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Localized Patterns

• Localized patterns, characterized by the coexistence of two distinct states, are observed
in various natural and experimental phenomena. These patterns emerge as stationary
solutions in systems governed by reaction-diffusion equations with bistable nonlinearity.

• Snaking bifurcations of patterns in spatially extended systems modeled by PDEs have
been extensively observed and studied in previous research.
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Figure 1. Shown are the existence curves and sample spatial pro!les of localized pat-
terns in the Swift–Hohenberg equation in one space dimension in panel (i) and the plane
(reproduced with permission from [30] © 2008 Society for Industrial and Applied Mathe-
matics. All rights reserved.) in panel (ii). Note that fold bifurcations are aligned with two
vertical asymptotics in the 1D case, while they are aligned with many different vertical
asymptotes in the planar case.

[6], and in chemical reactions [7], semiconductors [8], and ferro"uids [9]. We refer to the
review papers [10, 11] for additional references to applications.

Upon varying a system parameter, localized patterns often trace out intricate existence
curves, which are commonly referred to as snaking diagrams. To illustrate these curves, we
show the existence curves of one-dimensional localized roll structures and planar localized
hexagon patches of the Swift–Hohenberg equation in !gure 1. In both cases, the existence
curves in function space are unbounded, and the spatial extent L of the patterned (spatially
non-homogeneous) part of the spatial pro!les increases without bound along the curve. Fur-
thermore, solutions exist only within a bounded interval in parameter space, and branches turn
back at in!nitely many fold bifurcations at which additional rolls or hexagon cells are added
to the pattern.

The mechanisms that drive localized patterns and the associated snaking diagrams are well
understood for partial differential equations (PDEs) posed on the real line or on cylindrical
domains [12–17] and much is known also about asymmetric states [13, 18], localized states
with disconnected regions of localization [19], broken symmetries [20–22], PDE stability [23],
and situations where snaking is precluded [24]. For lattices, results about pinning of one-
dimensional and planar fronts near the continuum limit were obtained in [25, 26], respectively,
using asymptotics-beyond-all-orders methods. Results about snaking diagrams of localized
patterns in one-dimensional lattices were recently established in [27].

Despite this progress in understanding localized patterns in one spatial dimension, little is
known analytically about planar patterns, whose bifurcation diagrams are more complicated
and whose spatial pro!les change in a more intricate way along their existence curves [28–32].
For instance, as shown in !gure 1, localized planar hexagon patches do not grow by simply
adding a complete set of hexagon cells around the entire perimeter of the current patch at
each fold bifurcation. Instead, individual hexagon cells are added at each fold bifurcation, and
the patterns sometimes even recede inwards from the outermost corners. The more complex
changes of the pro!les are re"ected in the bifurcation diagrams, which are less regular and
predictable compared to the one-dimensional case; see again !gure 1.

To better understand the bifurcation structure of localized patterns in higher space dimen-
sions, we will investigate spatially extended systems posed on a planar square lattice of the
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Snaking existence curves and sample spatial profiles of localized
patterns in Swift–Hohenberg equation. L is the length of the
patterned region and µ is a parameter [1].

Localized Pattern Examples

FEATURES MAGNETIC LIQUID MOUNTAINS

description [5] the fully developed spike patterns
remain a challenge - both for experiments and non-
linear models. Below we will summarize recent
measurements of hexagonal, solitary and square
spike configurations.

Hexagons
For supercritical magnetic induction a surface pertur-
bation will grow until the gain in magnetic field energy
is compensated by the losses due to hydrostatic and sur-
face energy. !e three terms make up a free-energy
functional. Its minimization predicts a hexagonal array
of spikes to be the first stable pattern, which appears due
to a transcritical bifurcation [6]. We have checked the
predicted scaling [6,7] by means of radioscopy. !e
green and blue data points in Fig.4 mark the hysteretic
evolution of the pattern amplitude for increasing and
decreasing induction, respectively [8]. !e solid lines
give a fit to the solution of the amplitude equations [6].
Solving the Young-Laplace and Maxwell equations the
full topography for the actual nonlinear magnetization
has been calculated [9]. Figure 5 compares numerical
and experimental results.

Localized states
In addition to the hexagonal pattern we can generate,
in the bistable regime (cf. Fig.4), a localized state, as
shown in Fig.6. This ”ferrosoliton” is initiated by a

short, local perturbation of the
liquid surface or the magnetic
induction [8]. Here the question
arises: what hinders such a per-
turbation from propagating into
the whole layer? Why does not a

full Rosensweig pattern appear? As suggested by
Yves Pomeau [10], the propagation of the wave front is
locked by the periodicity of the pattern itself. This
effect is camouflaged in the microscopic regime, e.g., at

the solidification of crystals out of a melt, by thermal
activation. However, in our macroscopic system kBT
is not sufficient to initiate a new row of spikes. Thus
the wave front locks. The amplitude scaling of a
ferrosoliton, as shown in Fig.4, was recovered also
numerically [11].
Moreover we recently found an alternative path to fer-
rosolitons. A"er preparing a full yet unstable pattern in
the bistable regime, the pattern decays and o"en ferro-
solitons appear alone or in patches [12]. !is occurs in
the neighbourhood of the unstable branch of the bifur-
cation diagram, as marked in Fig.4 by the red line. In
models this range has attracted much attention because
here a complex intertwined structure (homoclinic sna-
king) gives rise to localized states [13].

Squares
For higher inductions a transition from hexagonal to
square symmetry is predicted [6,7] and found experi-
mentally [14]. Figure 7 shows the final state. To illustrate
the transition, Fig.8 shows structures (or ‘tessellations’)
arising at four inductions. !e black dots mark the cen-
ter of the cusps. !e ‘Voronoi tessellation’ is defined by
the nearest neighbours around each center. !e color
of each polygonal cell is coded from the maximum
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! FIG. 6: A localized state in the bistable regime of the Rosensweig instability.

