dition, Louvain and Leiden need to add about 2.7x (vs 6.3x for random addition),
whereas Infomap and Label Propagation need to add about 0.9x and 0.7x (vs 1.1x
and 0.9x for random addition) the original number of edges, respectively, to drop
the similarity scores below 0.5. In targeted addition, we also observe that networks
with stronger initial community structures tend to be more robust, and this is the
same trend we see in random addition. Moreover, we again observe that Louvain

and Leiden are better at detecting clusters similar to the originals.

Notably, in experiments with larger networks, specifically in Figure 4.2, the curves
for 1 = 0.01 and g = 0.1 with Louvain and Leiden cross each other when about 4 x
of the original number of edges is added. Also, in Figure 4.4, the curves with Louvain
and Leiden for g = 0.01 and p = 0.1 are almost superimposed on each other. Recall
that, as we previously discuss in Section 2.3, there are limitations with the NMI
metric. For this reason, we also compute results with the element-centric clustering
similarity, for which there is a clear separation between curves. We show these results

in Figs. 4.12 and 4.14 in Section 5.1.
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Figure 4.3: Mean NMI over the percentage of edges added that are selected uni-
formly at random across different communities on LFR benchmark graphs with 1000
nodes. Communities detected by (a) Infomap, (b) Label Propagation, (c) Leiden,
and (d) Louvain. Same parameter values are used as in previous experiments. The
maximum numbers of edges we add are between 26% and 28% of all nonexistent
cross-community edges for all p.
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Figure 4.4: Mean NMI over the percentage of edges added that are selected uniformly
at random across different communities on LFR benchmark graphs with 10 000 nodes.
Communities detected by (a) Infomap, (b) Label Propagation, (c¢) Leiden, and (d)
Louvain. Same parameter values are used as in previous experiments. The maximum

numbers of edges we add are in the range from 2.4% and 2.7% of all nonexistent
cross-community edges for all p.
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3.2 Empirical networks

For the empirical experiments, we use three empirical email networks with time
stamps provided for all edges and test on their subnetworks. The specific proce-
dure for these experiments is described in Section 2.4.2. The first network is the
ia-radoslaw-email network Rossi and Ahmed (2015). The entire dataset is email
network activity over the course of 6 months among 167 employee email addresses
at a mid-sized manufacturing company. The second network is the Enron network
as part of the Koblenz Network Collection Kunegis (2013). The original network
consists of more than 80000 users and 1 million emails between Enron employees
from 1999 to 2003. The last network is the email-Eu-core-temporal network Leskovec
(2017) generated from email data among 986 members of a large European research

institution between 2003 and 2005.

To select appropriate subnetworks, we look at all subnetworks induced by subsets
of nodes {1,2,...,n} for every 1 < n < N in the entire graph G = (V, E), where
|[V| = N, and the nodes’ ids are assigned according to their first appearance in
time. We then extract the subnetwork that has a significant increase in density in
time, so the demonstration can be comparable to the synthetic results for how many
multiples of edges are added by the end. The number of nodes represented in the
following network examples refers to the subnetworks on the email users who show up
first in time. Specifically, the ia-radoslaw-email subnetwork has the first 74 nodes in
time with their corresponding 1457 edges, the Enron subnetwork is obtained by first
trimming down to a 1999-2002 time frame and then selecting the first 120 nodes in
time with their associated 1603 edges, and the email-Eu-core-temporal subnetwork

is the first 282 nodes with 4544 edges.

Figures 4.5-4.7 show the mean NMI over the percentage of added edges in
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the subnetworks of the ia-radoslaw-email, Enron, and email-Eu-core-temporal net-
works, respectively. The corresponding results for standard deviation are included

in Figs. 4.25-4.27 in Section 5.4.