" FIG. 5: Experimental (blue circles) and numerical (red line) results for
the spike profile of the hexagonal Rosensweig pattern [9].

" FIG. 4:
Amplitude of

the Rosensweig
pattern for
increasing

(green) and
decreasing (blue)

induction. The
black symbols

mark the height
of a localized

state [8].

Why does the wave front
not propagate?“ ”

Ferrosoliton in ferrofluids [2]
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Ring patterned grass [3]

Research Question

How does graph structure influence the connections of localized patterns?
• Our investigation begins with ring graphs with symmetric coupling where the

structure can be varied through a controllable interaction length. We study the
bifurcations of localized patterns in bistable reaction-diffusion systems imposed
on these graphs.

The Lattice Dynamical System on Rings

The lattice dynamical system for a ring of N ≥ 3 identical nodes:
F(U, µ, d)n := u̇n = d(∆mU)n + f (un, µ), 1 ≤ n ≤ N, U = (u1, u2 . . . , uN) ∈ RN

• All indices in the set {1, . . . , N} modulo N

• d is coupling strength; f (u, µ) is a bistable nonlinearity
• ∆m denotes the symmetric m-nearest-neighbour connections:

(∆mU)n =
{

−(2m + 1)un + ∑m
j=−m un+j, 1 ≤ m < ⌊N

2 ⌋
−Nun + ∑N

j=1 uj, m = ⌊N
2 ⌋

where the case m = ⌊N
2 ⌋ is all-to-all coupling

Illustration of connections:
(From left to right) nearest
neighbour, almost all-to-all, and
all-to-all coupling

u

µ
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stable0 1

u+(µ)

u-(µ)
1

unstable

Approach: We use bifurcation theory to analyze for the regime 0 < d ≪ 1 (near the
anti-continuum limit d = 0 when the system is uncoupled) and verify findings numerically.

For demonstration, we use the cubic-quintic nonlinearity:
f (u, µ) = −µu + 2u3 − u5.

The plot to the right illustrates the zero set {(u, µ) : f (u, µ) = 0}
of a typical bistable nonlinearity f (u, µ).

u

µ

stable

stable0 1

u+(µ)
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1

unstable

Group Actions:

The ring system exhibits
dihedral symmetry DN .

reflection
N odd

reflection
N even rotation

Snaking Bifurcations

• Sparse Coupling

With nearest (m = 1) and next-nearest
(m = 2) neighbour couplings, snaking oc-
curs with approximately N saddle nodes.

µ=0

= u+(µ) = u-(µ) = 0

µ=1

• Almost All-to-all Coupling

When N is even and m = N
2 − 1, the bi-

furcation diagram becomes different due to
the new symmetries and requires case-by-
case analysis. We have proved the cases
(N, m) = (6, 2) and (8, 3).

• All-to-all Coupling

In case of all-to-all coupling (i.e., a
complete graph), the patterned so-
lutions are connected through figure-
eight-shaped branches with 6 saddle
nodes, regardless of the number of
nodes, N .

The dotted curve in the figure rep-
resents the branch of SN-symmetric
equilibria, where all nodes are equal
to the unstable state u−(µ), illus-
trating that the patterned solution
branches originate and terminate at
homogeneous patterns.

Homogeneous Solutions and Dihedral Group Bifurcation

Consider N ≥ 5 and 1 ≤ m ≤ ⌊N
2 ⌋ − 1. Let L(U, µ, d) := DUF(U, µ, d). We study

bifurcations near (un, µ) = (0, 0) and (un, µ) = (1, 1).

• Along the branch of homogeneous solu-
tions, u−(µ), there are ⌊N

2 ⌋+1 bifurcation
points, denoted by

(
U

(j)
∗ (d), µ

(j)
∗ (d), d

)
,

where j = 0, 1, . . . , ⌊N
2 ⌋.

The eigenspaces correspond to those in
the eigenproblem of the Laplacian oper-
ator, ∆m.

homogeneous solutions 
              at

• Focusing on j = 1 (a case verified against numerical simulations) and assuming
dim ker L

(
U

(1)
∗ (d), µ

(1)
∗ (d), d

)
= 2 (validity proved for m = 1 when N ≥ 5 and m = 2

when N ≥ 7), we have
◦ proved the existence of patterned solution branches bifurcating from the j = 1

bifurcation point using bifurcation theory for DN symmetry [4];
◦ derived formulae that determine the criticality for any N, m;
◦ analyzed the N → ∞ case and analytically computed the m

N ratio at which the
criticality transitions from supercritical to subcritical.

Bifurcation of Patterns from Homogeneous Branches

Two distinct branches bifurcate from the homogeneous solution branch
(
U

(1)
∗ (d), µ

(1)
∗ (d), d

)
.

Note: Patterns in the group orbit are also solutions on the same branch.

N Odd Patterns along the two branches have isotropy subgroup Z2(κ).
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The axis of the reflection
symmetry goes through
the node N. Notice that
the two Z2(κ) branches
are different.
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N Even Patterns along the two branches have isotropy subgroup Z2(κ) and Z2(κζ).
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Conclusions

• Sparse coupling exhibits snaking bifurcations while all-to-all coupling results in
closed figure-eight curves. Snaking also occurs in almost all-to-all coupling but
is more complex to study due to additional symmetries.

• The snaking curves of patterned solutions bifurcate from homogeneous
solutions, and their criticalities can be determined analytically.

Future Work

• Generalize our results (extend to higher m, study the bifurcations at other j values,
explore almost all-to-all coupling, etc)

• Investigate snaking and branch structures on more general finite graphs through
computational studies [5]
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