1.0

—8— Infomap Label Propagation Leiden —»— Louvain

0.8 1

0.6 1

Mean NMI

0.4 1 \

0.2 4

rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr

0 200 400 600 800 1000 1200 1400
Percent of edges added

0.0

Figure 4.5: Mean NMI over the percentage of edges added for the ia-radoslaw-email
subnetwork with 74 nodes. We use fast consensus to obtain 20 initial community
partitions. Edges are added over 50 steps following time stamps from the dataset.
The average NMI is computed over all pairs of the initial consensus partitions and
the partitions from 10 independent realizations at each time step.

Notably, empirical networks are more complex to analyze because they lack
ground-truth community structure, the degree distribution might not belong to a
certain family of distributions, and the set of edges added in time may be governed

by different unknown factors that we cannot control.

In considering the effect of edge-addition rules in the empirical compared with
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Figure 4.6: Mean NMI over the percentage of edges added for the Enron subnetwork
with 120 nodes.

the synthetic cases, we look at the ratio of intercommunity edges among all added
edges over time for each empirical network. For ia-radoslaw-email, Enron, and email-
Eu-core-temporal subnetworks, the intercommunity ratios are 94%,90%, and 59%,
respectively. Note that the LFR benchmark graphs are sparse and so there is a
lower fraction of intracommunity edges available to be added. Specifically, for the
LFR benchmark on 1000 nodes, the number of intracommunity nonexistent edges is
only about twice the original number of edges but the number of intercommunity
nonexistent edges can go to about 37x. This means that for our random addition
on LFR benchmark with 1000 nodes, the fraction of intercommunity edges added is

around 95%, and due to the limited number of intracommunity edges, it is impossible
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Figure 4.7: Mean NMI over the percentage of edges added for the email-Eu-core-
temporal subnetwork with 282 nodes.

to have intracommunity edges taken more than 20% of the 10x additional edges. The
ia-radoslaw-email subnetwork has the ratio of added intercommunity edges most
comparable with our previous synthetic experiments on 1000 nodes. To draw a
direct comparison between the empirical and the synthetic cases, we experiment
on synthetic networks where the ratio of added intercommunity edges is controlled
to match the one in ia-radoslaw-email subnetwork, namely 94%. The results show

similar behaviors as the previous synthetic ones and we include them in Section 5.2.

In addition, we acknowledge that the chosen subnetworks described here are not
as large as the synthetic benchmark graphs: The benchmark graphs have thousands

of nodes, whereas the empirical network examples only have hundreds.
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Figure 4.8: Mean element-centric clustering similarity over the percentage of edges
added for the ia-radoslaw-email subnetwork.

Among these results in NMI, the experiments on the ia-radoslaw-email and Enron
subnetworks reveal similar behaviors as the synthetic networks (i.e., Leiden and
Louvain appear to detect more sustainable community structure than Infomap or
Label Propagation as more edges are added). However, in the experiments on the
email-Eu-core-temporal subnetwork, Infomap has performance similar to Leiden and
Louvain, whereas Label Propagation has the lowest NMI score almost throughout
all time steps. Although there may be intertwining reasons for these results, one
shared phenomenon we observe for all subnetworks is that with Infomap or Label
Propagation, the mean NMI drops to almost 0, whenever the detection algorithm

begins to detect only one community in the perturbed networks.
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While community detection algorithms have different performance, we also ob-
serve effects from using different community similarity metrics. Specifically, we re-
peat the same sets of experiments but replace the NMI metric with the element-
centric clustering similarity. Figures 4.8-4.10 illustrate these results. The corre-
sponding standard deviations are provided in Figs. 4.28-4.30 in Section 5.4. Using
this different metric, we find that Infomap, Leiden, and Louvain do not show con-
sistent advantages over each other, but Label Propagation, although not necessarily

dropping to 0 by the end of time, always has the lowest metric value.
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Figure 4.9: Mean element-centric clustering similarity over the percentage of edges
added for the Enron subnetwork.

One noticeable difference in these element-centric clustering similarity results

from the NMI results is the curve for Infomap in the Enron subnetwork. In the NMI
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Figure 4.10: Mean element-centric clustering similarity over the percentage of edges
added for the email-Eu-core-temporal subnetwork.

plot (Figure 4.6), the value eventually drops to 0, which shows that the community
structure detected by Infomap is not as robust as that by Leiden or Louvain in terms
of NMI. However, in the element-centric clustering similarity metric, the clustering
similarity value is the highest for Infomap throughout time among the four algo-
rithms, and this suggests that the community structure found by Infomap is the
most robust in our experiments according to this alternative metric. To determine
what is happening, we look at the mean number of communities detected by the four
algorithms at each step and find that it drops from higher numbers to 1 for both
Infomap and Label Propagation but maintains around 5 or 6 for Leiden and Louvain

by the end of time. Note that the NMI always outputs 0 whenever one of the two
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partitions being compared has only one community due to the formulation of this
metric, so we suspect that this property might have hindered NMI from capturing
some similarities between the communities in the initial and the highly perturbed

networks, especially after the number of detected communities drops to 1.

Nonetheless, when networks are perturbed under edge addition, and the density
is increased by a significant amount, different community detection algorithms start
to show clear discrepancies in whether they can find a community structure similar to
the initial one. Hence, the chosen community detection algorithm plays an important

role in detecting robust community structures over time.

4 Conclusion

We design synthetic and empirical experiments to test the robustness of community
structure under the perturbation of edge addition by using different community
detection algorithms. Overall, we found that community robustness strongly depends
on the community detection algorithm selected. In the synthetic experiments, we use
LFR benchmark graphs and control the mixing parameter, ;. To mimic how edges
may be added in different scenarios in real networks and to illustrate the difference in
the outputs, we add random edges in two different ways. Both ways select additional
edges from nonexistent edges. One is a completely uniformly random selection, which
is analogous to random errors, and the other is a targeted selection from edges across

different communities, which is analogous to attacks in real-world networks.

We demonstrate results for six different mixing parameter values and the two

different edge-addition methods described above. The clustering similarity scores
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computed in NMI indicate that networks with lower mixing parameters (i.e. stronger
partitions) have more robust community structures under the perturbation of edge
addition. Our targeted edge-addition method can more efficiently alter the initial
communities compared with the random addition. As expected, the NMI values drop

faster in the targeted case among all chosen community detection algorithms.

In these synthetic experiments, modularity-based algorithms, Leiden and Lou-
vain, show better performance in detecting more similar communities to the initial
ones vs Infomap and Label Propagation, which cannot detect any community struc-
ture when graphs become too dense. In other words, Leiden and Louvain excel at
finding more robust communities in networks that can withstand more severe net-
work perturbations. We also observe effects caused by community similarity metrics,
NMI and element-centric clustering similarity specifically, but the takeaways in the
two metrics are not significantly different in the qualitative sense. The overall im-
pacts of the initial partition strength, the edge-addition method, and the selected

community detection algorithm are similar with either metric.

We acknowledge that empirical temporal networks introduce more complexity,
and we see different community similarity metrics demonstrate significantly different
results when determining whether the detected communities are similar to the initial
ones (i.e., whether the community detection algorithm can find a robust community
structure). In the empirical experiments, we again find that community detection
algorithms play an important role in the robustness of communities. Specifically, for
all three empirical subnetworks tested, we observe that Label Propagation performs
the worst among the four algorithms in detecting robust communities over time using

either NMI or element-centric clustering similarity.

When considering future research directions, we note that the different metrics
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and community detection algorithms show different outcomes on the empirical tem-
poral networks. To understand more about their effects on the community robust-
ness performance, we need many more network examples in which edge densities ex-
pand over time. Adequate network candidates with properties in different families—
including scales, densities, degree distributions, and edge-addition rules—are needed
for comparison tests in order to distinguish the effects from each individual aspect.
Another direction for future research is to explore different types of generative mod-
els for benchmarking and include community detection algorithms based on other

methods for comparison.

5 Additional Results

5.1 Synthetic Results Using Element-Centric Clustering

Similarity Metric

Figures 4.11 and 4.12 show the results of using the element-centric clustering sim-
ilarity metric for the LFR benchmark graphs with 1000 nodes and 10000 nodes,
respectively, with added edges selected uniformly at random from all nonexistent
edges while multiedges are prohibited. Notably, the parameter values are chosen the
same as in experiments that use NMI, and the experimental procedure follows Sec-
tion 2.4.1. Figures 4.13 and 4.14 show the LFR benchmark graphs with 1000 nodes
and 10000 nodes, respectively, with additional edges selected uniformly at random

but restricted to ones that cross different communities.

Results in element-centric clustering similarity agree with the observations from

results in NMI. Networks with stronger initial partitions, specifically those with lower
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1 values, are relatively more robust in the community structure. Targeted edge ad-
dition can more quickly destroy the original community structure. Also, community
robustness is highly dependent on the chosen community detection algorithms. In
particular, Leiden and Louvain can detect communities similar to the initial ground

truth as the graphs increase the number of edges significantly.
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Figure 4.11: Mean element-centric clustering similarity over the percentage of edges
added uniformly at random on LFR benchmark graphs with 1000 nodes. Commu-
nities detected by (a) Infomap, (b) Label Propagation, (c¢) Leiden, and (d) Louvain.
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Figure 4.12: Mean element-centric clustering similarity over the percentage of edges
added uniformly at random on LFR benchmark graphs with 10 000 nodes. Commu-
nities detected by (a) Infomap, (b) Label Propagation, (c¢) Leiden, and (d) Louvain.
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Figure 4.13: Mean element-centric clustering similarity over the percentage of edges
added that are selected uniformly at random across different communities on LFR
benchmark graphs with 1000 nodes. Communities detected by (a) Infomap, (b) Label
Propagation, (c) Leiden, and (d) Louvain.
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Figure 4.14: Mean element-centric clustering similarity over the percentage of edges
added that are selected uniformly at random across different communities on LFR
benchmark graphs with 10 000 nodes. Communities detected by (a) Infomap, (b) La-
bel Propagation, (c¢) Leiden, and (d) Louvain.
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5.2 Synthetic Results Matching Ratio of Intercommunity

Edges in Empirical Experiments
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Figure 4.15: Mean NMI over the percentage of edges added on LFR benchmark
graphs with 1000 nodes. The ratio of intercommunity edges added is 94%, which
matches the one in the ia-radoslaw-email subnetwork. Communities detected by
(a) Infomap, (b) Label Propagation, (c¢) Leiden, and (d) Louvain.

Figures 4.15 and 4.16 show mean community similarity metrics, NMI and

element-centric clustering similarity respectively, over percentage of edges added
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Figure 4.16: Mean element-centric clustering similarity over the percentage of edges
added on LFR benchmark graphs with 1000 nodes. The ratio of intercommunity
edges added is 94%. Communities detected by (a) Infomap, (b) Label Propagation,
(c) Leiden, and (d) Louvain.
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on LFR benchmark graphs with 1000 nodes. Here, at each step, we force 94% of
the added edges to be randomly selected from the pool of intercommunity nonexis-
tent edges. This ratio matches the proportion we found for the intercommunity edges
added of the total additional edges in the ia-radoslaw-email subnetwork. Specifically,
since we have four community detection methods and each of them has np = 20 ini-
tial communities found by the fast consensus algorithm, we have 80 corresponding

ratios and then we take the mean as the estimate.

These results show similar behaviors as those observed in the synthetic exper-
iments: A lower mixing parameter, p, tends to have a more robust community
structure, and among the four community detection algorithms, Leiden and Louvain

can detect communities more similar to the initial ground truth.

5.3 Standard Deviation for Synthetic Results

Figures 4.17 — 4.24 show the standard deviation of NMI and element-centric cluster-
ing similarity metric for the synthetic results. Note that the overall changes in the
standard deviation are generally restricted to a region with negligible scale compared
with the mean. However, the only exception is for Infomap (a) and Label Propaga-
tion (b) where we observe a spike for almost every curve within the region when less
than 2x the original number of edges are added. Further investigation of the mean
and the distributions reveals that these locations with large standard deviations cor-
respond to the steps where the rapid drops in the means happen. Specifically, values
of the community similarity metric at these steps are split into two families with
comparable size — one with Os and the other with values very close to 1. Recall
that at each step, there are 50 independent realizations, meaning 50 different per-

turbed graphs, so we suspect this is the uncertainty from the edge-addition stochastic
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process.
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Figure 4.17: Standard deviation of NMI over the percentage of edges added uni-
formly at random on LFR benchmark graphs with 1000 nodes. Communities de-
tected by (a) Infomap, (b) Label Propagation, (c¢) Leiden, and (d) Louvain.
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Figure 4.18: Standard deviation of NMI over the percentage of edges added uni-
formly at random on LFR benchmark graphs with 10000 nodes. Communities de-
tected by (a) Infomap, (b) Label Propagation, (c¢) Leiden, and (d) Louvain.
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Figure 4.19: Standard deviation of NMI over the percentage of edges added that
are selected uniformly at random across different communities on LFR benchmark
graphs with 1000 nodes. Communities detected by (a) Infomap, (b) Label Propaga-
tion, (c) Leiden, and (d) Louvain.
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Figure 4.20: Standard deviation of NMI over the percentage of edges added that
are selected uniformly at random across different communities on LFR benchmark
graphs with 10000 nodes. Communities detected by (a) Infomap, (b) Label Propa-
gation, (c) Leiden, and (d) Louvain.
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Figure 4.21: Standard deviation of element-centric clustering similarity over the
percentage of edges added uniformly at random on LFR benchmark graphs with 1000
nodes. Communities detected by (a) Infomap, (b) Label Propagation, (c¢) Leiden,
and (d) Louvain.
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Figure 4.22: Standard deviation of element-centric clustering similarity over the per-
centage of edges added uniformly at random on LFR benchmark graphs with 10000
nodes. Communities detected by (a) Infomap, (b) Label Propagation, (c¢) Leiden,
and (d) Louvain.



177

" @] 1 (b)

0.35 -

I
S
f

0.30 -

o
w

0.25 -

g Similarity Standard Deviation

o
[N}

e
-

o
o

I

o

&
f

g

=

@
|

Element-Centric Clustering Similarity Standard Deviation Element-Centric Clusterin

0 200 400 600 800 1000 0 200 400 600 800 1000
Percent of edges added Percent of edges added
—e— 1 =0.01 —=— u=0.1 —— u=0.2 —— u=0.3 —— u=04 —<— u=05

Figure 4.23: Standard deviation of element-centric clustering similarity over the
percentage of edges added that are selected uniformly at random across different
communities on LFR benchmark graphs with 1000 nodes. Communities detected by
(a) Infomap, (b) Label Propagation, (c¢) Leiden, and (d) Louvain.
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Figure 4.24: Standard deviation of element-centric clustering similarity over the
percentage of edges added that are selected uniformly at random across different
communities on LFR benchmark graphs with 10000 nodes. Communities detected
by (a) Infomap, (b) Label Propagation, (¢) Leiden, and (d) Louvain.
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5.4 Standard Deviation for Empirical Results

Figures 4.25 — 4.30 show the standard deviation of NMI and element-centric clus-
tering similarity metric for the empirical results. Note that the changes in standard
deviation over steps are always restricted to a small region and the values are kept

in scales that are negligible compared to the mean.
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ia-radoslaw-email subnetwork.
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Conclusion
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1 Summary of Contributions

In this thesis, we have explored patterns in network dynamics from two distinct
perspectives. The first project analyzes the bifurcation of patterns as stationary
solutions in ring dynamical systems, while the second project focuses on patterns
identified as communities in data and examines their robustness through various

computational experiments.

Although analyzing patterns from the perspectives of purely mathematical mod-
els and purely data-driven approaches differ significantly, they both provide valuable
insights into the important characteristics of network dynamical systems. When ad-
dressing real-world problems, we often require both model-driven and data-driven
analyses, which complement each other effectively. Despite the differences in problem
setups, objectives, and methodologies, the findings from both projects emphasize the
significant impact of network structure on systems dynamics, whether it pertains to
the analytical solutions of stationary patterns or the community patterns identified

from data. Below, we briefly outline the contributions of these projects.

1.1 Bifurcation of Localized Patterns on Rings

While many social and physical systems naturally manifest as dynamical systems on
networks, the impact of graph structures on pattern formation in such systems is less
understood. We undertake an initial investigation of this problem by focusing on
the study of patterned solutions in bistable reaction-diffusion systems on symmetri-
cally coupled ring graphs with varying interaction lengths. Specifically, we analyze

the bifurcation of localized solutions to the system and find that the graph struc-
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ture, which is represented in terms of the coupling degree in our work, significantly

influences how the solution branches are connected in the bifurcation diagram.

In Chapter 2, we analyzed the bifurcation of localized patterns in ring dynamical
systems with sparse coupling, corresponding to cases of nearest-neighbor and next-
nearest-neighbor couplings, as well as all-to-all coupling. We find that with sparse
coupling, the localized solution patterns are connected through a snaking curve,
where the number of folds increases with the number of nodes in the graph. In
contrast, with all-to-all coupling, the solutions form a closed curve in the bifurcation
diagram, consistently exhibiting six folds. For all-to-all coupling, we also find that
solution branches bifurcate from the homogeneous solutions near the system’s con-
figuration space’s two opposite extremities. Moreover, we have explored two specific
graph structures with almost-all-to-all coupling, which applies when the system has
an even number of nodes and the coupling nearly forms a complete graph, except
that no node is connected to the one at the farthest distance. We find that the bi-
furcation diagram forms a snaking curve in such cases with almost-all-to-all coupling
as well. However, due to the underlying symmetry, the patterns do not connect in

the regular way as they do with sparse coupling.

In Chapter 3, we addressed the unresolved questions from Chapter 2 by exam-
ining the solution branches at the extremities of the system’s configuration space
in more general cases, beyond just all-to-all coupling. Using equivariant bifurcation
theory, we find that the patterned solution branch bifurcates from the homogeneous
solutions, and the criticality of the bifurcation is determined by the degree of cou-
pling for any given number of nodes. Furthermore, we have delved into the limiting
scenario when the number of nodes in the system approaches infinity and outlined
the approaches for analytically computing the predicted ratio of the coupling degree

to the number of nodes at which we expect a transition in the bifurcation criticality.
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1.2 Community Robustness under Edge Addition

In Chapter 4, we designed computational methods to study the robustness of commu-
nity structures, as identified by community detection methods, under edge-addition
perturbations to networks. Our studies include experiments on both synthetic and
empirical network data. With synthetic networks, we have complete control over
the strength of the initial community structures and the edge-addition strategies,
allowing us to isolate and examine the impacts of these different factors. We also
explored the effects of different community detection algorithms and community
similarity metrics, presenting comparative results from both synthetic and empirical
experiments. Furthermore, we demonstrated how synthetic data could facilitate the
analysis of empirical results by comparing empirical experiments to their synthetic
counterparts through an edge-addition parameter. Overall, our findings suggest that
community robustness is strongly influenced by the choice of community detection
method, underscoring the importance of selecting an appropriate algorithm for stud-

ies on community structures and their robustness in networks.

2 Future Directions

The analytical and computational methodologies presented in this thesis illustrate
different approaches to studying patterns. In this section, we outline several future

directions inspired by these projects.
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2.1 Bifurcation of Localized Patterns on Rings

In Chapters 2 and 3, we presented analyses aimed at understanding how interaction
length influences the bifurcation of localized solution patterns in reaction-diffusion
systems on symmetrically coupled ring graphs. Several open questions remain un-
explored. Omne such question pertains to extending our analysis to more general
coupling regimes. Specifically, although we have numerically observed snaking bi-
furcations beyond the sparse coupling case, we have yet to provide proofs for these
scenarios. Furthermore, our understanding of the almost-all-to-all coupling case is
incomplete, particularly regarding how to study it in a more general way beyond
specific graph realizations. An essential step toward this goal involves understand-
ing the impact from the Laplace operator. In Chapter 3, we briefly discussed one
potential approach, which is to analyze the Laplacian by leveraging the irreducible

representation of the dihedral group.

Moreover, in Chapter 3, we have shown numerically that the branch of patterned
solutions, which bifurcates from the homogeneous branch at the extremities of the
system’s configuration space, connects with the snaking curve of solutions. However,
this fact has not yet been proven. Also, in the numerical continuation of the local-
ized solution branch in Chapter 3, we observed that when we continue through the
bifurcation point on the homogeneous branch, the numerical computation switches
to other branches, but only to certain ones. It is not yet clear why and in what way

the switching of solution branches occurs during computation.

Another level of extension of our analysis is to look at other types of graph
structures and investigate how patterns may connect differently in the correspond-
ing configuration space. For instance, a potential modification to the ring system

could involve making the couplings asymmetric. Another natural extension is to ex-
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amine the influence of connecting multiple simple graphs and explore the existence

of solution patterns when the graph structure becomes more complex.

2.2 Community Robustness under Edge Addition

In Chapter 4, we presented computational results from three relatively small em-
pirical temporal networks and provided preliminary analysis and explanations for
the observed experimental behaviors. With a more extensive collection of empirical
data, we could further investigate the effects of various factors, including scale, den-
sity, degree distributions, and edge-addition rules, on community robustness. The
synthetic methods could be adapted to control these properties more closely, making

them more comparable to empirical data and aiding in analysis.

While empirical studies can always benefit from incorporating a broader range of
algorithms and metrics, a more profound direction would involve a generic analysis
of how and why the underlying mathematical properties, whether in the objectives
or the metrics, contribute to the observed variations in community robustness. Such

an approach could provide deeper insights into interpreting these behaviors.

2.3 Patterns in Network Dynamics

In Chapters 2 and 3, we explored analytical approaches for studying the bifurcation
of patterned solutions in reaction-diffusion systems on rings. In Chapter 4, we con-
ducted a computational study on the robustness of community patterns, identified
in network data, under edge additions. These two distinct projects serve as exam-

ples to demonstrate that the study of patterns in network dynamics encompasses
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a wide range of problems, objectives, and strategies. However, it is important to
note that these varying model-driven and data-driven perspectives are not isolated
from each other. In fact, they often contribute to the development of one another,
collectively offering a more comprehensive understanding of patterns in systems with

graph structures.

To further illustrate this point, we discuss an open problem that could benefit
from integrating techniques from both projects, thereby setting a direction for future
research. The discovery of communities in temporal networks presents a significant
challenge, as highlighted by Cazabet and Rossetti (2019). The main difficulty lies
in interpreting the identified communities and understanding the variety of changes
in community structure that result from alterations in the networks. These changes
often involve latent dynamics, making it challenging to evaluate how accurately the
detected communities represent the true underlying structure. A combined model-
driven and data-driven approach could provide a way to tackle this issue by relating
the community pattern to the steady-state solution of the underlying dynamical

systems.

For example, if we know the model governing the dynamics of network structure
and node interaction, then analytical and numerical techniques can assist in making
more accurate predictions about network evolution and in tracking the temporal
community patterns by finding the corresponding stationary solutions to the system.
This is known as a forward problem. Conversely, by using data from empirical
observations, we can learn the form of the dynamics and infer their parameters,
thereby validating and enhancing the model to better represent the real-world system
of interest. This is considered an inverse problem. Bridging these forward and inverse
problems can lead to a more precise and deeper understanding of the patterns in

network dynamics within real-world complex systems.
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